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PRICES IN THE UTILITY FUNCTION AND
DEMAND MONOTONICITY

EMiLio BArRucct AND FILIPPO GAZZOLA

Abstract

We analyze utility functions when they depend both on the quantity of the goods
consumed by the agent and on the prices of the goods. This approach allows us to
model price effects on agents’ preferences (e.g. the so-called Veblen effect and the
Patinkin formulation). We provide sufficient conditions to observe demand monoto-
nicity and substitution among goods. Power utility functions are investigated: we
provide examples of price dependent utility functions that cannot be written as an
increasing transformation of a classical utility function dependent only upon quantities.

1. Introduction

Our main purpose is to discuss in a mathematical framework classical
models of consumer theory. In recent years, an increasing interest has been
developed for mathematical tools applied to classical theories of utility, market
and consumer behavior. In the finance literature, [22, 23] set up refined theories
of volatility while in [24] one finds examples of mean-field approaches to
modeling in economics and finance. In [4], the authors consider a standard
complete market economy with two assets traded in two markets and consider
partial differential equations arising in the evaluation of exotic options; they show
that the solution of the no-arbitrage partial differential equation is sufficiently
regular and that numerical methods can be used for its approximation. Also in
the analysis of consumer theory, mathematical methods have provided useful
results. In [40] is studied the impact of aesthetic aspects of products in consumer
satisfaction: a new nonadditive multiattribute evaluation function is proposed
and an application to Kansei evaluation for hand-painted Kutani cups, one of
the traditional craft items in Japan, is conducted to illustrate the advantages
of the model. In [28], the author considers the problem of ranking linear budget
sets with the possibility of different available goods: several axioms and ranking
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rules are discussed. The paper [6] proposes a method based on consumer utility
for modeling the price thresholds phenomenon that allows for threshold asym-
metry, incorporates consumer heterogeneity and uses weekly aggregated brand-
level data; moreover, a method for estimating price elasticity of demand is also
included.

The classical consumer theory assumes that the utility only depends on the
quantity of the goods consumed by the agent, see e.g. [27]. This hypothesis, that
has been motivated during the XX century through an axiomatic microfounda-
tion, allows to fully develop demand theory when agents’ preferences are not
affected by money or prices. As a consequence, in a general equilibrium frame-
work, prices coordinate agents’ decisions signaling the scarcity of the goods, but
they do not enter agents’ preferences.

This assumption is widely accepted in the literature but there is no complete
agreement among researchers. Several arguments have been put forward to insert
prices in the utility function. First of all, classical Keynesian macroeconomic
theory points out the limits of standard behavioral assumptions to derive money
demand, see [31, 32]. Moreover, it is known that price independent utility
functions are not a suitable framework to analyze agents’ demand for luxury or
conspicuous goods, a classical reference being Veblen, see [38]: individuals con-
sume highly conspicuous goods to display their wealth achieving a greater social
status, they crave status and the status is enhanced by material display of wealth
(“Veblen effect”), for models providing a microfoundation of this behavior see
[2, 21, 16]. In these papers, the Veblen effect is the outcome of a signaling
model among agents with different status/wealth, in equilibrium the ultimate
effect is that wealth and prices enter the utility function. Moreover, as discussed
in [30], there are empirical studies on the market demand that reject the main
implications derived by a price independent utility (symmetry and negative
semidefinitess of the Slutzky matrix), see [39] for applications to collective house-
hold models. Finally, as shown in [34, 20], there is a line of research on
marketing with prices affecting consumer preferences (reference price effect) with
applications also in the operational research direction, see [6, 13]. Following
these insights, several authors have suggested to consider utility functions that
depend both on prices and on the quantities of goods consumed by the agent,
e.g. see [25, 17, 1]. The literature on this topic has investigated two different
perspectives.

The first line of research looks for a characterization of price dependent
utility functions satisfying certain properties. In this spirit, [17, 19] analyze the
demand function when the utility depends upon prices and characterize price
dependent utility functions with some given features. [3, 33, 11, 12, §, 7, 14, 15]
characterize price dependent utility functions with no money illusion in a neoclas-
sical monetary model a la Patinkin (homogeneity of degree zero of the demand in
money and prices).

[5, 35, 30] instead derive empirically verifiable hypotheses on the demand
assuming a price dependent utility. The goal is slightly different: authors derive
comparative statics results that are alternative to those of the standard optimal
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consumption problem. The new set of comparative statics results may provide a
route to address the empirical rejection of the classical model. For an appli-
cation of price dependent utility to demand of luxury goods see [29, 10, 26] and
[37, 18] for an analysis of the saving-consumption problem.

Our analysis belongs to the first strand of literature. Assuming price
dependent utility functions, we investigate the agent’s demand addressing three
main issues: conditions ensuring monotonicity of the demand of a good with
respect to its price (no money illusion property), conditions ensuring substitution
or complementarity among goods and zero price homogeneity of the demand.
We characterize utility functions satisfying these properties. As far as the no
money illusion property is concerned, we provide a counterexample to the
characterization of utility functions established in the previous literature. We
fully analyze power utility functions satisfying the above properties. Our
analysis applies to a two goods setting as well as to a multiple goods environ-
ment. It turns out that the problem is very rich from a mathematical point of
view. Starting with elementary calculus we end up with a linear partial differ-
ential inequality which, thanks to a suitable change of unknown function, may be
reduced to a simple transport inquelity. It then appears quite natural to try to
tackle possible nonlinear problems with the same tools. This is a further purpose
of the present paper: to draw the attention of nonlinear analysts on these
models. A challenging problem seems to derive a reliable (nonlinear) model
equation to describe the Veblen effect.

The paper is organized as follows. In Section 2 we introduce utility func-
tions that also depend on prices. In Section 3 we analyze the two goods setting
deriving sufficient conditions to have monotonicity of the demand of a good (the
quantity demanded of a good decreases as its price goes up) and for good
substitution (the quantity demanded of a good increases as the price of another
good increases). In Section 4 we investigate the geometric interpretation of these
two demand effects. In Section 5 we characterize two goods utility functions
such that the demand functions satisfy the above conditions. In Section 6 we
discuss the no money illusion property (demand homogeneity) and we provide a
counterexample to the existing results. In Section 7 we analyze power utility
functions requiring the above conditions and imposing the homogeneity property.
In Section 8 we extend the analysis to more than two goods.

2. Consumer choices with a price dependent utility function

We consider the standard optimal consumption problem when the utility
function depends on the quantities of the goods consumed by the agent and also
on their prices.

The consumer maximizes the utility function u subject to the budget
constraint. The utility function depends on the quantity consumed of the N
goods (x) and on their prices (p): u = u(x; p) where xe RY and peRY. Here
and in the sequel, Rf denotes the open sector of RY of vectors with positive
components so that RiN represents the domain of u. We assume that the
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agent acts as a price taker so that p e Riv are taken as given and he only chooses
the quantities x € Riv .

Given the endowment of the goods eeR
following maximization problem

iv , the consumer addresses the

(2.1) max u(x; p)

xeB
where B denotes the consumption bundles that satisfy the budget constraint given
the price vector observed in the market:

(2.2) B={xeRY;(x,p) = (¢,p)}

where (-,-) denotes the scalar product in RY. We follow classical consumer
theory assuming that u € C? (RiN ) is increasing and strictly concave in each good
(diminishing marginal utility):

(2.3) uy, >0, Uy, <0 foralli=1,...,N.

As a consequence, there exists a unique solution x* € B of the optimization
problem (2.1). The solution can be derived via the Lagrange multiplier method:
the interior solution x* € B satisfies

(2.4) uy,(x*;p)=2Ap; for all i=1,...,N.

for some Lagrange multiplier A > 0. Note that the diminishing marginal utility
hypothesis is stronger than it is needed to obtain a solution of the optimization
problem, the assumption is required in our analysis of power utility, see Section
7, but can be relaxed in the rest of the paper.

Given the market prices p e RY, the (excess) demand function is z(p) =
x*(p) —e. The demand function obtained when the utility function also depends
on prices differs from the classical one. Two main points have been noticed in
[17]. If the utility only depends on the quantity of the goods, then the demand
function is homogeneous of degree zero in prices, i.e., the solution of the
optimization problem (2.1) does not change if the price vector is multiplied
by a positive constant. This is not necessarily the case if the utility function also
depends on prices: as a matter of fact, prices affect the utility and a homothety of
the price vector and wealth does not change the budget constraint but it may
affect preferences and the utility function.

When the utility function only depends on the quantity of the goods con-
sumed by the agent, comparative static results can be developed through the
classical Slutzky equation which is made up of two components: the income and
the substitution effect. When the utility function also depends on prices, [17] has
shown that the effect of the change of the price of a good on the quantity
demanded of another good is provided by three components: the income and
substitution effects and the price effect that reflects the direct effect of the price
change on preferences and on the demand.
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3. The two goods case

The unique interior solution x* € B to the optimization problem (2.1) may
be found via the Lagrange multiplier method. When N =2, x* € B satisfies

Uy, (X5 p) = Ap1 Uy, (X5 p) = ip2

for some Lagrange multiplier A > 0. The two conditions yield

(3.1) Pathy, (X7; p) — piuy, (x™; p) = 0.

The optimal consumption x* is a function of the price vector and of the wealth
w=(p,e): x* =x"(p,w). [17] has shown that a generalized Slutsky equation
holds:

oxf Ox;  up, 0x}

32 Lo, o O .
(3-2) T e T 7 e

The effect of a change of the price of good j on the quantity demanded of good i
is made up of three components: Sj; (the effect of a change of the price j on the
quantity demanded of good i along the indifference curve) is the substitution
effect, the second is the income effect, the third component is denominated the
price offsetting income component. Only the first two components are detected
when the utility function merely depends on the quantities of the goods.

Without loss of generality, in what follows we assume that the endowment is
fixed in terms of wealth (@ > 0) and we characterize utility functions u that imply
one of the two following behaviors as p; varies:

oxy
<0, (S > 0.
op1 S op1

Symmetric conditions are required as p, varies. If we differentiate totally with
respect to p; the budget constraint (x*(p), p) = ®w we obtain

*
0x;

(3.3) (©)

*
0x;

a *
(3.4) x| —|—p1%—|—p2 =0 for all p eRi.

op op1

This readily shows that
(3.5) (S) = (C).

In case (C) we observe that the quantity demanded of a good decreases as its
price goes up. We do not make any assumption on the demand of the other
good. Also in case (S) the quantity demanded of a good decreases with respect
to its price (due to (3.5)) but now there is substitution between goods: as the price
of the first good increases, the quantity demanded of the first good decreases
and the quantity demanded of the second good increases, i.e., the sign of (3.2)
is positive. In case (C) instead we allow for complementarity between the two
goods, i.e., the quantity demanded of both goods may decrease as the price of
the first good increases and therefore we refer to this demand behavior as the
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complementarity case. Note that we address complementarity and substitution
between goods considering the total effect on the demand of a good associated
with the change of the price of the good or the price of another good!.

We now want to characterize utility functions in case (C) and (S). Let us
start with case (S). Omitting wealth, which is fixed, we have that x* = x*(p).
Let us differentiate (3.1) totally with respect to p;, we obtain

* *
0x 0x;

3.6 Uy, (X*(p); + Pty i, (X7 (P); P) 5
(3.6) Dot (X7 (P); p) o TP (x*(p); p) o
+ patt, p, (X7 (P); p) — (X" (p); p) +
* . axik * . Oxi‘
_pluxlxz(x (p)vp) 0p1 pluxzxz(x (p)vp) apl

— Pilly,p, (X" (p);p) =0 for all pe Ri.

By combining (3.4) with (3.6), at the point (x*(p);p) we have

. P2x{
(37) P2y, py — Pllxyp; — Uxy + Xylxx, — p—lluxlxl
1, 2 0x3 2
= E(pZuxlxl - 2]71[72ux1x2 + pluxzxz)a for all DE R+'

In the (xj, x2)-plane the budget constraint (x, p) = w is a segment containing the
vector Q = (—py, p1). Using this vector we may rewrite (3.7) as

2 *
pax;y 1 07u 0x
Doy, py — Dillxyp, — Uxy + X Uy x, — p—luxlx1 = E a—Qz ﬁpf for all pe Ri.
u . . o
Note that 6_Q2 represents the second derivative of u in the direction of the

constraint evaluated at the maximum point x* of u subject to the constraint,
it coincides with bordered Hessian matrix of the utility maximization problem
evaluated at x* and therefore is non positive. Hence, in view of assumption (S),
at the point (x*(p); p) we find

2 X7
(3.8) —pp—lluxlx1 + Patty, p, — Uy, + X[ Uy,x, — Pilly,p, <0 for all pe Ri.

Not only it appears difficult to provide necessary and sufficient conditions
for (3.8) to hold but also it is not straightforward how to check (3.8) even in
simple cases. We are so led to find sufficient conditions which imply (3.8), the

1[17, 19] instead refer to demand changes along the indifference curve (Slutsky effect) providing
comparative statics results and conditions ensuring symmetry and negative semidefiniteness of the
Slutsky matrix.
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simplest one being the one which requires (3.8) to be satisfied at amy point
(x;p) e R and not just at (x*(p); p) for all peRI. Therefore, we get

2X1
(3.9) —p?uxm + Doy, py — Uy, + X1y x, — Pilly,p, <0 for all (x;p) € Ri.

The differential inequality (3.9) gives a sufficient condition for the substitution
effect (S) to hold and it will be called strong substitution (SS). As it will become
clear in Section 7, this stronger condition maintains some form of linearity and
makes it simpler to verify the condition.

In case (C), by combining (3.4) and (3.6), at the point (x*(p); p) we have

Dp1X|
(3.10) D2l py — PllUx,p; — Ux, — X[y, x, + » Uy,
2

*

1 Ox
= - (P%Mxlxl - 2P1P2Ux,x2 + 1712Uxm) »\_l for all pPE Ri
P2 op1

As for (3.7), we may rewrite (3.10) as
. pix; 1 0%u ox:
Dol py — Pllhyy py — Uy, — Xl x, +p—2l”sz2 = 0 0 5])1 for all peR?.
By combining this with the assumption (C), at the point (x*(p); p) we find

(311) =X Uy x, + PolUx;p; — Ux, + p21

Uxyxy — PllUxyp <0 for all PE Ri
Again, a sufficient condition may be obtained by requiring (3.11) to be satisfied at
any point (x; p) € Ri and not just at (x*(p); p) for all pe Ri. Such a condition
reads

(312) _xluxlxz(x; [7) + P2y, p, (x; P) _uxz(x; [7)

X
+ "p— (X p) = Prttyp, (x:p) <0

for all (x;p) eRi. This condition will be called strong complementarity (SC).

4. A geometric interpretation

In this section we obtain the results of the previous one from a geometric
point of view. The reason for this analysis is that a geometric interpretation of
the conditions (SS) and (SC) will be useful in Section 8 to extend our results to
the case of many goods (N > 2).

Fixed p € Ri, consider the level line of the utility function for the optimum x*:

¢ ={xeR3;u(x; p) = u(x*; p)}.

For all x € / we may determine the sign of pyuy, (x; p) — piuy,(x; p). We prove
the following result.
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LEmMMA 4.1. Let xe/:
(i) if x2 > x5 then pouy,(x; p) — piuy,(x; p) >0,
(i) if x2 < x5 then pyuy, (x; p) — prux, (x; p) <O.

Proof. For a fixed peRfr, the utility function can be interpreted as a
function depending only on x € R, u=u(x). We embed R? into R? in such a
way that x; is the horizontal axis, x, is the vertical axis and x3 is the axis
orthogonal to the plane so that (x;,x,,x3) is a direct triple. In R® we can com-
pute the vector product Vu(x)A p. The triple of vectors (Vu(x), p, Vu(x) A p)
also forms a direct triple. Its component along the x3-axis is precisely pouy, (x) —
Pilx, (X)

Assume first that x, > x5 and consider the straight line R containing x € /
and being parallel to B. The vector p is orthogonal to R. The level line /
crosses R at x. Moreover, / is above R in the strip {y € R; y; < x|} whereas R
is above / in the region {y € Ri; y1 > x1}. Therefore, since Vu(x) is orthogonal
to / at x, the vector p is above the vector Vu(x). This shows that Vu(x) A p has
a positive x3-component. The case x; < xj is similar, one just has to change
all the signs. ]

Let us evaluate the demand function as p; and the relative price 21 change.
P2

If the price p; increases to p; + ¢ for some ¢ > 0, then the new budget constraint
reads

B, ={xe Ri; (p1 +e)x1 + prx2 = o},

Let x* = (x{,x3) € B denote the solution to (2.1) and x* = (x{, x) € B, be the
solution to the optimization problem

4.1 max u(x; p1 +¢, p2).
XE b,
Complementarity and substitution, as defined in (3.3), read
(©) x{<xi, (8) x> x5

In the more restricted situation (S), where x5 > xj, consider the point X € B,
having the same ordinate as x*, so that

(42) X =—X, X :x;

Then, from Lemma 4.1 applied to X we obtain

Pav, (%5 pr+ &, p2) — (1 + &)ux, (X5 p1 + ¢, p2) < 0.
Taking into account (4.2), this yields (for all ¢ > 0)

(4.3)  pauy, (plxf,xz*;p1+s,pz>—(p1+8)ux2( L xl*,x;‘;p1+8,pz>£0.

p1+e p1+e
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Inequality (4.3) is equivalent to (S). (SS) requires (4.3) to be satisfied at
any point (x;p) eRi and not just at (x*(p);p) for all peRi. So, for any
(x;p) e R? we consider the function

p1te

8Xl,xz;l?l +87P2>

9(¢) = pauy, <LX1,X2;P1 +é, Pz) -+ E)HH( L
P+
defined for all ¢ > 0. Notice that if x = x*(p) we have ¢(0) = 0. Therefore, the
extension of (4.3) to any point (x; p) € RY reads ¢(g) < ¢(0) for all ¢>0. In
turn, this happens if and only if ¢’(0) < 0, namely if (3.9) holds. We point out
that the two conditions ¢(¢) < ¢(0) for all ¢ > 0 and ¢’(0) < 0 are not equivalent
as a characterization of (S), they are equivalent in our situation because (3.9)
must hold true for any x e Ri.
In case (C) we consider the point X € B, having the same abscissa as x*,
so that
fi=x, B=xi ot
1 1 2 2 ) 1°

According to Lemma 4.1 applied to X, we have that (C) is characterized by
Patty, (X5 p1 + &, p2) — (p1 + &)u, (¥ p1 +&,p2) <0 for all &> 0.

In order to obtain (SC) we require that this inequality holds for any (x; p) € Ri
and we obtain

&
w(‘g) = Doy, <X1,X2 - EXUPI +67p2>

£
— (p1 + &)uy, (Xl,xz —p—zXl;Pl +8,p2> <0

for all ¢ > 0. In turn, this occurs (independently of x; and x;) if and only if
¥'(0) <0, namely if and only if (3.12) holds.

Conditions ensuring strong substitution or strong complementarity of the
demand function strictly depend on the assumption that the utility function
depends upon prices. If this is not the case, then (SS) becomes

4! P1
&)= poly, | ——x1,x2 | — + &)Uy,
p(e) = p2 1(p1+81 2) (p1+e¢) _(lerg

xl,xz) <0 for all ¢>0.
This occurs if and only if ¢’(0) < 0, namely
_Pp2x

(4.4) Tuxm (X1, X2) — Uy, (X1, X2) + X12Uy, 5, (X1, %2) <O for all (x1,x) e R3.

In view of (2.3), it is clear that (4.4) does not hold under the extreme condition

where 22 is very large (either p, very large or p; very small). As a consequence,
P1
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there is no utility function that satisfies (SS) for all vectors (x; p) € Ri. Instead,
when the utility function also depends upon prices we may find utility functions
that satisfy (SS) in the full space.

We conclude this section by comparing the two differential inequalities which
characterize (SC) and (SS). For all (x;p) e R? we define

(D(xa P) = Paly p, (x; P) — Pl1lUx; p (x; P) — Ux, (X; P)
X
+ X1y x, (X; p) - Eu»’»‘l»\‘l (X; p)
D1
and

W (x, p) = pathy, p, (X5 p) = Pk, p, (X3 p) — U, (X5 p)

P1x1
— X{Uy 3 (X3 p) + e (x; p).

According to (3.9) and (3.12), we have

.. . 4
(4.5) strong substitution (SS) <« ®(x,p) <0 in RY,
(4.6) strong complementarity (SC) < ¥(x,p) <0 in R?.

We only interpret the difference between ® and ¥, conditions on p, are similar
see (5.2) and (5.4) below. Consider the restriction of u, ® and ¥ to the (xy,x;)-
plane where the budget constraint (x, p) = w is a segment containing the vector
Q = (—p2, p1), it is easy to show that

x; u

(4.7) ¥(x,p) — ®(x,p) = iy 002

(x; p).-
Let us recall that (S) and (C) require to satisfy (3.9) and (3.12) only at the couple
(x*(p); p). At the optimum x* = x*(p) which maximizes u over B (recall that p
is fixed), the second derivative in the direction of the vector constraint Q is non
positive:

2

(4.8) ") <0.

ou
0

Our sufficient conditions require (4.8) to hold on R? and therefore (SS) implies
(CC) providing a generalization of (3.5).

5. Characterization of the utility function

In this section we characterize utility functions for the two goods setting

satisfying conditions (SS) or (SC). The first step consists in rewriting inequality
(3.9) as

(5.1 P2(prup, — X1ty + 1) — pr(pruy, — X1ty + 1), <0
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and, in a dual way (if p, increases), we obtain the differential inequality
(5'2) P1 (pZupz — XoUy, + u)xz - p2(p2upz — XoUy, + u)xl <0.

Inequalities (5.1)—(5.2) characterize case (SS).
Similarly, we may rewrite inequality (3.12) as

(5.3) p2(patty, — X1ttyy) = p1(patty, — X1tdy,),, <0

and, in a dual way (if p, increases), we obtain the differential inequality

(54) pl(plupz — X2lUy, ))(2 - pZ(pluPz — X2Uy, )xl <0.

Inequalities (5.3)—(5.4) characterize case (SC).

Before stating our results, we point out that we have no boundary conditions
(such as Cauchy conditions or Dirichlet conditions) for the utility function u and
this leaves many degrees of freedom. We do not even have other kinds of
constraints, such as assumptions on the behavior of u in extremal conditions, for
instance as (pi, p2) — (0,0); in this case, it could happen that u blows up at
infinity. As a consequence, integration in a neighborhood of (pi, p2) = (0,0) is
extremely delicate. This suggests to fix a boundary condition for p; =1 and
p2=1. This is the reason of the appearance of the integral [" in formulas
(5.6)—(5.7) and (5.12)—(5.13) below.

In the strong substitution case (SS) the following Theorem is obtained.

THEOREM 5.1.  Assume that ue C*(R?

1) satisfies (5.1). Then there exists a
function

(5.5) he Cl(Ri) such that h=h(&) satisfies % <0,
1

and a function g € CZ(Ri) such that u has the form
1 (~
(5.6) u(x; p) = —J h<pl—flvl71x1 + P22, 17172) dt+w.
Prh t P
Similarly, if uwe C*(RY) satisfies (5.2), then u has the form
L™ X g X2, X1,
(57)  ulxp) = —J h(pz—zz7p1xl + paxa, t,pl) i 4 2220 p1).
P2 h t P>

where h satisfies (5.5) and § e CZ(Ri). Therefore, in case of strong substitution
(SS), u is necessarily written in both the two forms (5.6) and (5.7).

Proof.  Setting w := piu,, — X1uy, +u, (5.1) reads

(5-8) DaWx, — P1Wy, < 0.
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This is a (first order) transport partial differential inequality. In order to solve
(5.8), we make the change of variables

£ = X1 x1=¢&1¢y
b2 X2 :é_ &1&5
(5.9) & = pixt + paxo &4
& =p1 p1=2¢3
S4 =D P2 =¢4

and we put h(¢y,&r,E3,84) = w (fl@;% - 5153753754) Note that the change of
4

variables (5.9) is legitime since it defines a one-to-one map between {(x; p) € R%}
and A ={¢e Ri;fz > &1&3¢,} so that the function /£ is defined in A. With this
change of variables, (5.8) becomes

he (E1,¢2,85,¢4) <0.

We have so shown that if w solves (5.8) then there exists a function / satistying
(5.5) such that

X1
w(x1, X2, p1, p2) = h<p1,P1x1 + szz,Pth)‘
Hence, we are led to solve
X
(5.10)  pruy, (x5 p) — x1ux, (x; p) +u(x; p) = h(p—]17}71x1 + P2X27P1>P2>-

In order to solve (5.10) we freeze x, and p, and consider them as constant
parameters. In the (xj, p1)-plane, the characteristic curves of the linear hyper-
bolic equation (5.10) are the hyperbolas x;p; =y > 0. This suggests to perform
the change of variables

Yy =D pir=Yy
Z=p1xi xlzf
y

and to put u(xy,pi)=f(»,z) = f(p1,pi1x1), the variables x, and p, being
frozen. Then, (5.10) becomes

(5.11) (0 2Dy = (24 e )

Integrating (5.11) over [1,y] (for any y > 0) we obtain

y

z z, X2,
h([z,Z-Fszz,taPz) dl+g(y2pz),

f(y,Z):lJ

yh
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where g(z, x2, p2) = f(1,z) (recall the frozen variables x, and p;). In turn, back
to the original variables, the latter expression yields (5.6).

In a dual way, if we freeze x; and p;, we find that u has the form (5.7).

O

In the strong complementarity case (SC) the following Theorem is obtained.

THEOREM 5.2. Assume that ue C*(R?}) satisfies (5.3). There exists a func-
tion he C'(RY) satisfying (5.5) and a function ge C*(R3) such that u has the
form

1

D1 X
(512)  u(x;p) = IZJ h(;ml)ﬂ + p2x2, 17172) dt + g(x1, pix1 + paxa2, p2).
1

Similarly, if ue C*(RY) satisfies (5.4), then u has the form

1 (P25 /x .
(5.13) u(x;p) = HJ h(TZ,le + paxo, 17171) dt + §(x2, p1x1 + pax2, p1)
!

where h e C*(RY) and G e Cz(Ri) enjoy the same properties as h and g in (5.12).
Therefore, in case of strong complementarity (SC), u is necessarily written in both
the two forms (5.12) and (5.13).

Proof. We first put w = pyu, — xju,, so that (5.3) becomes again (5.8).
Therefore, there exists a function / satisfying (5.5) such that

X1
W(x17x271717172> = h(EJ)lxl +p2x27P17P2)~
Hence, any solution u = u(x; p) to the differential inequality (5.3) satisfies
X
(5.14)  pauy, (x1,x2, p1, p2) — X1ty (X1, %2, p1, p2) = h(pi,pm +P2x2,P17P2>

for some function /4 as in (5.5). We now make another change of variables,
namely

< =x X1=q

& = p1x1 + pax _&
(5.15) ;:Pil 22 x Z, SIS

T ; P =E3¢y

Co=po pPr=E&

and we put f.(515627é37£4) :u(éhg_j

variables (5.15) is legitime since it defines a one-to-one map between {(x; p) € R%}

—515375354,54) Again, the change of
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and 4 = {feRi;fz > £1&38,} and the function f is defined in 4. With this
change of variables (5.14) becomes

Fol&1,60,85,80) = h(fl

&3¢,
By integrating over [, &] (for any & > 0) we obtain

752,5354,54).

&

f(61,6,83,84) = J h<é7fz»f4l» 54) dt + g(&1, &, &),
16, \Gal

where g(&;, &, E4) = f(&1, &, f;l, £4). Returning to the (x; p)-variables, the latter

becomes

p1/p2 X
u(x; p) = Jl/ h(p_zltaplxl +P2x27p21,p2> dt + g(x1, p1x1 + pax2, p2)
P2

and (5.12) follows after the change of variable ¢ — py¢ in the integral. O

The set of utility functions satisfying condition (SC) or (SS) is quite large.
There are utility functions that satisfy both and therefore as the price of a good
increases the quantity demanded decreases and the quantity demanded of the
other good goes up. An interesting example is the following: consider a function
U e C*(R,) such that U’ >0 and U” <0 in R, take

(5.16) u(x; p) = U<;;+Z>.

For this function u, (4.5) and (4.6) are equivalent to the dual ones. It is easy to
show that

1
lP(X,p) = q)(xvp) = __U/(ﬁ—’_ﬂ) < Oa
Pi P2 P
and therefore u satisfies both (SC) and (SS): if the utility is an increasing function
of the sum of the quantities consumed of the different goods divided by their
prices then there is good substitution.

6. Some remarks on the no money illusion property

Let us first translate the no money illusion property mathematically. Ima-
gine that prices and income are all multiplied by a factor k > 0. The new
budget constraint reads (x,kp) = (e, kp) and is therefore equivalent to x € B, see
(2.2). If the maximization of the utility function (x;p)— u(x;kp) under the
constraint x € B gives the same optimum x*, then it should have the same level
lines (with possibly different levels) as the function (x; p) — u(x; p). Therefore,

(6.1) for any k > 0 there exists an increasing f; € C*(R)
such that u(x;kp) = fi(u(x; p)).
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This homogeneity condition, which is straightforward in case of a utility function
that depends only the quantity of the goods, calls for an interpretation in case of
a utility function that depends both on quantities and prices: agents’ preferences
are affected by relative prices but not by their level. In Section 7 we characterize
power utility functions with demand monotonicity, with the previously discussed
comparative statics properties, and with price homogeneity of degree zero of the
demand.

A large literature has discussed the no money illusion condition when the
utility depends upon prices, see [17, 3, 33, 11, 12, 8, 7, 14, 15]. [17, Theorem
2.1] characterizes price dependent utility functions whose corresponding demand
function is homogeneous of degree zero in prices and wealth. According to
[17, p. 503], when N =2 these are the functions u which satisfy the differential
equation

(6'2) P1P2Ux p; — p%“xzm + pguxll?z — P1P2Uxyp, = 0.

Namely u(x1, x2; p1, p2) = f(x1p1 + x2p2) + h(p1/p2, x1,x2).  Unfortunately, this
characterization appears incorrect. First of all, (6.2) admits as a possible solution

P1X1 + paxa
u(x; p) = f<4)
pPip2

a case which is not covered by Kalman’s general solution. Second thing, (6.2)
does not allow utility functions such as

/X1 X2
u(x;p) =4/—+4/—
5:.7) pPi P2

which, for e = (1, 1), induces the following homogeneous of degree zero optimal
consumption bundle

o _ PPt PPty
xi(p)="5—"5 ) ="5—5.
PitPrip;3 P> + papi
Therefore, his characterization is not reliable and we stick to (6.1).

Replying to [11, 12], [14, 15, 7] argue that price dependent utility functions u
with no money illusion can be written as a monotonic (price dependent) transfor-
mation ¢” (consumer’s index of cardinal utility) of a classical quantity dependent
utility function v with no effects on the demand:

(6.3) u(x; p) = ¢"(v(x))
and that price dependent utility functions of the form
(6.4) u(x; p) = f(p)o(x) +9(p)

2Notice that this problem in Kalman’s analysis has not been detected in the papers discussing
Kalman’s results showing several flaws, see [7, 14, 15].
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satisfy sufficient conditions for the symmetry and negative semidefiniteness of the
Slutsky matrix. However, [3] provides an example of a price dependent utility
function free of money illusion with a symmetric and negative semidefinite
Slutsky matrix that cannot be written as in (6.4). In the next Section we
characterize price dependent power utility functions with no money illusion that
generate and a demand function monotonic with respect to prices, some of our
examples cannot be written as in (6.3) providing a further counterexample to
results established in the literature.

7. Power utility functions

In this section we provide examples of utility functions of power type such
that the demand function satisfies conditions (5.1)—(5.2) or (5.3)—(5.4) as well as
the homogeneity assumption (6.1). We take advantage of (4.5) and (4.6) and of
Theorems 5.1 and 5.2. We also assume that the derivative of the utility with
respect to the quantities of the goods is positive and decreasing, see (2.3).

Conditions (SS) and (SC) are satisfied in case of a power utility function
under some parametric restrictions. Note that, with the exception of Example
7.3, our examples provided below of price dependent utility functions satisfy
condition (6.1) under suitable constraints and therefore they are money illusion
free (see the demand function of Example 7.2 and 7.3) but cannot be written as
an increasing transformation of a classical utility function (u(x; p) = ¢”(v(x))),
as claimed in [14], or as u(x; p) = f(p)v(x) + g(p) see [3].

Example 7.1. According to (5.16), a first simple example is given by

d
X X
u(x; p) (p;+pj)

for some d € (0,1). This function satisfies both (SS) and (SC). Moreover, (2.3)
and the zero-homogeneity condition (6.1) are satisfied. O

Example 7.2. Additive power utility
Given «,f > 0, consider the function

a b
(7.1) u(x;p):ocx—lc—i—ﬁx—fl a,b,c,d > 0.
P P>

Notice that u satisfies the homogeneity assumption (6.1) if and only if ¢ = d:
prices enter utility in the power form with the same exponent. It is easy to show
that
a-1 b1
W(x, p) = —oac2 _ gp2 4 ph(h— 1)
p P

bh—2
P1X1Xy
d+1
V%)

c+1
1
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The function W is non positive for all (x,p) € Ri provided that
0<ab<l; ¢d=0.

Notice that these conditions also ensure that the dual inequality ¥ < 0 holds true

and that (2.3) is satisfied. Hence, these are necessary and sufficient conditions

for the utility function in (7.1) to satisty (5.3)—(5.4) and (2.3). Therefore, strong

complementarity requires the classical concavity in goods (0 < a,b < 1) and that
prices enter in the power form with a negative exponent.

We now compute

a—1 b—1

O(x,p)=waa(l —a—c) pzﬁg_l —ﬁbxzd

Py )

so that u in (7.1) satisfies (5.1)—(5.2) and (2.3) if and only if
O<ab<l, l—-a<c¢ 1-b<d.

Therefore, strong substitution requires the classical condition of concavity in
goods and that the exponents of the prices be large enough. These conditions
imply the previous ones. Note that if ¢ =d =0, i.e., u does not depend on
prices, then the function u may satisfy the strong complementarity condition but
not the strong substitution condition.

After some computations, one sees that the equations defining the demand
functions read

*
+ p1x; = w,

1/(1-b
ﬂl? /(1=5) (14¢)/(1-b) (b+d)/(b—l)[x*}(lfu)/(lfb)
o D Dy 1

1/(1-a)
oa p(1+d)/(17u)p(u+c)/(a—1)[
ﬁb 2 1
Although x| and x; may not be easily explicitly determined (except for particular
values of the parameters), it is clear from the above equations that

](1—b)/(

1—a
X5 )+ DXy = .

ox* ox’
L0, —L>0 (i,je{l,2},i#]
o %, (i, je{l1,2} 7)

regardless of the values of ¢ and d provided that 0 < a,b < 1. Therefore, the
utility function (7.1) satisfies both (C) and (S) for any value of ¢ and d, also
negative ones, provided that it is concave in the quantities of the goods. [

Example 7.3. Cobb Douglas utility
Consider the function

ay-b
(7.2) u(x; p) = i a,b,c,d > 0.

Cd
192
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For this function no parameter constraint is needed to ensure (6.1). It is easy to
show that

xaxbfl xaflxb xa+1xb—2
W(x,p) =blc