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Abstract. We study conditions on f which ensure the existence of non-
negative, nontrivial radial solutions vanishing at infinity of the quasilin-
ear elliptic equation —Apu = f(u) in R, with n > p. Both the behaviors
of f at the origin and at infinity are important. We discuss several differ-
ent subcritical growth conditions at infinity, and we show that it is pos-
sible to obtain existence of solutions also in some supercritical cases. We
also show that, after an arbitrarily small L? perturbation (1 < ¢ < c0)
on f, solutions can be obtained without any restrictions on the behavior
at infinity. In our proofs we use techniques from calculus of variations
and arguments from the theory of ordinary differential equations such
as shooting methods and the Emden-Fowler inversion.

1. INTRODUCTION

We are interested in existence of radial ground states of the following
quasilinear elliptic equation,

—Apu = f(u) in R", (1.1)

where A,u =div(|Vu|P~?Vu) denotes the degenerate p-Laplace operator and
n > p > 1. Here, by a ground state we mean a C'(R™) nonnegative, nontriv-
ial distribution solution of (1.1) which tends to zero as |z| — oco. Since we
deal only with radial solutions of (1.1), from now on by a ground state we
mean precisely a radial ground state. Clearly, existence results strongly de-
pend on the function f. Roughly speaking, here we deal with the case where
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f(s) is initially negative and ultimately positive. This is usually called the
normal case [11].

When n > p = 2 there are in literature a number of well-known existence
results for ground states of (1.1); see in particular [1, 2, 5, 14] and references
therein. In [2] critical-point methods are employed and the radial symme-
try of the ground states is recovered thanks to symmetrization. Another
approach to (1.1) is to reduce it to an ordinary differential equation and
to use a shooting method as was first suggested in [3] in the case p = 2;
then, thanks to an Emden inversion, existence results are obtained in [1].
Much less is known about ground states for the degenerate equation (1.1)
when p # 2. Citti [4] has proved existence when 1 < p < n, f(0) = 0, and
f is bounded in [0, 00), while Franchi-Lanconelli-Serrin [8] have considered
the case when f(s) is “sublinear” at infinity. General existence results for
(1.1) for any p > 1 were obtained in [10], where (1.1) is also reduced to an
ordinary differential equation and is studied with the shooting method but
without the Emden inversion.

Our first purpose is to extend the existence results in [2] to the case of any
p > 1. To this end, we seek a ground state of (1.1) by solving a constrained
minimization problem in D (R"). The difficulty is that the constraint is
defined as a level set of a nonsmooth functional (it is not even continuous
or locally bounded!). This difficulty was overcome in [2] by requiring an
additional natural constraint and by solving a kind of obstacle problem. The
non-Hilbertian framework of equation (1.1) suggests arguing differently. We
use a weak version of the Lagrange-multiplier method which enables us to
obtain a distribution solution of (1.1). The precise statement of this result is
given in Theorem 1. It requires restrictions for f both at zero and at infinity.

Our second purpose is precisely to discuss the assumptions needed to prove
Theorem 1. In fact, both the assumptions (at zero and at infinity) on f may
be removed. To show this, we extend some results in [1] to the quasilinear
case; see Theorems 2 and 3. In this extension, we also drop the assumption
that the ground state is positive, and we allow it to have compact support;
see Remark 1 (i) for the precise definition. Then, the usual interval for the
shooting levels (the one giving radial solutions of (1.1) in some finite ball)
is not necessarily open: we solve this inconvenience with a new proof; see
Lemma 5 and Remark 2 below.

Our final purpose is to make some criticism on the growth restrictions
needed to prove existence results. A common feature of all these just-
mentioned approaches is that they need some kind of subcriticality assump-
tion on f at infinity. In particular, for the power case f(s) = —s" ! + 5771
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np_
n—p
is the critical Sobolev exponent. For such f, the results in [11] show that
(1.1) admits no ground states whenever ¢ > p*. But as soon as we allow
more general functions f, subcriticality seems not so important for existence
results; see Theorems 3, 5, and 6. And indeed, since the ground states u of
(1.1) are bounded functions, it is not clear at all which is the role played
by the behavior of f at infinity (which is outside the range of w!). In this
spirit, we prove Theorem 6 below. It states that the set of functions f for
which (1.1) admits a ground state is “dense in L9” for any 1 < ¢ < oco; more
precisely, for any function f and any € > 0 there exists g € L4(0,00) such
that [ [g]? < e and —Ayu = (f + g)(u) admits a ground state. The proof
of this statement also emphasizes that in the shooting method not only the
shooting level  but also the “shooting strength” f(«) plays a crucial role.

As a conclusion, we may say that further research and perhaps different
tools are necessary in order to determine the exact class of functions f for
which existence of ground states holds true for (1.1). Both the behaviors of
f at zero and at infinity are important for existence results, and probably
existence of ground states depends on a suitable combination of these two
behaviors.

where 1 < r < ¢, all these methods require that ¢ < p*; here p* =

2. EXISTENCE RESULTS

We list here different assumptions which are needed in the statements of
the existence results. For each statement we require a suitably combined
number of them.

As we are interested in nonnegative solutions, with no restrictions we put
f(s) =0 for s < 0. First of all, we require some regularity of the function
f, either

IS C[O7 OO) N Liploc(oa OO) ) f(O) =0 (21)
or the less stringent
f € Lip}.(0,00) , limsup f(s /\f )|ds < . (2.2)
s—0

Clearly, (2.1) implies (2.2); moreover, by (2.2) it is clear that F(s) =
Jy f(t)dt exists and is continuous on [0, 00), and F(0) = 0. We then as-
sume further

3¢ >0 such that f({) >0, F()=0, F(s)<0 for0<s<(.
(2.3)
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Let ¢ be as in (2.3); if f annihilates at some point ( > ¢ then (1.1) admits
a ground state without any further assumption; see [10, Theorem 1, case
(C1)]. For this reason we also require that

f(s) >0 for ( <s < +oo. (2.4)

For our first existence result we also need the following behavior for f at 0:

f(s)

lim sup >
s—0t S

= <0, (2.5)

Finally, we need some growth restrictions at infinity. These restrictions are
essentially of subcritical growth type, but in some statements we also allow
supercritical growth. The standard subcriticality assumption is

lim 1(s)

s—+oo gP*—1

= 0. (2.6)

In order to give an alternative subcriticality assumption we introduce a func-
tion related to the Pohozaev identity, namely Q(s) = npF(s) — (n—p)sf(s),
and we assume that

Q(s) is locally bounded below near s =0

b > ¢ such that Q(s) >0 Vs>b
sp~1

3k € (0,1) such that limsup Q(@)(m)n/p = 00, Vs1, sz € [ks, s].
§—00 S1
(2.7)
A slightly different growth constraint (not subcritical!) is given by
F
lim inf &) (2.8)

s——+00 5(”?‘1’)/(”‘?)

Our first result is obtained thanks to critical-point theory; we extend some
results by Berestycki-Lions [2] to the quasilinear equation (1.1).

Theorem 1. Assume (2.1), (2.3), (2.4), (2.5), and (2.6). Then there exists
a ground state u of (1.1) such that u € DP (R™).

Note that in the statement of Theorem 1 assumptions on both the behavior
of f at zero and at infinity are required. This is due to the (critical-point)
tools used in the proof. In some cases we may drop assumption (2.5); we do
so by strengthening (2.6) and by extending to the quasilinear case a result
by Atkinson-Peletier [1]:
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Theorem 2. Assume (2.1), (2.3), and (2.4). Furthermore, suppose that
there exist sy > max {C, 62} and m > n% such that
P
sP 1

AU

Then (1.1) admits a ground state.

Vs > sg. (2.9)

We also extend another result from [1]: it states that we may drop as-
sumption (2.5) and also (2.6) (allowing supercritical growth!) provided F
has an “oscillating rate of blow-up” at infinity:

Theorem 3. Assume (2.1), (2.3), (2.4), and (2.8). Then (1.1) admits a
ground state.

The assumptions in Theorems 1-3 should be compared with the ones in
the following result, taken from [10]. Simple examples show that none of
them is more powerful than the others.

Theorem 4. [10] Assume (2.2), (2.3), (2.4), and (2.7). Then (1.1) admits
a ground state u.

Next, in a simple situation, we show that f may have any growth at
infinity provided the subcritical term is sufficiently large.

Theorem 5. Assume that p <r < p* <gq, and for all A > 0, let
fals) = =P L4 As™ 45071
Then there exists A > 0 such that if X > X then the equation
—Apu = fa(u) in R" (2.10)
admits at least a ground state. Moreover, if ¢ > p*, then there exists 0 <

A < X such that if A < ), then (2.10) admits no ground states.

Theorem 5 is not a perturbation result, as one may find explicit values for
X and ); see the proof below. An interesting open problem is to understand
if A= )\, but this is beyond the scope of this paper. Note also that thanks to
rescaling, Theorem 5 has several equivalent formulations concerning source
terms as f(s) = —sP7 1+ 5" fes?7lor f(s) = —BuP~t +u" + audL

Finally, in Section 6 we prove the following simple and striking statement:

Theorem 6. Let g € [1,00). Assume that f satisfies (2.2), (2.3), and (2.4).
Then for all e > 0 there exists f. satisfying (2.2), (2.3), and (2.4) such that

/0 T 1F(s) = £(s)ods <
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and such that the equation
—Apu = fo(u) in R" (2.11)
admits at least a ground state.

Remark 1. (Further properties of the solutions)

(i) If [, |F(s)|~'/Pds < 0o then ground states of (1.1) have compact sup-
port (a ball), whereas if [, |F'(5)|~'/Pds = oo plus a further condition then
ground states are positive; see [8].

(ii) If f has (near 0) the same homogeneity as A, then any ground state
of (1.1) has exponential decay at infinity [9, Theorem 8], while for other
behaviors of f ground states may have just polynomial decay [11, Proposition
5.1].

(iii) For the uniqueness of the ground states of (1.1) we refer to [13].

(iv) If r = |z|, the ground states u = u(r) of (1.1) satisfy (see [10])

u'(r) < 0 for all r > 0 such that u(r) > 0. (2.12)

(v) A ground state u is a classical solution in R™\ {0}, and it is as smooth
as f permits in R™\ {0}. Moreover, by Theorem 2 in [6] and Theorem 1 in
[15], any ground state of (1.1) is of class C1< (R™).

3. PROOF OF THEOREM 1

The proof of Theorem 1 follows the same lines as that of Theorems 2 and
4 in [2] except for some significant changes. Consider on D'P(R") the two
functionals

T(w) = / |Vw|P dz V(w) = F(w) dx; (3.1)
n Rn
note that V (w) may not be finite for all w € DYP(R™). Let
K= {we D" (R"), F(w) € L' R"), V (w) =1},
and consider the following constrained minimization problem:

min T'(w). (3.2)

weK

We show the existence of a minimizing function:

Lemma 1. Problem (3.2) has a solution u which is radially symmetric and
nonIncreasing.
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Proof. By arguing exactly as in Step 1, p. 324 in [2], one sees that K #
. Take a sequence {up} C K such that lim,,—yoo T'(um) = I. Let u,
denote the Schwarz spherical rearrangement of |u,,|. We have u), € K
(since V(uy,) = V(um)) and T'(u;,) < T'(uy,); this means that {um} is also
a minimizing sequence. We have so found a minimizing sequence which is
nonnegative, spherically symmetric and nonincreasing with respect to r =

Since {u;,} is bounded in DYP(R™), up to a subsequence (still denoted
by {un}) it converges weakly in D'P and almost everywhere in R™ to some
u € DYP(R™) which is nonnegative, radially symmetric, and nonincreasing.
Moreover, by the weak lower semicontinuity of the D"P norm, we also know
that

T(u) < limJirnf T(um) = 1. (3.3)
As {uy,} is bounded in LP"(R"), by [2, Lemma A.IV] we have
um (@)| < cla|~P/P vz £0 (3.4)

where ¢ > 0 is independent of m. By (2.6) we have |f(s)| < ¢+ sP"~! for
all s > 0, and hence, by (3.4), for any R > 0 there exists a positive constant
C'k such that

/ |F (um)| dz < Cgr Vm € N. (3.5)
Br

Put f* = max(f,0), f~ =(—f)", and

, f
/f+ dt and Iy(s /f

Then, by (2.5) and (3.4), for any € > 0 there exists R, > 0 such that
0 < Fi(um(r)) < elum ()P, for any r > R., m €N,

and hence, for all m, we have

/ By ()| da < / s () dz < ce. (3.6)
RH\BRE

R™\Bg,

Similarly, by lower semicontinuity of the DP norm with respect to weak
convergence, u also satisfies a decay condition like (3.4), and therefore

/ |F1 (u)| dx < ce; (3.7)
R™\Br,
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in particular, this tells us that Fy(u) € L'(R"™). Moreover, since {u,,} is
bounded in W1P(Bg) for all R > 0, using (2.6) we infer that

F (up,) de — Fi(u) de as m — 400 VR > 0. (3.8)
Br Br

By arbitrariness of € in (3.6) and (3.7), and by (3.8), we obtain

F (up,) de — Fi(u) dr as m — +o0. (3.9)
R™ R”
From V (u,,) = 1 we infer that [p, Fi(um) = 1+ [ F2(um). Then, it
follows from (3.9) and Fatou’s lemma that [, Fi(u) > 1+ [5, F>(u) so that
also Fy(u) € L'(R™); moreover,

V(u) :/ Fi (u) dx — Fy (u) dx > 1.
n R
Suppose for contradiction that V(u) > 1; then by the scale change u,(z) =
u(z/o) we have V(uy) = o"V(u) = 1, for some o € (0,1). Moreover,
T(uy) = 0" PT(u) < 0" PI < I, and this implies I = 0 (if I > 0, then
T(us) < I, and this is absurd because u, € K). Then, by (3.3) we have
T(u) = 0; that is, u = 0, contradicting V(u) > 0. Thus, we have V(u) =1
and T'(u) = I, so that u is a solution of the minimization problem (3.2). O

The proof of the Theorem 1 is complete once we prove

Lemma 2. Let u be the (radial) solution of problem (3.2) found in Lemma
1. Let

— x n—p
u(r) =u (M> where 0 = ” /n |Vul? dx.

Then w € C' (R™) and @ is a ground state of (1.1).

Proof. The fact that 6 > 0 follows from V(u) = 1. Fix ¢ € C° (R") and
define the function

a,(t) =V(u+ty) = / F(u+ty) do t e R. (3.10)

n

Note that o, € C! (R) and

o, (t) = o flu+tp)p dx t e R. (3.11)

We set uy = u+tp and oy = [o, ()] 7Y™ ; clearly, oy is well-defined for small
t (recall o, (0) = 1). Set also u(x) = ui(x/oy). With a change of variable
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we find V (%;) = 1, and hence

T(u) < T(a) Vt. (3.12)
Next, note that T'(u;) = o, ¥ T(u;) and that
T (ut) = /n |V (u+ to)|P do = /Rn |VulP de+tp /]R" IVulP"2 VuVe dr+o(t)
as t — 0; therefore, we get

T(u) =o0,"" (T(u) +1ip /Rn |Vu|P2VuVp dx) +o(t) ast—0. (3.13)

On the other hand, we also have

—-1/n

o= [ap ()] " = [1+a,(0)t] " +o(t) as t—0,

and hence, in view of (3.11),

o= 1—% Rnf(u)godw—i—o(t) as t— 0. (3.14)
Inserting (3.14) into (3.13) gives
T (w) =T(u)+tp /Rn VulP~2 VuVep dz+ 2% T(u)t - f(u) g dx+o(t)

as t — 0. Since (3.12) holds for all ¢, by switching ¢ into —¢ and letting
t — 0, the previous equality becomes

/ VulP2VuVe de =0 [ f(u)e da.
n Rn
By arbitrariness of ¢ and introducing the function w we finally obtain
/ IValP 2 VuVe dz = f@)p dz Vo € C° (R™);
n Rn

that is, @ is a distributional solution of (1.1). The fact that uw € LN C" is
standard; see e.g. Propositions A.1 and A.5 in [7] and Proposition 1 in [12].
This ends the proof. [l
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4. PROOF OF THEOREMS 2 AND 3

4.1. The Emden inversion and the shooting method. A nonnegative,
nontrivial radial solution u = wu(r) of (1.1) is also a solution of the ordinary
differential initial-value problem

-1
(/P2 w) + = /P2 + fw) =0, >0
u(0) =7, v'(0)=0

n=p _n-p
for some v > 0. We make the Emden inversion ¢ := (—11’) p—lp P*f, so that
(4.1) becomes

(WP~ +1 %= fu) =0, teR*

: _ : Fr (4.2)
Jip w0 =7, i () =0
A ground state u of (4.1) satisfies (4.2) and the following condition:
}g% u(t) = 0. (4.3)
Let E be the Lyapunov function for u defined as follows:
1 np—
E(t) = 2255 W) + F(u(t)),  t>0. (4.4)
By differentiating and using (4.2), we obtain
_,1 _.1 n(p—1)
El(t) = w t npfp ‘u/(t)‘p >0 (45)

n—p
so that F is nondecreasing. We first restate [1, Lemma 4] in our setting:

Lemma 3. Assume u solves (4.2), and suppose that u(t) — 0 >0 ast — 0.
Then f(§) =0 and

tnr ()P =0  E(t)—F(@6) ast—0.
Concerning the asymptotic behavior of u and F at infinity, we prove
Lemma 4. For a given v € (0,00), a solution u of (4.2) satisfies

np—

= W' ()" — 0 E(t) — F(y) as t — 400.

Proof. Since u is bounded at infinity, by (4.2) we have

np—p
e ST Suls) ds .
W/ ()t e = 1 < 7P gup (f(uls))],
P n(p—1) se(t+o0)
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and this proves that

—np+n

|u’(t)‘p_1 =0t r ) ast— +oo.

Therefore,

B = dim (W) e <o,

lim ¢

t—+o00
and the first limit is proved. The second limit follows since F'(u(t)) — F(7)
as t — +oo. O

We now introduce the tools for the shooting method. Given v > 0, there
exists a unique solution u, of (4.2) in a neighborhood of t = +o00 (see [1,
Lemma 1] for the case p = 2 and [8, Proposition A4] for the general case
p > 1 without the Emden inversion). Therefore, the number

T(y) :=inf{T > 0; u,(t) >0Vt >T}

is well-defined: it represents the infimum of the maximal interval of backward
continuation for u. () under the restriction that it remains positive. By (4.5)
and Lemma 4 we have E(t) < F(v) and F(u(t)) < F(v) forallt € (T'(v), o),
that is,
p \1/p _n-1
o @] < (E5) " P6) - P e,

and from this, after a change of variable (u is monotone increasing by (2.12)),
we deduce

/: [F(v) — F(w)] Y7 du < (L)l/p/too sTwwds Vit (T (y),00).

0 p=1
(4.6)
Consider the set S := {vy € ({,00); T(y) > 0}. The next result gives a
sufficient condition for (1.1) to admit a ground state:

Lemma 5. Suppose that the set S is not empty; then there exists a ground
state of (4.2)—(4.3).

Proof. Let vy = infS. Consider first the case where 79 ¢ S. By arguing
as in [1, Lemma 6], we infer that if v € S, then «/(¢) > 0 and E(t) > 0 on
(T'(v),00). Therefore, by continuity we also have v/, (t) > 0 and E(t) > 0
for any ¢ € (0, 00); hence u., converges monotonically to some ¢ € [0,() as
t — 0 (see Lemma 2.4 in [10]). If § > 0, then Lemma 3 and (2.3) yield
E(t) — F(§) < 0 as t — 0, contradicting E(t) > 0. Hence, u,, tends

monotonically to 0 as t — 0 and is therefore a ground state of (4.2) (4.3).
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Assume now that 79 € S. Then T'(7p) > 0 and two cases may occur:

ul (T(v0)) =0 or ul (T(70)) > 0.

In fact, the second case cannot occur: otherwise, by the continuous depen-
dence of u, from v (see Propositions A3 and A4 in [8]) we would find v < 79
such that v € S contradicting the definition of vo. Hence, u) (T(v0)) = 0
and the function
0 if + < T(v)
v(t) = .
0 { wny(t) it > T(70)

is a ground state of (4.2) (4.3). O

Remark 2. If we know a priori that ground states are positive, then the
set S is open and vg € S. Otherwise, S may also not be open: in such a
case one may give a different characterization of S (see the definition of I~
in [10]) and still find an open set. Here, we avoid this topological argument.

Theorems 3 and 2 will be proved in the following subsections by showing

that S # (.

4.2. Proof of Theorem 3. We first prove a sufficient condition for Lemma
5 to hold:

Lemma 6. Assume that for some v > 0 there exists Ty > 0 such that the
corresponding solution u~ of (4.2) satisfies

uy(T1) > ¢ and u;(Tl) >0, (4.7)
and assume that for some T' € (0,T1) there results
Ty p— 1
s @ [ ds< g @mrt @)
0<r<u,(T1) ' 2
and
2t/ 0=V (Ty) < W (Ty)(Ty — T). (4.9)
Then v € S.

Proof. By definition of S it is sufficient to show that u. cannot stay positive
in (T',T1). For contradiction, assume that u, remains positive in (7”,77)
and let t € (T",Ty); integrating (4.2) over [¢t, T3] and using (4.8) gives

T e 1 _
W (TP — [l (P < sup |f ()] [ s rds < 5 Jul ()P
K K 0<r<uy(T1) t 27
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that is,
- 1 -1
|l ()P > = |u', (11)|p > 0,

and hence v/, (t) > 2-1/(=1) u’ (T1), which contradicts (4.9) after integration
over [T",Ty). O
Let

F = —min F(s); 4.10
min F(s); (4.10)

then the following holds:

Lemma 7. Assume that for some v > 0 there exists Ty > 0 such that the
corresponding solution u~ of (4.2) satisfies (4.7) and

— — p=1
=y =D 5 my « —PT) gy
N A 4 [E(T) +F] 7
Then v € S.

Proof. By definition of S, we need to show that as u, is continued backwards
for t < T7, it reaches the value zero in the interval (0,77). By (4.5), E(t) <
E(Ty) for any t € (T'(vy),T1), and so

P G5l () = B(9) — Flu(t) < B(T) + F.

This, combined with (4.5) and the fact that ), > 01in (T'(7),T1) (see (2.12)),
gives

Ty _ p=1 _
. N p—1 ER, p\ P p—1 1/Pnp—pz__1,
B(T) E(T)_/T/ (—p Bl 0p) 7 ( - ) P () e
. p-1
< (BM)+F)7 o(T) VI e (T(1),Th),
where o )
p—IN\/P p(n—-1) »=1
t) .= tn— t). 4.12
ot):= (=) o () (4.12)

Hence, by (4.11),

p—1

E(T'")>E(Ty)— (E(T\)+F) » o(T1) >0 VI"e€(T(v),T1). (4.13)

Next we claim that |u/ (t)[P t" % hasa positive lower bound. For contradic-
tion, assume that

np

ST e(0.Ty]  suchthat  lim ul (D)t " =0,
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Then, since u, € C[T(v),T1], by what we just proved we necessarily have
T = T(y) = 0. Moreover, since u/ remains positive, the limit ¢ of u, as
t — 0 exists. Hence, Lemma 3 applies and E(t) — F(J) < 0 since f(d) = 0;
see assumptions (2.3) and (2.4). But this contradicts (4.13), which gives
a positive lower bound for E on the interval [T'(v),T1]. Thus, there exists

v1 > 0 such that |u. (8)Pt n=r > vy for all ¢ € [T'(~).T], and so, by (4.5
1 > U suc a |u'y( )| Z 7 I0r a E[ (7)7 1]7an S0, Y( . )a

(n-1-1)
n—p

E'(t) > vt ™t Yt e [T(y),Ti);
if T(y) = 0, this implies that E(t) — —oo as ¢ — 0, and we contradict
Lemma 3. This shows that 7'(y) > 0 and concludes the proof. O

In order to apply Lemma 6 we take ¢; € (¢,v) and T; = T} () determined
by

uy(T1 (7)) = G- (4.14)

Lemma 8. Let {v,} be a sequence, with v, > (1 for any m € N and such
that one of the following cases holds:

Case A: Th (Ym) — 0 as m — +o0.

Case B: T1 (7m) ‘u’vm (Th (fym))}p — 400 as m — +00.
Then, vm € S for all m large enough.

Proof. Let o be as in (4.12). If Case A holds, then for any m large enough
we have (4.11); indeed, if T} () — 0 then o(T1(vm)) — 0 as m — +oo,
since (; is fixed. Furthermore, the right-hand side of (4.11) is bounded away
from zero, since

E(Th (ym)) F (G1) > 0.

As (4.11) holds, Lemma 7 applies and the lemma is proved in Case A.

In Case B, we can take Ti () bounded away from zero since otherwise
Case A applies.

If T1 (vm) is bounded above, then necessarily u’, (T1(vm)) — +o00 asm —
+00; in such a case, take T" € (0,inf,, T1 (7)) and apply Lemma 6 with
T1 = T1(vm). It is easy to see that, with these choices, (4.8) and (4.9) hold
for sufficiently large m.

Consider now the case where T} (v,,) — +o00 as m — +oo. We wish here
to apply Lemma 6 with

T = Tl(’Ym) - Tl(’Ym)l/p'
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By the assumption of Case B and with our choice of T” we readily see that
(4.9) holds for m large enough. Moreover, with this choice we also have

i app (-p)[n(p+1)—p] (-p)[n(p+1)—p]
[ 5755 s = (@ o)) T s o( () ) 0
T/

as m — 4o00. Finally, the original assumption also entails
ne+l)-p p
(Ti(vm)) 7 |ul, (Ti(ym))|” — +oo  asm — +o0
since "(p:ijgfp > 1. Thus,
(=Dln(+D=p] 1
(Ty (ym)) 702 Jug, (Ta(ym))[P7 — 400 as m — +o0,

and using (4.15) we obtain (4.8) for sufficiently large m. Hence, Lemma 6
applies and the proof of Case B is complete. O

Lemma 9. Make the same assumptions as in Theorem 3. Let {v,} be a
sequence such that v, — +00 asm — +00; suppose that there exist functions
¢ and ) such that

(7) inf @ (Ym) > ¢ and ¥ (ym) < Ym for any m > 1;

(i) ¢ (Ym) /¥ (Ym) — 0 as m — +oo;

m _ 1/p -1
(i) f%Z('ym) [F' (ym) — F(s)] VP ds > (1%) f‘;(?)/m) s rrds.
Then S # 0 and (1.1) has a solution.
Proof. Clearly, we may assume that v, > ( for all m. Let {; € (¢,inf ¢(ym))

and for m large enough so that ¥ (V) > ¢(vm) > (1, take T1 (V) asin (4.14).
Let t,, be determined by w.,, (tm) = ¥ (¥m). Then by (4.6) we have

Tm Up [ _n-1
F () = Flu, ) VP du,, < P / s nrds,
N e e A

and so by (iii), tm < ¢ (ym). We can take T (v,) bounded away from
zero; otherwise, Case A of Lemma 8 applies. As (Ju/ (¢)[P~)" < 0 in
(T1 (Ym) » tm), U, is concave, and hence

u, (T >M—>+oo as m — +o0.
'ym( ! (’Ym)) - tm - Tl (’Ym)
Thus, we are either in Case A or in Case B of Lemma 8; this completes the
proof. O

We are now ready to give the proof of Theorem 3. We distinguish three
cases; in each of them we assume (2.1), (2.3), (2.4), and (2.8), plus a further
requirement.
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Case 1. This is the “sublinear” case.

liminf s7PF (s) < 4o0. (4.16)

S$——+400

If (4.16) holds, then we find a divergent sequence {~,,} such that
limsup v,.F F(vym) < +00.

m—-+0o0

Then we also have

lim inf / " () — F(s)] VP ds > 0. (4.17)

m—-+00 .

Now take ¢(y) = C = constant and 9(y) = 3. If C is large enough,

(i) and (ii) in Lemma 9 are satisfied. Moreover, condition (iii) follows from
(4.17). Hence, thanks to Lemma 9, Theorem 3 is proved under the additional
assumption (4.16).

Case 2.

liminf s~ "7 F(s) = 0. (4.18)

s——+00

Again we want to construct a divergent sequence {7, } in order to apply (iii)
in Lemma 9 with ¢(y) = 2. This yields the condition

m /pn — 1-p
sro 2 (5g) el (119)

Now we want to determine ¢ so that equality in (4.19) holds:

¢ (ym) = C [l F ()] oD

We may suppose that v,,"F (7,,) — 400, since otherwise (4.16) holds and
this yields the conclusion. Thus ¢ (v,,) — 400, and hence ¢(7,,) > ¢ for
large m. By (4.18) we can choose {v,,} so that

_np—
n—

P
Ym " P F(ym) — 0 as m — +4o0. (4.20)

This implies that ¢ (vm) /Ym — 0 as m — +o0; thus (i), (i), and (iii) in
Lemma 9 are satisfied, and this completes the proof of Theorem 3 under the
additional assumption (4.18).

Case 3. (4.16) and (4.18) do not hold.

In what follows we denote by C positive constants which may vary from
line to line. Thanks to the additional assumption we have

np—p
F(s) > Csnr for s large enough. (4.21)
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Furthermore, by (2.8), we can choose a sequence {Vm}, 7m — +00, such
that

np—p
F (ym) < Cym™". (4.22)

We may assume that
T1 (ym) =2 C (4.23)

since otherwise Case A in Lemma 8 applies. Choosing ~,, > 4(;, we define
T (ym) by the relation u,,, (To(Ym)) = 3¥m. Now, by (4.6) and (4.22) we
have

To (vm) < Cym. (4.24)

Since, by the concavity of u,,, we have

o (i) = 2=

1 = )
e " To (ym) — T (ym)
it follows that u/, (Ti(ym)) > C for m large enough; here we used (4.24)
and the fact that ~,, — +o00. This implies that we can take T} (7,,) bounded
above, i.e.,

(4.25)

T (ym) < C, (4.26)

since otherwise Case B of Lemma 8 applies. For the same reason we assume
that

wl, (T1 (ym)) < C. (4.27)
Therefore, by (4.23), (4.25), and (4.27), for m large enough we have
To (vm) = Cym.- (4.28)

Now, integrating (4.2) over the interval (71 (vm), o (7m)) we obtain

To(ym) np—p

[ T = iy, oo™ = [ 0

/

~m 18 bounded above in [T1 (7;) , 00) we have

and since u

To(vm) __np—p
Cz [ ()0, (0 de
T1(vm)
np— np

= (T ()" F (3m) = (Tt ()™ "7 F(C1) (4.29)

_ To(vm)  pp—p
+ PP / W VR (uyy, (1) dt
=P JTi(ym)
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uniformly with respect to m thanks to (4.27). Thus, by (4.23) and (4.29) we
have

TO('Ym) np—

/ 0 U (un, (1) dE < C
Tl(Wm)

and using (4.21) we obtain

To(vm)  pp— e
/ = (u, (8) 7 dt < C. (4.30)
T1(ym)
From the concavity of u,,, when w,,, > ¢ we have
%’Ym - Cl
To (vm) — T (ym)

Since v, > 4¢; (and hence 37, — (1 > 9m), it follows from (4.23) and
(4.24) that for large m

Uy, () > G+ C (t = Ti(ym)) = Ct, (4.31)

where in the last inequality we used (4.26). Now by (4.30) and (4.31) we
have

Uy, (1) = G+ (t = T1 (ym)) for Th(ym) <t < To(ym)-

To (vm

1y L0 (Ym) <c
T (Ym)

which contradicts (4.26) and (4.28) for large m. This completes the proof of

Theorem 3.

4.3. Proof of Theorem 2. Consider again the function Q(s) = npF(s) —
(n —p)sf(s); then by (2.9) we have

S tp*fl
= f— - > .
Q(s) = Q(so) + m(n —p) /SO ) dt Vs> s
In particular, there exists s; > sg such that
Q(s) >0 Vs > s1. (4.32)

Now, we claim that there exists (1 > s such that

sf(s) _ .
F(s) SP - 2Ins

Vs > (1. (4.33)

Indeed,

1 s *—1
F(S):F(81)+E Sf(S)_Slf(81)+m/51 Wdt] VSZSl
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and, by (4.32), we obtain

v 8f(s)  m { F(sﬁ]
> — |1 -

P 256 Tisl ~ Fs)
and hence, since F'(s) — 400 as s — 400, we get (4.33) for large s, say
s > (1, and (4.33) follows.

Let F' be as in (4.10), and consider the function
o) = —r 220,

p—1"

(z+F) 7
since ¢ is strictly increasing in [0, 00) we may define w(y) = ¢~ !(y) for all
y > 0. Note that w(y) ~ y? as y — 400, and therefore for all " > 0 the

number )
M7 = sup tp w((p;l> /p<np —p) (1 t’%;>
t>T p n—p
is finite and positive; here (; > ( is defined by (4.33).
From now on we take v > 4¢;, we denote by u the solution of (4.2) (we
omit the subindex ), and we define T} () by u(T1(v)) = (1. We introduce
the following Lyapunov function:

Vs > s1,

1 —1 _n(p-1)
Ht) =2t/ - 2w/t 4t~ F(u)
p p

o) 1
—t o B(t) - L

ulu' [P

We claim that the proof of Theorem 2 follows if there exists 7' < T7(v) such
that
H (T} (7)) > M. (4.34)

—n(p-1)
Indeed, since H(t) <t = E(t), by (4.34) we have

—n(p—1) —n(p—1) —1\1/pnp — p=1
tnr E(t)>supt = w((p ) PP G tZ*P>,
t>T p n—p

and hence, since T3 (y) > T,

E(Ty (v))fgg{w«p 5 1>1/MZ)__5 )

—1\1/pnp — e
> (=) TR G (1))
p n—p

recalling that w = ¢!, this means that (4.11) holds, and the result follows
from Lemma 7.
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Before proving (4.34) we make a few remarks about the function H. First
of all note that

H(t)—0 as t— 400 (4.35)

since E(t) is bounded by Lemma 4 and ' (t) — 0. Furthermore, for any
t > Ti(v), we have

H'(t) = P= 1t‘p<:—;})p(u(t)) [M *

R Fu@®) "
_(p=1m __m-p F(u(t))
< 5 In(u(?) <0 (4.36)
in view of (4.33). By (4.35) and (4.36) we have
m(p — T np—p u(s
Ht) > (Z’Tl) /t = li Euisigds WST().  (437)

We now turn to the proof of (4.34). We define Ty () by u(Typ(v)) = 3 so
that To(y) < Ti(vy). By (4.33), F(s) > sf(s)/p* for any s > (;. Using this
in (4.37) we obtain

H(Ty (7)) > (= 12);7;2_ p)m Tj:; T 7[1112552;]2 ot
-l [ (o) s
S LT ey
+oo w(t)) —
3Lm\ Fﬁ%%ﬁ;ﬁ
= 2np = / o 1?(5()2)_]21 dt
L= 12)7(;2— p)m l?lzv—); /Tm()) |/ (1) [P at

where in the last inequality we use the fact that the map s — (Ins)~! —

(Ins)~2 is decreasmg in the interval (e?,00) (recall sy > e?). Using the
positivity of «’ in the interval [T} (), Tp ()] we obtain

(p—1(n—pmlny—1 /TO(V) T
H(Ty) > w ()| dt
(1) 2np? (Iny)? Jry) 8
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S=Dn-—pmy-1_ (3v-G)"

T 2wy ()2 (To () = T ()"
where the last inequality is a consequence of the fact that among functions
v € CHTp, T1] satisfying v(Tp) = % and v(Ty) = (, the minimum of the
functional f:,:qo |v'|P is attained by the affine function w (which satisfies w” =

0). Thus, (4.34) holds if

(4.38)

I

(p—1)(n—p)m(ny—1) (%’y - Cl)p) 1/(p—1)
2np? Mr(In)?
since v > 4(y, it is sufficient to show that
—1(n—pm(ny — 1)4P\1/(p-1)
T (7) < T3 (o) + (L=l DR T
(Iny — 1)713) 1/(p=1)
(Inv)?
where K7 is a well-defined constant depending on 1" which is bounded away

from 0 and oo for any 7" < T(7) (this follows from the definition of Mr).
Integrating twice (4.2) and using (4.33), we have

1 400 400 1
v p—1 R p—1
=< sup  f(u(s)) / / s n-rds dt
2 <S€(T0,+OO) ) To ( t )

< O () )

Using (2.9), this implies (for a suitable C' = C(n,p) > 0)

[f(7)] (n—p)/p(p—1) W,p/(p—l)

To(m) <C y(n=p)/p - C(ln y)mn=p)/p(p=1) (4.40)

To () < Ti () + (

= Ty(7) + Kr ( , (4.39)

Since m > ;£ it is clear that (4.40) implies (4.39) for large enough . This
completes the proof of (4.34) and, consequently, also of Theorem 2.

5. PROOF OF THEOREM 5
Let Fi(s) = [y fa(t)dt and Qx(s) = npFy(s) — (n — p)sfa(s). Since

A P
FA(3)>—8T—S— Vs > 0,
r p
by minimizing the right-hand side we obtain
_ 1 1 p_
Fy = —min Fy (s) < (= =~ )A"77, 1
A= —min Fy(s) < i v (5.1)
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We can now prove
Lemma 10. There exists C' > 0 such that for \ sufficiently large we have
1
Qr(s) >0 Vs e [CX mr, 1].
Proof. For all ¢ > 0 we have

Qr(er 75) = pe?

q

__r 1 1 _
>c’”_p — 1})\ = —|—np<— — —)cq)\ TP,
g p

*

n n—p
r p

Take ¢ > 2(% — %)_ﬁ and let A — +o0; then

1

Qx(cA"77) >0 for A large enough. (5.2)

Moreover,

—

1 1 1
Q\(1) =—p+ )\np(; - Z?) + np(; - p—) >0 for A large enough. (5.3)

It is not difficult to verify that for A large enough there exist co (A) > ¢1 (A) >
0 such that

Qr(s) > 0<= s (c1(N),c2(N))
so that the positivity set of @) is an interval (note that if ¢ = p*, then
c2(A\) = +00). This, together with (5.2) and (5.3), proves the statement. [J

We are now in position to give the
Proof of Theorem 5. Let C' > 0 be the constant found in Lemma 10 and
let

by = O 77, (5.4)
then there exists ¢ > 0 such that
R __P_
Fyx(by) =cX 77 +0o(A 77) as A — 4oo. (5.5)

With the choice (5.4) for by we estimate the constant C (by) defined in [10,
(3.1)], namely,

R e +

p— 1)71& (by) [FAx+Ex(by)] 7 - (5.6)

By (5.1), (5.4), (5.5), and (5.6) we infer that there exists C' > 0 such that

C(by) <C for A large enough. (5.7)
Next, we claim that there exists ¢ > 0 such that
Q,=—min Q,(s) < AT (A large) . (5.8)

0<s<1
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Indeed, take A large enough so that Lemma 10 holds. Then @) attains its
1

unique local minimum in the interval [0, 1] (in fact, in (0, CA™ 7=7)). In such
an interval, since ¢ > p, we have

1 1 1 1
Qa(s) > —p[l + n(—* — —)]3” + )\np(— — —*>s” =: —y18P + Ayas”.
b q r p

Hence, @, < —0r<ni21 (—y18P + Ayas”) = c)\_%, and (5.8) follows.
_s_

We now verify (4.2) in [10] and apply Theorem 2 in [10]. To this end, we
remark that by (5.4), (5.5), (5.7), and (5.8), we get

[ @+ npFa(by) +nlp — DRJIC(b) + 1" < OA™ 75 (A large).  (5.9)

Now take = 1 and k = % in (4.2) in [10]. We have to estimate from below

@alka) o a1l ki, ko € [%, 1] . Using the same argument as for Lemma 10

[Fx(k1)]"/P
we have
Qx(ke) > e\ Vko € [%, 1] and \ large. (5.10)
Moreover,
(k) <ceA Vki € [3,1] and A large. (5.11)
By combining (5.10) and (5.11) we obtain
k _n
Li)/ > AT Vki1,ko € [3,1] and A large. (5.12)
[fx (R)™P
Then, combining (5.9) and (5.12), we obtain for large A
k _n—p _p —
LQ)/ >eAT P > AT > [ Qx+npEy (by)+n(p—1)08] [C (by) + 1]"
[Fx(R)]mP

so that (4.2) in [10] is satisfied. Recalling that Qy (s) > 0 if s € [by, 1] (see
Lemma 10) we may apply Theorem 2 in [10] and obtain the existence of a
ground state u for (2.10).

It remains to prove that if ¢ > p* and A is small, then (2.10) admits no
ground states. To see this, note that there exists A such that for any A < A,
Q@ (s) <0 for all s > 0. By Proposition 3 in [9] we know that

/OOO Ox (u(®)) 7= 1dt = 0

for any ground state u of (2.10). So if @) is everywhere negative, then
ground states cannot exist. This completes the proof of Theorem 5.
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6. PROOF OF THEOREM 6

If the equation —Apu = f(u) admits a ground state, there is nothing to
prove. Otherwise, fix € > 0, fix 0 > (, and consider the sequence of functions
{gm} defined by

f(s) if s € (0,0]Ufo+ L, 00)
Gm(s) = 0 ifs=o0+ ﬁ
m affine continuous if s € (0,0 + ﬁ) U(o+ ﬁ,a + %)
connection

Then we obviously have

o0

lim lgm (s) — f(s)|%ds = 0.

m—00 0

So, there exists M € N such that

3

| ot - spas < £ (6.1)
0

Clearly, gps satisfies (2.2) and (2.3) but not (2.4). Moreover, by Theorem
1 (C1) in [10], the equation —A,u = gpr(u) admits a ground state @ which
satisfies [|U]loo = u(0) = v < 0 + ;-
It remains to fulfill condition (2.4). Define another sequence {fx} by
s if s € (0,0]U[o + 7,00
wo={ 10, scalul e
pom(s)} ifs € (0,04 5).

For large enough k, the function fj satisfies (2.2), (2.3), and (2.4). Further-
more, for sufficiently large k, say k = K, we have

fr(s) =gm(s)  Vs<n (6.2)
and -
| lauts) = so)lvas < (63
0

Set f. = fk; then by (6.2) also u is a ground state of (2.11) and by (6.1),
(6.3), and the convexity of the g-th power we have

|10 = sts)eas
<24 ([ lguite) = (o) vas+ [

and the proof is complete. ]

oo

lga1(s) = £:(s)|"ds) <,
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Remark 3. At first glance, Theorem 6 seems a simple joke: of course, the
behavior at infinity of f. (and hence of f) has no role in the existence of
ground states for (2.11) as the shooting level v is smaller than o + ﬁ
However, a careful analysis of the proof shows that v may be chosen as large
as desired, since o (which is fixed arbitrarily) gives a lower bound for ~.
Therefore, one may take a function f having any behavior at infinity, even
supercritical no matter in which sense. Then one may “almost” obtain a
ground state u of (1.1): roughly speaking, starting from v = 0 at infinity one
may initially allow the solution u to “follow f” on an arbitrarily large interval
(0, 0] and next force the solution u to bend and to reach the origin with zero
slope (i.e., v/(0) = 0) by modifying f in some small interval (0,0 + d].
In other words, not only is the shooting level v important, but also the
“shooting strength” f(7).
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