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Abstract We are interested in stability/instability of the zero steady state of the
superlinear parabolic equation u; + A%y = [ulP~luin R” x [0, 00), where the exponent
is considered in the “super-Fujita” range p > 14-4/n. We determine the corresponding
limiting growth at infinity for the initial data giving rise to global bounded solutions. In
the supercritical case p > (n+4)/(n —4) this is related to the asymptotic behaviour of
positive steady states, which the authors have recently studied. Moreover, it is shown
that the solutions found for the parabolic problem decay to 0 at rate t~1/®—1,

1 Introduction

In the present paper we study existence and quantitative properties of global solu-
tions of the following Cauchy problem for superlinear parabolic equations with the
biharmonic operator as elliptic linear part

u+ A%u=ufPlu in RTFI = R" x [0, 00)
u(x,0) = ug(x) in R",

1)

wheren >2,p > 1+ % and ug is a bounded initial datum with suitable behaviour at
co. The decay of these solutions with respect to space |x| — oo and time ¢t — oo is
investigated.
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390 F. Gazzola, H.-Ch. Grunau

Before entering into the details of (1), we recall that the corresponding superlinear
second order equation

u(x,0) = up(x) in R” )
was intensively studied in [8,13,15,16,20]. It was discovered by Fujita [8] that the
exponent p =1+ % plays a fundamental role for the stability of the trivial solution

u = 0 of problem (2). It turned out that 1 + % is the biharmonic analogue of this
so-called “Fujita”-exponent. For the present paper, the following result relative to (2)
is of particular relevance:

Proposition 1 [16, Theorem 3.8]
Assume thatp > 1+ % There exists o > 0 such that if

[ we— Au=uP 'y in R

o
< -
w000 = o

then there exists a global strong solution u of (2). Moreover, there exists A > 0 such that

A
<
e, 0 = 77 X2/@=D /oD

1
forall (x,t) € ]R’}f .

In fact, a slightly different result was stated in [16] but with the very same argu-
ments employed there, one also readily obtains Proposition 1. Subsequently, Wang
[20] performed a more detailed study of (2) and obtained refined stability/instability
results with a more precise description of the region of attraction of the trivial solution
u = 0. In this connection several “critical exponents” turned out to be of importance,
being also related to the corresponding elliptic problem. For further results see, e.g.
[6,7] and references therein.

Most of the methods employed for the proof of Proposition 1 and related sub-
sequent results are special for second order equations and are in particular basing
upon auxiliary functions satisfying suitable differential inequalities and the maximum
principle. Such methods do not apply to (1), since not even a comparison principle is
available here. The major difficulty is the change of sign of the kernel of the linear
operator v > v; + A%y, namely

o0
X
b(x,1t) 2];574) o= J) :w0|77|17n/6754(|77|s)n/2~](n—2)/2(|77|5) ds, (3)
0

where J,,; denotes the mth Bessel function and wq a suitable constant such that

/ Fonydn = 1.
Rn

In order to overcome this difficulty, Galaktionov—Pohozaev [10] introduced the
following self-similar majorizing kernel associated to (1):

; ey
b(x,0) := wyt™"* exp (—u (T) ) 4

with suitable constants i, D > 0 and
_ 1
S €Xp (—pely|#73) dy

w1
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Global solutions for superlinear parabolic equations 391

such that ~
|b(x,t)| < Db(x,1). %)

Let us now mention some results already known for the parabolic biharmonic
problem (1) and the related Cauchy problem

(6)

u+ APu=uff inRE
u(x,0) = up(x) inR"

In the “sub-Fujita” case 1 <p <1+ %, Egorov et al. [3] show finite time blow up for
solutions to (6) provided the initial datum satisfies

/ up(x) dx > 0.
Rn

Assuming that ug > 0 and that (1) has a positive solution—which is not obvious due
to the oscillatory behaviour of the biharmonic “heat kernel” (3) —this would imply
finite time blow up also in this situation. For p > 1+ %, Caristi and Mitidieri [1] obtain
global solutions of (6), provided the initial datum u( belongs to L!(R") and obeys
the following growth condition at infinity with some constant ¢y and the following
smallness condition:

co
14 |x|f

4
0<ugp(x) <min ‘a ] , B> T « small enough in dependence of ¢y and B.
p—

(™)
This result generalises and extends previous results in, e.g. [2] and [4,10,11]. In the first
work, for initial data being small enough in an L!-sense, global existence of solutions
decaying to 0 at rate t~"/* was proved in a more general setting basing upon linear
semigroup theory. In the latter works, for small exponentially fast decaying initial data,
the same decay rate t~"/4 and, moreover, the asymptotic profile of the solution were
calculated by means of perturbation theory. In particular, the time decay is governed
by the linear principal part. By (18) below, these results also imply the existence of
global solutions to (1) being majorised by those to (6).
Caristi and Mitidieri [1] also focused on blow-up results for the modified equa-
tion (6) in the case p > 1+ %. They proved, e.g., finite time blow up for initial data
up(x) = Hlxl‘j{m with large enough «. It does not seem to be obvious, however, to

conclude blow-up also for (1) from these results.

Several questions were left open by the just mentioned results. In particular, we
believe most interesting and challenging to find out if 8 in (7) can be allowed to be
B = p%l. In Theorem 1 we show that this is the case, namely if ug satisfies (7) for

B = p%l and a sufficiently small «, then the solution to (1) is global. Our proof relies

on two crucial estimates (see Propositions 2 and 3 below) which seem to be a new
unifying tool for the study of parabolic problems such as (1) whose kernel is sign-
changing. In Remark 2 we also explain how our procedure may be (easily) extended
to general higher order semilinear parabolic equations such as u, + (—A)Ku = |ulP~1u
withp > 1+ % In some sense, we provide a unifying proof independent of the positiv-
ity of the kernel which applies to all k, including the “easy” case k = 1. Theorem 1 also
states that the global solution converges uniformly to the (stable) stationary solution
u = 0 at a rate of t~1/?~D thereby giving the complete extension of Proposition 1
to higher order problems. Let us recall that in [5] stability of the trivial solution was
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392 F. Gazzola, H.-Ch. Grunau

obtained only for fast decay (exponential) initial data: here we extend it to the case
of slowly decaying ug.

In order to show that Theorem 1 is optimal with respect to the asymptotic decay
of the initial datum, one should also prove finite time blow up if this assumption is
violated. Theorem 2 below does not give the complete answer but it gives a strong
hint4that1 blow up should occur in finite time for initial data decaying slower than
x|~/ =1,

The asymptotic behaviour |x|~/?~1 is also important in the corresponding elliptic
problem

Au=uP'u inR™ (8)

One might observe that a suitable multiple of x — |x|~%®~1D is a singular solution to
(8)if p > n/(n—4) and also an entire weak solution [in H1200 RM]ifp > (n+4)/(n—4),
i.e. for supercritical exponents. In the latter case, the authors constructed entire reg-
ular radial solutions u to (8) and proved that |x|*®~D . y(x) converges to a suitable
constant as |x| — 00, so that the asymptotic behaviour of solutions to (8) is governed

by its singular weak entire solution. See [12] and also Corollary 1 below.

2 Results

In Definitions 1 and 2 we distinguish between two kinds of solutions.

Definition 1 We say that u is a strong solution of (1) over [0, T) ifu € CHLR" x (0, T)),
if u is bounded on R” x [0, ] for every t € (0, T), if u solves (in the classical sense) (1)
and ||u(f) — b(t) * ug|loo — 0 as t — 0 (in particular, this implies that u(x,,,t) — up(x)
whenever t — 0 and x,,, — x for a.e. x € R"). The supremum 7™ of all 7’s for which
u is a strong solution of (1) over [0, T) is called life span of the strong solution u. We
say that u is a global strong solution of (1) if T* = 4.

We first show the existence of global strong solutions:

Theorem 1 Assume thatn >2andp > 1+ %. There exists a > 0 such that if
o
luo ()| < m ©)

then there exists a global strong solution u of (1). Moreover, there exists A > 0 such that

A
lu(x,0)] < 1+ x[¥®=D F A/¢-D)

forall (x,1) e R (10)

The assumption n > 2 is purely technical and used to perform the proof of
Lemma 10.

Theorem 1 is somehow optimal. Indeed it was shown in [1] that if « is large and
equality holds in (9), then any positive solution of (1) blows up in finite time. More-
over, the asymptotic behaviour at infinity of the estimate in (9) is critical since in
the case p > (n +4)/(n — 4), it corresponds to the asymptotic behaviour of positive
stationary radially symmetric regular and singular solutions of (1), see [12]. Therefore,
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Global solutions for superlinear parabolic equations 393

Theorem 1 has the straightforward consequence:

Corollary 1 Assume thatn > 5andp > (n+4)/(n —4). Let u be a stationary positive
radially symmetric solution of (1). There exists B > 0 such that if

lup(x)| = pu(x)

then the solution u of (1) is global. Moreover, there exists A > 0 such that (10) holds.

The strong solution found in Theorem 1 is globally bounded. We now deal with a
weaker notion of solution:

Definition 2 We say that u is a weak solution of (1) over (0,T) ifu € Llp o R" < [0,7))
and

T T
/ / P~ ug = / / U=y + A2$) / o (0) (11)

0 R” 0 R R
forall¢ € C°(R" x [0, T)). The supremum 7™ of all 7’s for which u is a weak solution

over (0, T) is called the life span of the weak solution. We say that u is a global weak
solution of (1) if T* = +oo.

We now introduce a suitable family of test functions.

Definition 3 We say that v € H if the following facts occur:

(i) There exist 1 € C2°(R") and ¥, € C2°(R4) such that v(x,£) = ¥ (x) Y2 ().
(i)  ¥1(0) = ¥2(0) = 1 and v(x,t) > 0 in the interior of spt(v), the support of v.
p

/ _p / o
(iii) / vel? [v]'P" < o0 and / |AZy)P [v|'P" < oo where p/ = =g

spt(v) spt(v)

As pointed out in [18] (see also [1]), one has H # ¢.
Then, we have

Theorem 2 Assume that ug € L°°(R") and that

A = liminf [x|*? Dyg(x) > 0. (12)
|x|—o00
There exists A > QO such that if A > A, then any weak solution u of (1) with initial datum
uo satisfies one of the two following alternatives:
(1) u blows up in finite time, that is, T* < oo;
(ii) for all v € H and for all y < 1 we have

lim inf R¥/(P~1D / (|u’(Ry,R4r)|p - y|u+(Ry,R4z)|l’)v(y,r)dydr >0. (13)

R—00
spt(v)

If (12) is replaced by lim sup|y|_, « Ix|¥®=Dyg(x) < 0, then the same statement holds
provided one switches u™ and u™ in (13).

Let us also briefly comment on Theorem 2. Under the further assumption that
uop > 0in R", a byproduct of the results in [1] shows that any nonnegative solution of
(1) blows up in finite time. Unfortunately, although we believe that for nonnegative
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394 F. Gazzola, H.-Ch. Grunau

initial data any global solution of (1) is eventually positive, as far as we are aware no
condition is known which ensures this property of the solution.

Theorem 2 states that if (12) holds and the solution u is global, then the negative
part of u is not neglectable with respect to the positive part. In some sense, the solu-
tion may be global only if the negative and positive parts are “perfectly balanced”.
We believe that under further suitable assumptions on ug (such as positivity) case (ii)
never occurs and we have blow up in finite time.

Remark 1 By direct calculation, one can see that if there exists an entire smooth radial
solution v, decaying at infinity, of the equation

1 1
A v=pPYv+rmw+—v inR"
4 p—1

then

u,n = A+ (1A + 07 L n e R
is a (self-similar) solution of (1). These solutions were studied in some detail in [9] in
order to prove non-uniqueness results for (1) with unbounded initial data ug.
3 Proof of Theorem 1

During the proof of Theorem 1 we will need the following crucial statements whose
proofs are postponed, respectively, to Sect. 6 and 7.

Proposition 2 Assume that p > 1 + 4/n. There exists a constant C; = Cy(n,p,n) > 0
such that for all (x,t) € R, one has:

1/3
w ex — w ! dy < Cl
L A Bl /A1 + |x — y|/ @Dy T 14 x4/ @D 4 (/=D

RrR7

Proposition 3 Assume that n > 2 and p > 1 + 4/n. There exists a constant C, =
Ca(n,p, v) > 0 such that for all (x,t) € ]Ri‘”, one has:

t
// Iyl* 1 dy ds
oo | (2
R e B W S (1 + (= $)/0=D 4 [x — y[4/(0=D)?

0 R"
(&)

< .

T 14 |x|¥®-D 4 1/ @-D

The proof of Proposition 3 is quite lengthy and delicate. For this reason, in Sect. 8
we give a much simpler proof of it under the additional constraints that n > 5 and
4
p> =

1
Let D be as in (5). Then, we will prove Theorem 1 by taking

1
= ]
2r/(=1 pr/(-1H C; C%/(p—l)

(14)
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Global solutions for superlinear parabolic equations 395

Let b(t) = b(x,t) be the kernel defined in (3) and note that under the assumption
(9) we have up € L*(R"). It is then clear that any strong solution u of (1) also satisfies
the integral equation

‘
u(t) = b(t) * ug + / b(t — s) * [u(s)|P " u(s) ds. (15)
0

Conversely, it is well-known (see, e.g. [8, Proposition A4]) that a bounded solution of
the integral equation (15) is a strong solution of (1). Uniqueness of strong solutions
to (15) follows by the standard contraction mapping principle, see, e.g. [14, Sect. 3.3].

We study (15) by following the approach in [1,21,22] combined with the extremely
powerful Propositions 2 and 3. Let D be as in (5) and let

vo(x) := Dlug(x)|. (16)
Then, consider the equation
t
v(t) = b(t) x vo + D / b(t — s) * VP (s) ds. 17)
0

In view of (5) and the existence proof below, it is clear that as long as v() exists, we
have a solution u to (15) satisfying

(e, 0] < v(x,0). (18)

In particular, if we can show that v is globally defined, this will also prove that u is
globally defined. To this end, for all v € L“(R’ﬂl) we define

'
Bv(x,t) :=b(t) xvo+ D / b(t — s) x VP (s) ds. (19)
0

For T > 0 and for 1

= @bey i .

we introduce the set

M
. n .
St = [V e CR"x[0,T]D; 0 <v(x,t) < T 70D 5 /oD ]

It is clear that
St is a nonempty, closed and bounded convex subset of C(R" x [0, T]). (21)

We claim that ~
B(ST) C St. (22)

In order to prove (22), take v € St and consider Bv as defined in (19). Clearly,
Bv(x,t) > 0. Moreover, by (9), (16) and Proposition 2 we have

DCloz

n+1
() < T @D 5 oD for all (x,r) e R . (23)

[b(t) * vo)
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396 F. Gazzola, H.-Ch. Grunau

Furthermore, for v € St we get

4 Cvf—
/b(l—s)*vl’(s)ds_a)l//exp[ (Iyl ) :| Wdyds

0 R
<w Mp//ex |y|4 dy ds
! P 4 (L1 (L — )P ¢ |x — y/e-D)P
0 R}l
Using Proposition 3 we then obtain
t
CoyMP
— P n+1
/b(t S)*V(S)ds_l+|x|4/(l’ D 4 A0 for all (x,1) e Ry . (24)
0
Inserting (23, 24) into (19) and recalling (14)—(20), we finally obtain

M

7 n+1
Bv(x,1) < T 70D 5 /oD for all (x,1) e R,

which proves (22).
Arguing as in [22, Lemma 3.1] (see also [1, Theorem 2.1]), we can also prove the
two following facts:

BSt is a compact subset (with respect to the L>-norm) of S7 , (25)

B is continuous. (26)

In view of (21, 22, 25, 26), we may apply Schauder’s fixed point Theorem and infer
that B has a fixed point vy € S7. For any T > 0, we now define

vrx,t) ift<T

Vrnn = { vr(x,T) ift>T.

By applying a local version of Ascoli-Arzela’s Theorem as in [1, p. 718] (see also [22,
p. 61]) we infer that, up to a subsequence, V7 converges uniformly on compact subsets
of ]R'}:rl to a (global) solution of (17). This completes the proof of Theorem 1. ]

Remark 2 The technique developed here may also serve to treat Cauchy problems
with polyharmonic elliptic principal part

’ we+ (A u = [P~y inR2H 27)

u(x,0) = up(x) in R”.
As in the biharmonic case one may consider a majorising kernel associated to (27)

2k 1/(k—1)
br(x, 1) = wy pt ™" exp [ —pk (t)

Propositions 2 and 3 continue to hold true provided one assumes p > 1 + 2k/n and

Iy[2k 1/2k-1)
Y , the exponent n/4 by n/2k and the

exponent4/(p —1) by 2k/(p —1). The proofs of these generalised propositions require

1/3
provided (@) is replaced by (
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Global solutions for superlinear parabolic equations 397

almost only straightforward changes except for the end of the proof of Lemma 5 in
the case k = 1, n = 2. In this special case one splits the last integral at 37%/3 instead.

So, one may prove for (27) the same result as in Theorem 1 by changing 1 + 4/n
into 1 +2k/nand 4/(p — 1) into 2k/(p — 1). This general result contains also Proposi-
tion 1 as a special case thereby providing a unified proof independent of the maximum
principle.

4 Proof of Theorem 2

Our proof is obtained by adapting the arguments in [1] to the case of sign-changing
solutions. Let v(x,#) = ¥ (x)¥2(¢) € H and let K = spt(y1) and [0, T] = spt(yr2). For

all R > 0 take
t
¢R(xt)—V(R R4) 1#1( )1/f2< )

as test function in (11). Then, we obtain

R‘T
/ / JuCe, P (e, v (R R4) dxdr + / uo(X) ¥ (%) dx
0 RK RK

R*T

_R—4//u(x r)[ (R R4)+A2 (R R4)} dedr=:1.  (28)

In the sequel the ¢ denote positive constants which may have different values also
when they appear in the same formula. We estimate the right hand side 7 of (28) as

follows. Fix y < 1 and take § := }%; by Young’s inequality we know that there exists
Cs > 0 such that

R'T x t 2. (x _t
Vel %55 ) T AV %, 57
-4 / /u(x,t)vl/p (% L) (R R4) (R K ) dxdt
0 RK

R4
R vl/p (%, ﬁ)
R‘T
<$ e dxdt
= |u(x W R’ 7 X
4 P 2 P
e bl x| (o)
+ ; dxdt.
R4 o' =1 (1 L)
0 RK R> R?
With the change of variables
x=Ry, t=R*, (29)
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398 F. Gazzola, H.-Ch. Grunau

we finally obtain

R'T
1< / /|u(x,t)| v(; R4) dxdt

0 RK

o oP + | A%l
+ CsR"4/P=D / / aSa dydr
vP' =Ly, 1)

0 K

R*T

/ / ux, r>|Pv( )dxdt+cR” o) (30)

Next, by (12) we know that there exists C, p > 0 such that
A
P Dug() = 5 if vl 2 p.
Let R be sufficiently large so that B, C RK. For such R we have

/uo(x)m( )dx>—||w1||oo/|uo<x>ldX+% / n(z )le%

RK B, RK\B,

Clearly, there exist 0 < o < B such that if R is sufficiently large then Xg = {x €
R"; aR < |x| < BR} C RK \ B,. Therefore, the last inequality becomes

— = n—4/(p-1)
[ oo () dv= e+ le(w/l o = OR

RK

(31)
Summarizing, by using (30) and (31) into (28), we arrive at
R*T
1—8) / / ey (2.2 dedr
’ R’ R4
0 RK

R'T
_ x 1
—(149) / /|u (x,DH|Pv (E’ﬁ) dxdt
0 RK

< cR"HP=D _ o R=Y0=D 4 ¢

If we divide by 1 + § and we take A sufficiently large (say A > A), the previous
inequality becomes

R*T
//|u_(x,t)|pv (%,%) dxdt
0 RK

R*T

t
—y / / lut (x, )Py (%’ﬁ) dxdt > ¢cR"/@=D

0 RK
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Global solutions for superlinear parabolic equations 399

for sufficiently large R. Finally, performing the change of variables (29) and letting
R — oo, proves (13).

Assume now that (12) is replaced by lim sup,,|_, o, |x|*/®=Dyg(x) < 0 and consider
again (28). In this case, instead of (31) we obtain

/ up(X) Y (%) dx < ¢ — cAR"VH P,
RK

Moreover, we may replace (30) with

RAT

' x ! —~4/(=1)
1> -6 / / lu(x, 0P v (E’ ﬁ) dxdt — cR" .
0 RK

The proof may now be completed as in the case where (12) holds.

5 Some technical results

Here and in all the remaining of the paper, with ¢ we denote positive constants which
may have different values also within the same line. Moreover, in order to avoid heavy
notations, when we write 1/of, we mean #

For both the proofs of Propositions 2 and 3 we will make use of the following trivial

facts: 11 5
min[;,g} fm foralla,b > 0, (32)

and for all (m, q) € [N\ {0}] x (0,+00) there exist y1,y> > 0 such that

m

m q m q
7 (Z Oli) <D eol<p (Z oz,-) for all a; > 0. (33)
i=1 i=1

i=1

We now prove five technical statements (uniform bounds for 3-dimensional inte-
grals depending on a parameter 7' > 0) which are needed for the proof of Propo-
sition 3. Most delicate are Lemmas 3 and 4, where the essential idea consists in a
suitable splitting of the domain of integration. The integrals T'; (i = 1,...,5) below
depend on T but, for simplicity, we omit to emphasize this dependence.

Lemma 1 Assume thatp > 1+ 4/n. Then, there exists ¢ > 0 such that

00 1 12T
. n—5 —up*?
Fl'_/(1+w2)"/2 [ o

0 0

Tp
a3 do dp dw

X 3 2 p/(p—=1) =c

0 (FTo-0r+ 6 -0+ i)

forall T > 0.
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400 F. Gazzola, H.-Ch. Grunau

Proof First, we note that for the integral considered we have 0 < Tp < % Hence,
lo — 1| > % and

dw n—5_—up*3 T3,o3 do dp
ns [ [ e ]
0 0 0 ( )

3
%(T,o—a)-l—%6

12T Tp
<c / o Lo L : dp
(Ti To— )+l) /=1
0 ) ( pP—0 16 0
o0
<c /pn—le—ﬂp4/3 dp =c
0
and the uniform upper bound follows. O

Lemma 2 Assume that p > 1+ 4/n. Then, there exists ¢ > 0 such that

3T

T
. n—5 ,—up*3
FZ“/(Hwaz/" ¢
0

12T

Tp/2
/ o3 do dp dw
X

3 2
0 (BTp—0)+© -1+ g

)p/w—n =c

forall T > 0.

.. 3.3
Proof Aslong as I'; is involved, we have o3 < TT”. Then,

oo 3T Tp/2

dw o 43 do dp
3 n—2 _,—up
rser [t [ e [
0 1/21 0 [T(TP—U)]

Tp)2

3/T 3/T

C n—1 _va4/3
7o | %= T / pe dp
) 0 12T

1

1 3
n—1,—pp

=c / p
3
12T (%(TP—U)
3

¢ n—1 T\4/3 .
1/2

It is clear that f(7) is well-defined (finite) for all T € (0, c0). Moreover, f(T) — 0 for
both 7'— 0 and 7 — oo so that the uniform upper bound for I'; follows. O
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Global solutions for superlinear parabolic equations 401

Lemma 3 Assume that p > 1+ 4/n. Then, there exists ¢ > 0 such that

00 1 1T
M3:i=[| —— ”_56_’“’4/3
i~ | G | o
0 12T
Tp
o3 do dp dw
x ; /-1 =€
3 2
Tp)2 (T?(TP —0)+ (o —D4+ (1;77)2)
forall T > 0.
Proof Since o > % > % and 73 > ﬁ, I'; converges uniformly in 7" whenever the
integral
00 1/T Tp
/ 1 / pn—5e—up4/3 / o? do dp dw
(1+w2)n/2 To— R
0 12T Tp)2 [ gt —D+ m]
does so. Moreover, we remark that
1 1T Tp
/ 1 / e / o’ dodpdw
(1 4 w2)yn/z To 1 p/(p=1)
0 121 ro [T+ @ = D4+ i

o0
43
<c / p" e dp
0

so that the statement follows if there exists ¢ > 0 (independent of T') such that

T 7 dodpd
. -5 _ 4/3 o apaw
Fg'z/ﬁ / pret” / - L 1 oD
1121 Tp/2 [ g7 T@—1 64w4]
<c¢ forall T > 0. (34)
Consider the map
h(p) :=min(L, p*} - (1 — Tp)*. (35)

If p € [%, %], then Tp —h(p) > Tp— (1 —Tp)* > %. Hence, we can split the inner
integral in (34) as follows
Tp Tp—h(p) Tp
= + / =L+ L (36)
Tp/2 Tp/2 Tp—h(p)
and we estimate L1 and L;. This splitting is the essential idea in this proof in order to
cover the full super-Fujita range p > 1 + 4/n.
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First, we note that

To—h(p) ) Tp—h(p)
do 8 —1Dp
L1 < =
Tpo | 1 /@D Tpo . 1 V0D
To/2 [ 8 W] [ 8o W] Tp)2
8(p — p* cpt
= i )ﬁ/( = - oD (37)
hp) 1 P hp)y o 117
8p* 64w* o4 wh
Next, since o < Tp < 1, by using (33) we note that
/i d h
o ch(p)
Lrsc / 1w D = vy L)
Tp—h(p) [1 —o+ Niw] [1 —To+ w]

Inserting (37) and (38) into (36), and recalling the definition of I'} in (34), entails

1T

o0
4
/ n—>5 —up* i P h(p)
F3=c / proet T -1 T - | e
1/2T 1 [ -5 + ] [1 —Tp+ W]

p wh

(39)
and we now estimate the two inner integrals in (39). Since (1 — Tp)~! > 2, for the
first integral we have

BN

,04 dw
1/([7 1) w”

p

ot
1/(1 Tp)

o0
4/(p—1)
wHe-D-ngy o P~ aw
(o)) W
1/(1=Tp)

4/(p-1)
C
@1(1 —Tp)+ L } . (40)

min{1, p#/ =D} . (1 — Tp)¥/P—D-n+1
where (recall that % <n)

st i 4/p—1)—n > —1
Di(s) =c 1§ |logs| if 4/(p—1)—n=-1
1 if 4/p—1)—n<-1.
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For the second inner integral in (39) we have

[o.¢]
/ h(p) dw
4p/(p—1) yn
1 [1-Tp+ 1]
1/(1-Tp) . o
4p/(p=1)=n - aw
< h(p) / w dw + A Tp)yW/o—D / o
1 1/d=Tp)
. 4 c
< min{1, p*} (q>2(1 —Tp) + = Tp)4/@_1)_n+1) : (41)
where
s1=4 =D if dp/(p—1) —n > —1
dy(s) = ¢ { s*| logs| if 4p/p—1)—n=-1
st if 4p/p—-1)—n<-1.
Inserting (40, 41) into (39) gives
yr
I < n—te=wo* (@ 1 - T cptr 7D d
3=c ) e 1 ="To)+ min(L, p?/®—D} - (1 — Tp)¥e—D-n+1 )P
12T
T
te [ o e min(t, pt) (9201 — Tp) + - dp =: f(T)
P ’ 2 1- Tp)4/(p—1)—n+1 ’ :
12T

Since 4/(p — 1) —n+1 < 1 by the assumption on the exponent being “super-Fujita”,
the function f is well-defined (finite) for all 7' € (0, c0). In order to study its behaviour
as T — Oand T — oo, we perform the change of variables t = Tp. Then, we get

1
4/3
0 = = / "L exp [—u(%) }

1/2
c T4/ @=D
x (q’l(l m O e T D (1 = r)4/<p1>n+1)d’
+% T exp [—M(;)4/3i| min{T,‘c}4
1/2
c
X (@2(1 —1)+ 1 r)4/(P—1)_”+1) dr.

For all T > 1 we have min{zr, T} = t so that

1
Cc n— Cc
f(T) < ﬁ / T 1 (q)l(l — T) + @2(1 - T) + (1 _ t)4/(p_1)_n+1) dt
1/2
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and it is clear that f(T) — 0 as T — oo. For all T < 1/2 we have min{z, T} = T so
that

1

. ¢ 40D
F = —p— / N v e )
2

ce—cT™? s c
n—
+7T”*4 / T (<I>2(1 -7)+ (1 — )41l ) dr
1/2

and f(T) — 0 as T — 0. This proves (34) and shows that I'; is uniformly bounded.

Lemma 4 Assume that p > 1+ 4/n. Then, there exists ¢ > 0 such that

00 3/T
1 n—s__upt’
_/<1+w2)"/2/” ¢
0 T
Tp
/ o3 do dp dw
X

P =€
T3 2 -
Tp/2 (T(TP —0)+ (0 -+ (sz)z)

forall T > 0.

Proof This proof follows the same lines as that of Lemma 3. Let us just briefly sketch
it. As for (34), we see that the statement is equivalent to the existence of some ¢ > 0
such that

[e'9) 3/T
1 5 _
/W S oo
1 T
do dpd
x/ oapaw s <c forallT=0.  (42)
o[BS+ 0 = D+ g ]

Consider again the map 4 defined in (35). Since 1 < Tp < 3, the following three facts
hold

2 2 3 (43)

Instead of (36), the first inequality in (43) suggests to split here the inner integral in
(42) as

Tp Tp—h(p)/32 Tp
/ = / + / =: M| + M>.
Tp/2 Tp/2 Tp—h(p)/32
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Arguing as for (37) and (38), we obtain

4
1= P o Uo—1)° M, < Ch(p)4p/(p oo
[%-ﬁ-%] [T,o—l ]

where we used both the second and third inequality in (43).
Finally, repeating the arguments relative to (40, 41), we conclude that

v 4/(p—1)
/ n—1 7;/4)4/3 o cp
Ty = C/ P (@1(Tp h+ min{1, p#P=D}(Tp — 1)4/(p—D—n+1 dp
T
3T
+c p"7567“p4/3 min{1, p*} ( ®2(Tp — 1) + ¢ dp
’ (Tp — 1)4/(p—1)—n+1 .
ur

With the change of variables ¢ = Tp one can then show (42), namely uniform (with
respect to 7') boundedness of I'). O

Lemma 5 Assume thatp > 1+ 4/n. Then, there exists ¢ > 0 such that

o0 1 o0
_ n=5 ,—up*3
_/(1+w2)"/2/p ’
0 3T
Tp

o3 do dp dw
x ; s D =€
0 (%(Tﬂ—0)+(0 —1)4+4(1:W2)2)

forall T > 0.

Proof Aslong as I's is involved, we have Tp > 3. Hence, we may estimate:

o0

[ d
w n—s_—up*3
FSE/(HWZ)"/Z/p ‘
0 3/T

8pP/w—1) o3 do
T30/ (0D / G- U)p/(p 0 / o _ D@D | %
oo

c P/(P—l) 3 d
<c p"*Se*up““ p 4 o° do _ dp
73p/(p—-1) (o — D)4/@=1
2

3T
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o0
_ ¢ n=5+p/(—1) gy | _ ( )4/3
[t=Tp] < ey /r exp T dr
3

oo
+c/,o”’5e”“”4/3 dp
0

o0

¢ n=5+p/(p—1) oo [ (l)“ 3
<c+ Tnr/ oD /r exp | —u T dr .

3

Therefore, the statement will follow if we show that the function
o0

— 1 n—5+p/(p—1) T\
g(T) := T/ D) /r exp _“(T) dr
3

remains bounded when T varies over (0, 00). Since g(7) is finite for every T € (0, c0),
it suffices to study the limits of g(7) when T — 0 and T — oo. We first remark that
for all T < 1 we may write

o0
_ n=5+p/(p=1) oy [ _H (T)*? BTV
()= Tn+4/<P 1>/T eXp[ 2(T) exp Z(T) dr
3

exp [_%(%)4/3] .

L M7 A a-54p/p-1) _ M4
= T oD / v exp | 2" J e
3
3\4/3
(2)"]

and the last term tends to 0 as 7 — 0. Next, for all 7 > 1 we write

C
= Tnraip—n P [_

=

370/ (n—=1)
T — 1
8 = Taio—n
37n/(n—1)
Then, by using the two following facts
T < 3Tfl/(n—1) _— l < ; T > 3T”/(Vl—l) _— l > C‘Cl/n
= T = zo-Dm "= T~ ’
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we may estimate g(7') also when T > 1:
37n/(n—=1)

n—=5+p/(p—1)
8(T) <c / n—1+4(n—=1)/n(p-1) dr
3

o0
c
+W / =+p/ (=D exp[—cr4/3"] dt

37/ (n=1)

o0 d o0
T ¢ n—5+p/(p—1) _..4/3n

< c/r(3np_4)/n(p_1) + Trr/o—D /‘L’ exp[—ct™?"]dr.
3 3

Since 3np —4 > n(p — 1), the above term remains bounded as 7 — oo. This completes
the proof of the lemma. O
6 Proof of Proposition 2

In order to prove Proposition 2 we introduce the function

|y|4 3 dy +1
. n
Gi(x,1) = /exp — (T ) AT I — D)’ (x,1) e R .

R

With the change of variables y = s'/4z, we may also rewrite G as

dz
Gl(x’t)_/exp[ w0 <R

Rll
We first estimate Gy for small values of |x]|:
Lemma 6 Assume thatp > 1+ 4/n. There exists a constant K1 = Ky (n,p, ) > 0 such
that
Ky
Gi(x, 0 = 1+ |x|4/@=D 4 /(-1
Proof For |x| < 1, we have

A
4/3] _ S SN
Gi(x. 1) S/exp[ mlzl €= 1+ x#@-D
Rn

forall |x] <1,t>0.

forall x| <1,t>0, (44)

for some A; > 0. Moreover, with the change of variables w = z — t~1/4x we obtain

1 dz 4/3
Gi(x,n) < oD / Ep= vy + / exp[ mlzl ]
Lz—t=14x|<1 |z—t1/4x|>1
1 dw 4
- T /3
= 4o / W= +/e"p[ Mzl ]
[wl<1 Re
Ay
= o forallrn e R (45)
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with A being finite because % < n. Clearly, A; is independent of x and t.

By combining (44) and (45), for all |x| < 1 and ¢ > 0 we obtain

Aq Ay
1+ [x]¥P=D " /(=D

G1(x,t) < min [ ] < max{A1, Az} min [ ! ! ] .

1+ |x|#®=D " /(=D
By (32), this yields

2 -max{Aj, Az}
Gi(x,t) < 1+ |x[¥®=D £ A/p=D

forall |x| <1, t>0,
which proves the statement with K| = 2 max{A, A2} o
Assume now that |x| > 1. Then, we prove

Lemma 7 Assume that p > 1+ 4/n. There exists a constant K, = Ky(n,p, ) > 0 such
that

K>
Gi(x,t) < 15 oD 5 /oD

forall |x| > 1, t>0.
Proof Put F(x,t) := (14 |x|¥®=D 4 (1/=Dy . G, (x,1). Then, the statement follows if
we show that F(x,t) < K, for all |x| > 1 and ¢t > 0. When |x| > 1, we have

|x|4/(l7—1) + /(=1
|x — [1/4z|4/(P_1)

F(x,t) < c/exp [—,ulz|4/3] dz.

Rn
Therefore, simplifying by |x|* ?~D and putting T := ¢!/#|x|~!, we obtain

dz

Feen < e+ TY00) [exp[plzf*"] o

R

X

x|

X

At this stage, only the direction o
we may assume that \%I =e = (1,0,...,0), the first unit vector of the canonical basis
of R”. In this case, the above estimate reads

of x is involved. Hence, with no loss of generality,

dz

—|6’1 T o) =:¢®(7).

F(x,0) < c(1+ T4/(”_1))/exr> [—M|Z|4/3]
Rn

Since p%l < n, the function ®(7) is well-defined (finite) for all T € (0, 00). In order

to prove the uniform boundedness of F, we have to show that ®(7") remains bounded
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in both the cases T — 0 and T — oco. When T — o0, we have

(T — 1+ 74 P-D exp[—ulz|4/3] dz exp [—,ulzl4/3] dz
D) = —5e 2= a[/o-D 2= a[7oD
el Z T o Z T
|z—7 <1 )Z_T >1
el 14+ 74@P-D dw iz
wv=:-2] = / |w|4/%=D +/ e
jw|<1 R”

because (once more!) [ﬁ < n. When T — 0, we have

®(T) < O(1) / exp[—plzl*°] dz / exp[—pulz[*?] dz
- ley — Tz|4/ W=D ley — Tz|4/ @D
| ler—Tz|<1/2 ley—Tz|>1/2

[w=e; — Tz

_cT43
<o) exp[—cT ] / dw

—pulz[*3 _
= T —I—c/e dz | = O(1),
Iwl<1/2 R"

where we also used the fact that |z| > % whenever |e; — Tz| < 1/2. Therefore, ®(T)
is uniformly bounded on (0, oo) and the proof of the lemma follows. O

Recalling the definition of G1, Proposition 2 follows at once from Lemmas 6, 7 by
taking C; = w1 max{Kj, K3}.
7 Proof of Proposition 3
Our proof of Proposition 3 requires several lemmas. We define the function

! 4\ 1/3
Go(x,t) 1 = //exp |:—M (%) :|

0 R”
dy ds
x
s/4 (14 (¢ — )1/ 0= 4 |x — y|4/@=D)P”

n+1
(x,1) e Ry

With the change of variables y = ¢/4z, we may also rewrite G as

t

exp (—plz|*?) 1

Ga(x,1) = dzd e R

2(x, ) !/ [1 + (I—S)l/(p_l) + |X—Sl/4zl4/(p_1)]p zdas, (xa ) € +
R?

We first obtain an upper bound for G in terms of the time variable:

Lemma 8 Assume thatp > 1+ 4/n. There exists a constant B = B (n,p, ) > 0 such
that

B
Ga(x,t) < tl/(pilfl) forall (x,t) € ]R'f“l .
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Proof We split the integral as follows:

t t
Go(x,t) = / / +/ / =L+D (46)
0 |z—s—V4x|<1/2 0 |z—s1/4x|>1/2
and we estimate separately /; and /. First, note that

t

43
I 5/ / exp (w2l dz ds

[(l _ S)l/(ﬁfl) + |x — sl/4z|4/(p*1)]p

0 |z—s—1V4x|<1/2
t

[W =z — S—1/4x] < / / dw ds
B - [(t =Y @=D 4 51/ @D |4/ @-D]°

0 jwl<1/2

byl =c | / ds dw

410/ (P—1)
lwl<1/2 0 [I_H_s'w' ]

- o dw - c (47)
t1/(p—=1) A — [wH|w|H =D — /=1
Iw|<1/2

since Iﬁ < nin view of the assumptionp > 1 + %. Next, we have

t

4/3
I < / 4 (_mZ' / ) dz ds
[(t — s)l/(Pfl) + si/(p—1) |xs*1/4 — Z|4/([7*1)]p

0 |z—s—1V4x|>1/2

t
= / / exp (i) dz ds
- [t —s)l/@-D + (%6)1/(1771)]1’

0 |z—s—1V4x|>1/2

t

ds c

_ 4/3 .

[by 33)] = C/eXp( wlzl ) dz /[161— GspioD = o 48)
R” 0

Combining (46-48) proves the statement. O
Next, we prove an upper bound for G for small values of |x|:

Lemma 9 Assume thatp > 1+ 4/n. There exists a constant By = By(n,p, ) > 0 such
that

B
Gz(x,t)§1+ 2 forall |x| <1,t>0.

|x|4/ =D

Proof Since |x| < 1, it suffices to show that Gy(x,f) < B/2 for some B, > 0.
This follows by performing the change of variables 0 = ¢ — s and the following
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trivial estimate

o0

—ulzl*? 4 _B
Gz(x,t)i/e z/ 1+01/(p oy T2
R" 0
the constant B being independent of x and . O

We now come to the most delicate estimate, an upper bound for G, for large values
of |x|:

Lemma 10 Assume that n > 2 and p > 1 + 4/n. There exists a constant B3 =
Bs(n,p, ) > 0such that

B3

GZ(xat) = m forall [x] > 1 , 1> 0.

Proof We will show that F(x,?) := (1 + |x|¥®=DYG,(x,f) < Bs for all (x,7) in their
ranges. With the change of variables o = %sl/ 4 and by simplifying by |x|*/?~D we

obtain

11403
F(x,0) =4/L[ “Lﬂ !
|1z

R”

}zlt1/4

/ (1+ x40 63
X

1/(p=1)
0 [lveD + (L - )

ETRENF

do dz.

X Z
&= = 5o
I Izl

’4/(1)—1)]17

Put y := x/|x| so that |y| = 1 and y defines the direction of x; with no loss of generality
we may take y = e; = (1,0,...,0), the first unit vector of the canonical basis. Let also

1/4
T:=t=
|x]

Y
Fx,0) < c/ expl—plzl ] ﬁ"‘z' ]
Z

. Then, recalling |x| > 1, we obtain

R7

|z|T 3
o do dz

—1 2 -1
(T4 04)1)/@ )+<o—1)4"/<"‘”+[( ‘ﬂ)z"] e

|z|* H]

S

where we used (33) and the following fact:

4/(p—1) 2/(p-1)
1—io =(1—2Z—10+02)
|z] |z|
2/(p—1)
Z
:|:(O'_1)2+(1_é)20:| ) Z:(Z1’~"’Zn)~
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Now put ' = (22,...,2n) € R* ! so that z = (z1,7/) and |z]> = z% + |Z'|?. Passing to
radial coordinates r := |z/| in R"~! we obtain

oo

o a2 12823
Pz [ o [ S
(z1 +1%)?
O —
T1/Z%+r2
/ o3 do dzy dr
X .
4ot p/(p—1) YA/ -1) [ g ]217/(17*1)
" (T <z$+r2>2) to—1) + (1 T+rz)20

With the change of variables z; = rw the previous estimate becomes

¢}

o0
_ [—ur*3 (1 + w?)?/3]
Fen e s [ o
(x )—C/ ERY
0 —00
Tra/ 14+w2
/ o3 do dw dr
X .
W g oD T B 20751
0 (T te) @D (1 2o ]

Making use of the two inequalities

L _(m+w)(m_w)

1
= >
VI+w? (VIFwl+w)view? 204w

forallw e R

and
T ot = ! (Tr\/l—i—iw2 — 0) (Tr 14+w? + 0)

S AA+w2)? T A+ w?)?
X (Tzrz[l + wz] + 02)

3
> rfﬁ (Tr\/l + w2 — 0) for all o € [0, Trv/1 + w2],

we may estimate further the above expression by

F,n <c / 73 / expl—pur*3 (1 4+ w5
0 0

(1 +w?)?
Tra/ 14+w?
/ o3 do dw dr
X
75 \P/0—D R
) TWZ) (Tr«/l Tw a) Y —1 4 (1+W2)

where the integration with respect to w is now just over (0, oo) since the integrand is
even with respect to w. We now use (33) and we make the further change of variables
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r = p/+/1+ w? to obtain

[.¢] 1 [e.¢]

&, 43

Fon e [ G [ o
0 0

i 3 dodpd
x a gapaw (49)

3 2 p/p-1 °
0 (B(Tp=-0)+© - D+ 1 2s)

We split the integral on the right hand side of (49) as follows:

00 12T Tp oo 3/T Tp/2 oo 1/T Tp 00 3/T Tp 00
[LIAL L] )] +]
0 0 0 0 0 0 0 0

Then, thanks to Lemmas 1-5 we know that there exists B3z > 0 such that F(x,t) < B3
for all (x,¢) in their ranges. This completes the proof of the lemma. O

[/
1/2T 3/T 0

1/2T Tp/2 1T Tp/2

We may now give the proof of Proposition 3. By Lemmas 8-10, for all (x,?) € ]R’}jl
we obtain

Go(x,t) < min{ By max{B2, B3} ]

1/0=D " 1 4 |x|4/®P-D

. 1 1
< max{B1, Bz, B3} min [ A/0=D " 1 1 |x#@>=D l '

Using (32), the last inequality yields

2max{B1, B2, B3}
G2(X, t) = 1 + |x|4/(P_l) =+ ll/(p_l) ’

Recalling the definition of G, this proves Proposition 3 with C; =2w max{B, B, B3}.

8 A simple proof of Proposition 3 when p > ::—"_'i

In this section we assume that n > 5, that p > Z—fi, and we give a proof of Proposi-
tion 3 which is simpler (and shorter) than the one in the previous section. This proof
bases upon the idea that in a certain sense — for time independent right hand sides —
the limiting operator for the majorising kernel b for t — oo is just a multiple of the
Green operator for the bi-Laplacian in R”.

We denote by Uy an entire smooth positive radial (and radially decreasing) solution
of

A’Uy=U} inR", (50)

which have been constructed in [12, Theorem 1]. According to [12, Theorem 3], there
exists Cp > 0 such that

o Co

0 G n
1+ [4/@D < Up(x) < 1T /oD for all x € R". (51)
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In particular, the convolution of the fundamental solution of A? with Ug is well-
defined (the integral exists). Therefore, we may rewrite (50) as an integral equation

_ 1 _ y4-nyP
U = 5 o 2 — e, / e =" Uy () dy (32)
R

where e, = |B1], the measure of the unit ball. Let G, = Gz(x,t) denote the func-
tion defined in Sect. 7. Then, by making use of the coordinate transformation ¢ :=

-y '3 ~
(f) , We may estimate

T Ix —yl* 13 dyds
Grx,1) < —n/4 - —
20 = //s eXp[ M( s ) } (1 + ly[#@e=D)P

0 R”

o0

1/3
< CP —n/4 |x —)’I4 / D
<G s exp | —u . Uy (y) ds dy
R" 0
oo

=3C) / exp(—po)o 1"~ do / e = y[*"UG ) dy.
RVL

0
We denote
o0
C= C(n,p,) = /exp(—;w)cr%”’4 do < o0,
0

which is finite since n > 4. We now proceed by means of (52):

1 _ y4-nyP
2n(n —2)(n — 4)e, / =y U 0) dy
R

Ga,0) = (6n(n = 2)(n — 4)enCCY)

= (6101 = 2)(n = 4e,CCh) Uo(x)

Ko n+1
< m for all (x,t) €R+
with K¢y := 6n(n — 2)(n — 4)enCC€+l. The just proved inequality, combined with

Lemma 8 and (32) concludes the proof of Proposition 3 when p > Z—fi. ]

Remark 3 (1)When p < Z—J_rj the arguments of the present section do not apply since
(50) admits no positive solutions, see [17, Theorem 1.4]. On the other hand, if p = Z—J_ri
positive entire radial solutions Uy = Up(x) of (50) do exist: however, they behave at
infinity as (1 + |x|"~*)~! (see [19]) so that they do not satisfy the decay estimate (51).
For this reason, also in the critical Sobolev case p = %, one cannot argue as in this
section.

(2) Under the assumption p > (n + 4)/(n — 4), the above proof replaces Lemmas
9 and 10. The proof simplifies because the term (¢ — 5)//?~1 in the denominator of
G, is dropped. This does not seem to be possible when trying to cover the full range

p>1+4+4/n
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