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Glsduwlphqwr gl Vflhq}h W1D1 0 yld Fdyrxu ;7/ 48433 Dohvvdqguld +Lwdo|,
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Glsduwlphqwr gl Pdwhpdwlfd gho Srolwhfqlfr 0 sld}}d O1 gd Ylqfl 65/ 53466 Plodqr +Lwdo|,

Devwudfw

Zh frqvlghu erwk wkh vwdwlrqdu| dqg hyroxwlrq 6G Qdylhu0Vwrnhv htxdwlrqv> zh gh�qh dssur{0
lpdeoh vroxwlrqv dqg zh vwxg| h{lvwhqfh dqg xqltxhqhvv ri wkhvh vroxwlrqv1

� W?|hL_�U|�L?

Zh vwxg| wkh sureohp ri xqltxhqhvv ri wkh vroxwlrqv ri wkh Qdylhu0Vwrnhv htxdwlrqv lq d vprrwk

erxqghg grpdlq 
 � LU�= zh ghdo zlwk erwk wkh krprjhqhrxv Glulfkohw vwdwlrqdu| sureohp dqg wkh

hyroxwlrq Fdxfk|0Glulfkohw sureohp1 Vrph ri rxu uhvxowv dsso| dv zhoo wr wkh 5G fdvh exw zh zloo qrw

frqfhuq rxuvhoyhv zlwk wklv sureohp1

Zh �uvw frqvlghu wkh hyroxwlrq sureohp

;AAAAAAA?
AAAAAAA=

C|x� ��x. +x � u,x.us @ i lq 
� +3> W ,

u � x @ 3 lq 
� +3> W ,

x @ 3 rq C
� +3> W ,

x+3, @ xf lq 


+4,

zkhuh wkh xqnqrzqv duh wkh yhorflw| yhfwru ixqfwlrq x dqg wkh suhvvxuh vfdodu ixqfwlrq s/ � lv wkh �xlg

ylvfrvlw| dqg i dq h{whuqdo irufh dfwlqj rq wkh �xlg1 Lw lv nqrzq wkdw +4, dgplwv dw ohdvw d zhdn joredo

vroxwlrq iru doo iruflqj whup i lq d vxlwdeoh ixqfwlrqdo vsdfh1 Lq wkh 5G fdvh/ lw lv dovr nqrzq wkdw wkh

joredo vroxwlrq lv xqltxh= wklv iroorzv e| d vxlwdeoh dssolfdwlrq ri wkh Jdjoldugr0Qluhqehuj lqhtxdolw|1

Lq wkh 6G fdvh/ vxfk lqhtxdolw| lv qrw vx�flhqw wr rewdlq xqltxhqhvv= khqfh/ rqh xvxdoo| uhvwulfwv

wr ixqfwlrqdo vsdfhv zkhuh h{lvwhqfh lv qrw jxdudqwhhg/ vhh h1j1 Wkhruhp 91< s1 ;7 lq ^7`1 Iurp d

pdwkhpdwlfdo srlqw ri ylhz lw orrnv wkhuhiruh qdwxudo wr wu| wr dssur{lpdwh wkh vroxwlrqv e| phdqv ri

ixqfwlrqv lq vxfk vsdfhv> wr wklv hqg/ zh frqvlghu wkh prgl�hg Qdylhu0Vwrnhv htxdwlrqv lqwurgxfhg lq

^8` zklfk hqdeoh wr uhjxodul}h wkh vroxwlrq vx�flhqwo| wr rewdlq xqltxhqhvv= dssur{lpdeoh vroxwlrqv ri

+4, duh wkhq gh�qhg wr eh wkhvh vroxwlrqv zklfk duh wkh olplw +lq d vxlwdeoh vhqvh, ri wkh vhtxhqfh ri
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vroxwlrqv ri wkh prgl�hg htxdwlrqv zkhq wkh prgl�fdwlrq whqgv wr glvdsshdu1 Zh zloo suryh wkdw wkh

vhw ri dssur{lpdeoh vroxwlrqv lv hlwkhu lq�qlwh ru lw frqwdlqv d vlqjoh ixqfwlrq1

Qh{w/ zh frqvlghu wkh vwdwlrqdu| htxdwlrqv zlwk qrq0vols erxqgdu| frqglwlrqv/ qdpho|

;AAAA?
AAAA=

���x. +x � u,x.us @ i lq 


u � x @ 3 lq 


x @ 3 rq C
 >

+5,

lw lv zhoo0nqrz wkdw +5, dgplwv dw ohdvw d zhdn vroxwlrq iru doo i lq d fhuwdlq ixqfwlrqdo vsdfh Y�/ vhh

qh{w vhfwlrq> rq wkh rwkhu kdqg/ xqltxhqhvv ri d vroxwlrq lv dvvxuhg rqo| li wkh h{whuqdo irufh i lv vpdoo

lq d vxlwdeoh vhqvh/ vhh h1j1 ^9`1 D uhpdundeoh uhvxow e| Irldv0Whpdp ^4/ 5` vwdwhv wkdw wkhuh h{lvwv dq

rshq ghqvh vxevhw R � Y� vxfk wkdw iru doo iruflqj whup i 5 R wkh vhw ri vroxwlrqv ri +5, lv �qlwh +zh

uhihu wr Sursrvlwlrq 4 ehorz iru wkh h{dfw vwdwhphqw ri wkhlu uhvxow,> wkh fuxfldo wrro lq wkh surri lv

wkh Vdug0Vpdoh Wkhruhp1 Vxevhtxhqwo|/ e| phdqv ri wkh Ohud|0Vfkdxghu ghjuhh wkhru|/ Whpdp +vhh

Vhfwlrq 4316 lq ^:`, suryhg wkdw iru doo i 5 R wkh qxpehu ri vroxwlrqv lv rgg lq qxpehu1 Krzhyhu/ xs

wr qrz/ xqltxhqhvv ri wkh vroxwlrqv ri +5, iru jhqhudo i kdv qrw |hw ehhq suryhg1

Lq wklv sdshu zh suryh wkdw iru doo i 5 R wkhuh h{lvwv dw prvw dq dssur{lpdeoh vroxwlrq ri +5,= wkh

gh�qlwlrq ri dssur{lpdeoh vroxwlrq lv jlyhq lq qh{w vhfwlrq1 Lq rwkhu zrugv/ zh suryh wkdw iru _doprvw

doo% i / dq| _zhoo ehkdyhg% dssur{lpdwlrq |lhogv d xqltxh vroxwlrq ri +5,1

Wkh uhvxowv zh h{srvh khuh duh qrw |hw vdwlvidfwru|1 Iru wkh vwdwlrqdu| sureohp +5, zh rewdlq d

xqltxhqhvv uhvxow lq d fodvv ri ixqfwlrqv +wkh fodvv ri dssur{lpdeoh vroxwlrqv, zkhuh h{lvwhqfh vhhpv

gl�fxow wr suryh= vwdqgdug qxphulfdo dssur{lpdwlrqv +vhh ^9`, vhhp qrw wr �w lq rxu iudphzrun1 Iru

wkh hyroxwlrq sureohp +4, zh gr kdyh dq h{lvwhqfh uhvxow exw Gh�qlwlrq 5 ehorz vhhpv qrw srzhuixo

hqrxjk wr hqvxuh xqltxhqhvv ri dq dssur{lpdeoh vroxwlrq1 Krzhyhu/ zh eholhyh wkdw rxu uhvxowv pd|

eh d vwduwlqj srlqw iru ixuwkhu uhvhdufk1

2 �L|@|�L?t @?_ hit�*|t

Erog fdslwdo ohwwhuv +O2/K�/111, uhsuhvhqw ixqfwlrqdo vsdfhv ri yhfwru ixqfwlrqv dqg xvxdo fdslwdo ohwwhuv

+O2/ K�/111, uhsuhvhqw vsdfhv ri vfdodu ixqfwlrqv= zh vhw O2 =@ O2+
,/1111 dqg zh vshfli| wkh vhw rqo|

zkhq lw lv qrw 
1 Zlwk K6 zh uhsuhvhqw wkh Kloehuwldq Vrerohy vsdfhv/ K�
f ghqrwhv wkh K� forvxuh

ri wkh vsdfh ri vprrwk ixqfwlrqv zlwk frpsdfw vxssruw lq 
= zh ghqrwh e| n � nR wkh OR qrup1 Zh

frqvlghu wkh vsdfhv

J =@ ii 5 O2> u � i @ 3> �?i @ 3j Y =@ ii 5K�
f> u � i @ 3j

zkhuh �? ghqrwhv wkh qrupdo wudfh rshudwru> pruhryhu/ zh frqvlghu wkh gxdo vsdfh Y
� ri Y1 Wkh vsdfh

Y lv d Kloehuw vsdfh zkhq hqgrzhg zlwk wkh vfdodu surgxfw +x> y,V =@ +ux>uy,2> zh ghqrwh e|Y� wkh

vsdfh Y hqgrzhg zlwk lwv zhdn wrsrorj|1 Zh dovr lqwurgxfh wkh vsdfhv O2+3> W >Y, dqg O"+3> W >J,

ri ixqfwlrqv gh�qhg lq 
� +3> W , zkrvh Y0qrup lv vtxduh lqwhjudeoh rq +3> W , +uhvs1 zkrvh J0qrup

lv hvvhqwldoo| erxqghg rq +3> W ,,= zh ghqrwh e| n � nu2EV� +uhvs1 n � nu"EB�, wkhlu qrupv1 Vlploduo|/ iru

dq| frxsoh ri vsdfhv E dqg Z zh gh�qh E+3> W >Z,= li lw lv d qruphg vsdfh zh ghqrwh lwv qrup e|

n � n�E`�1

Ilqdoo|/ wkurxjkrxw wklv sdshu zh ghqrwh e| L wkh lqwhuydo L @ ^4>.4,1
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Ohw G @ Gl^3> W , =@ i! 5 F"S +
� ^3> W ,,> u � ! @ 3 lq 
j> zh vd| wkdw x lv d vroxwlrq ri +4, li

] A

f

k
� +x> C|!,B . �+x> !,V . k+x � u,x> !l

l
gw @

] A

f
ki> !lgw. +xf> !+3,,B ;! 5 G > +6,

zkhuh k�> �l lv wkh gxdolw| sdlulqj ehwzhhq Y� dqg Y= hyhq li vroxwlrqv pd| eh lqwhqghg lq d vwurqjhu

vhqvh/ qdpho| iru d zlghu fodvv ri whvw ixqfwlrqv/ zh zloo qrw frqfhuq rxuvhoyhv zlwk wklv sureohp1 Iru

doo i 5 O2+3> W >Y�, wkhuh h{lvwv dw ohdvw d vroxwlrq x ri +6, vxfk wkdw x 5 O2+3> W >Y, _ O"+3> W >J,>

pruhryhu/ C|x 5 Oe*�+3> W >Y�,/ vhh h1j1 ^9`1 Zkhq qr frqixvlrq dulvhv/ lqvwhdg ri +6, zh vlpso| zulwh

C|x� ��x. +x � u,x @ i lq Zl
A =

Lq wkh vhtxho zh ghqrwh e| Vs wkh vhw ri vroxwlrqv ri +6,= ohw xv qrz h{sodlq zkdw zh phdq e|

dssur{lpdeoh vroxwlrq1

Gh�qlwlrq 4 Ohw i 5 O2+3> W >Y�, dqg xf 5 J> zh vd| wkdw D @ D+xf> i, @ +ixrj> iirj,rMU lv dq

dssur{lpdwlqj vhw ri gdwd li iirjrMU � O2+3> W >Y�,/ ixrjrMU �J dqg

+l, ir $ i7r lq O2+3> W >Y�, dv v$ �v 5 L / ir - i lq O2+3> W >Y�, dv v$4
+ll, xr $ x7r lq J dv v$ �v 5 L / xr - xf lq J� dv v$41

Iru doo v � 4/ frqvlghu wkh ixqfwlrq �r = LU
n $ LUn gh�qhg e|

�r+{, @

;AAAA?
AAAA=

� li { � v

{� li { � v. 4

�r+{, li v � { � v. 4

zkhuh �r lv d F
2 ixqfwlrq vxfk wkdw �r 5 F2^3>.4,/ dqg ��r+{, A 3 iru doo { 5 +v> v. 4,> pruhryhu/

zh fkrrvh �r vr wkdw

;�v 5 L olp
r<7r

�r @ �7r xqlirupo| rq LUn = +7,

Ohw *r = LU
� $ LU� eh wkh ixqfwlrq gh�qhg e| *r+{, @ �r+m{m,{> iru doo v 5 L frqvlghu wkh sureohp

+Sr,

;AAAAAAA?
AAAAAAA=

C|x��*r+x, . +x � u,x @ ir lq 
� +3> W ,

u � x @ 3 lq 
� +3> W ,

x @ 3 rq C
� +3> W ,

x+3, @ xr lq 
 =

zh vd| wkdw x lv d vroxwlrq ri +Sr, li

] A

f

k
� +x> C|!,B � +*r+x,>�!,2 . k+x � u,x> !l

l
gw @

] A

f
ki> !lgw. +xr> !+3,,B ;! 5 G =

Qrwh wkdw iru doo v/ wkh ixqfwlrq �r vdwlv�hv wkh dvvxpswlrqv d, e, f�, ri Wkhruhp 8 lq ^8`= wkhuhiruh/

wkhuh h{lvwv d xqltxh yr 5 O2+3> W >Y, _ O"+3> W >J, _ OD+3> W >OD,/ vroxwlrq ri +Sr,> pruhryhu/ lq ^6`

lw lv suryhg wkdw yr lv frqwlqxrxv lq ^3> W ` zlwk uhvshfw wr wkh zhdn J wrsrorj|/ vr wkdw wkh lqlwldo

frqglwlrq pdnhv vhqvh1
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Gh�qlwlrq 5 Jlyhq dq dssur{lpdwlqj vhw ri gdwd D @ +ixrj> iirj,rMU / ghqrwh e| yr wkh xqltxh vrox0

wlrq ri +Sr,> zh vd| wkdw x 5 Vs lv dssur{lpdeoh li wkhuh h{lvwv d vxevhtxhqfh iy&j&M� � iyrjrMU
vxfk wkdw

y& - x lq O2+3> W >Y, y& -W x lq O"+3> W >J, =

Zh ghqrwh e| X� wkh vhw ri dssur{lpdeoh vroxwlrqv ri +4,1

Zh suryh wkh iroorzlqj dowhuqdwlyh uhvxow iru dssur{lpdeoh vroxwlrqv=

Wkhruhp 4 Ohw i 5 O2+3> W >Y�,/ xf 5 J dqg ohw D eh dq dssur{lpdwlqj vhw ri gdwd> wkhq/ X� 9@ >1
Pruhryhu/ li +4, dgplwv pruh wkdq rqh dssur{lpdeoh vroxwlrq wkhq wkh vhw ri dssur{lpdeoh vroxwlrqv

X� uhodwlyh wr +4, lv lq�qlwh +dw ohdvw d frqwlqxxp,1

Uhpdun1 Lw zloo eh fohdu iurp wkh surri wkdw Wkhruhp 4 frqwlqxhv wr krog li lqvwhdg ri i 5 O2+3> W >Y�,

zh wdnh i @ i� . i2 zlwk i� 5 O2+3> W >Y�, dqg i2 5 O�+3> W >J,/ vhh s1597 lq ^9` dqg Wkhruhp 515 lq

^6`1 �

2�2 A�i t|@|�L?@h) i^�@|�L?t

Zh dvvxph wkdw i 5 Y� dqg zh gh�qh lpsolflwo| wkh rshudwru D = Y$Y� e|

kDx>!l @ k���x. +x � u,x>!l ;! 5 Y +8,

zkhuh k�> �l ghqrwhv wkh gxdolw| sdlulqj ehwzhhq Y� dqg Y> khqfh/ D 5 F+Y>Y�,1 Zh vd| wkdw x lv d

vroxwlrq ri +5, li

kDx� i> !l @ 3 ;! 5 Y > +9,

lq wkh vhtxho zh ghqrwh e| Vs wkh vhw ri vroxwlrqv ri +9,= dv douhdg| phqwlrqhg/ zh kdyh Vs 9@ > iru doo
i 5 Y�1

Wkh gh�qlwlrq ri dssur{lpdeoh vroxwlrq lv gl�huhqw iurp wkdw lq wkh hyroxwlrq fdvh1

Gh�qlwlrq 6 Zh vd| wkdw wkh vhw i+D�> i�,j�MU lv dq dssur{lpdwlqj vfkhph iru +9, li iD�j�MU �
F+Y�>Y

�
�,/ ii�j�MU �Y� dqg

+l, D�x� -Dx lq Y�
� zkhqhyhu x� - x lq Y�

+ll, i� - i lq Y�
�1

Gh�qlwlrq 7 Jlyhq dq dssur{lpdwlqj vfkhph i+D�> i�,j�MU / zh vd| wkdw ix�j�MU � Y lv dq ds0

sur{lpdwlqj idplo| iru +9, li=

+l, iru doo k 5 L/ x� lv wkh xqltxh vroxwlrq ri wkh htxdwlrq D�x� @ i�
+ll, iru doo vhtxhqfh k? $ .4 wkhuh h{lvw d vxevhtxhqfh ik�?j dqg x 5 Vs vxfk wkdw x��

?

- x lq Y�

+lll, iru doo �k 5 L/ olp�<7� nx� � x7�n2 @ 31

Gh�qlwlrq 8 Jlyhq dq dssur{lpdwlqj vfkhph i+D�> i�,j�MU / zh vd| wkdw d vroxwlrq x ri +9, lv ds0

sur{lpdeoh +zlwk uhvshfw wr i+D�> i�,j�MU, li wkhuh h{lvw dq dssur{lpdwlqj idplo| ix�j�MU dqg d

vhtxhqfh k? $ .4 vxfk wkdw x�? - x lq Y�1 Zh ghqrwh e| Xs wkh vhw ri dssur{lpdeoh vroxwlrqv ri

+9,1
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Fohduo|/ wkhuh pd| h{lvw gl�huhqw fkrlfhv ri wkh dssur{lpdwlqj vfkhph/ wkdw lv/ gl�huhqw fkrlfhv ri wkh

rshudwruv D� dqg ri wkh ixqfwlrqv i�> zh zloo suryh wkh iroorzlqj xqltxhqhvv fulwhulrq=

Wkhruhp 5 Wkhuh h{lvwv d ghqvh rshq vhw R � Y� vxfk wkdw iru doo i 5 R dqg iru doo dssur{lpdwlqj

vfkhph i+D�> i�,j�MU wkhuh h{lvwv dw prvw rqh dssur{lpdeoh vroxwlrq x ri +5,1

Wkhruhp 5 lv uhodwhg wr wkh iroorzlqj h{whqvlrq ri d uhvxow e| Irldv0Whpdp ^4/ 5`=

Sursrvlwlrq 4 Ohw i 5 Y�/ wkhq Vs lv krphrprusklf wr d frpsdfw vhw ri LU6 iru d vxlwdeoh p1

Pruhryhu/ wkhuh h{lvwv d ghqvh rshq vhw R � Y� vxfk wkdw iru doo i 5 R wkh vhw Vs lv �qlwh1

Wkh ruljlqdo surri ri Irldv0Whpdp lv shuiruphg xqghu wkh dvvxpswlrq wkdw i 5 J> krzhyhu/ lw fdq

eh hdvlo| h{whqghg wr wkh fdvh i 5 Y�= iru vdnh ri frpsohwhqhvv zh txrwh wkh surri lq wkh dsshqgl{1

� �hLLu Lu A�iLhi4 �

Ohw i 5 O2+3> W >Y�,/ xf 5 J dqg ohw D @ +ixrj> iirj,rMU eh dq dssur{lpdwlqj vhw ri gdwd> zh �uvw

suryh

Ohppd 4 Iru doo v> �v 5 L ohw yr dqg y7r ghqrwh wkh vroxwlrqv ri +Sr, dqg +S7r, uhvshfwlyho|> wkhq

yr -
W y7r lq O"+3> W >J, dqg yr - y7r lq O2+3> W >Y, dv v$ �v = +:,

Surri1 Zh �uvw suryh wkdw nyrnuDEwD� uhpdlqv erxqghg dv v $ �v1 E| vwdqgdug hqhuj| hvwlpdwhv +vhh

+717<, lq ^8`, rqh jhwv

4

5
nyrn

2
u"EB� .

�

5
nyrn

2
u2EV� �

4

5
nxrn

2
B .

4

5�
nirn

2
u2EV�� ;v 5 L > +;,

wkhuhiruh/ iurp +7184, dqg Ohppd 4 lq ^8` rqh jhwv

;� A 3 <FB+�v, A 3 > nyrnuDEwD� � FB ;v 5 ^4> �v. �` = +<,

Ohw zr @ yr � y7r= e| vxewudfwlqj wkh wkh wzr htxdwlrqv uhodwlyh wr +Sr, dqg +S7r, zh jhw

C|zr ��^*r+yr,� *r+y7r,` . +yr � u,yr � +y7r � u,y7r @ ir � i7r .�^*r+y7r,� *7r+y7r,` =

Qh{w/ ohw J @ +��,3� ghqrwh Juhhq*v rshudwru iurp Y� lqwr Y= e| +614,0+615, dqg Ohppd 6 lq ^8`/

iru doo $ A 3 wkhuh h{lvwv F/ A 3 vxfk wkdw li zh whvw wkh deryh h{suhvvlrq zlwk Jzr+w,/ lqwhjudwh ryhu


 zh rewdlq iru d1h1 w 5 ^3> W `

4

5

g

gw
nzr+w,n

2
V� . �nzr+w,n

2
B

� F/+nyr+w,n
D
D . ny7r+w,n

D
D,nzr+w,n

2
V� . $nzr+w,n

2
B . nir+w,� i7r+w,nV�nJzr+w,nV.

.n*r+y7r+w,,� *7r+y7r+w,,nw2nzr+w,nB =

+43,
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Ohw �r+w, @ nyr+w,n
D
D . ny7r+w,n

D
D> wkhq/ e| +<,/ zh kdyh �r 5 O�+3> W , iru doo v vx�flhqwo| forvh wr �v1

Khqfh/ fkrrvh $ @ � lq +43,/ pxowlso| e| 5 h{s+�5F#
U
�r+�,g�, dqg lqwhjudwh ryhu ^3> w` +iru vrph

w 5 +3> W `, wr lqihu

nzr+w,n
2
V� h{s

�
� 5F#

] |

f
�r+�,g�

�
� nxr � x7rn

2
V�

� 5

] |

f

�
nir+�,� i7r+�,nV�nzr+�,nV� . n*r+y7r+�,,� *7r+y7r+�,,nw2nzr+�,nB

�
g� >

e| +<,/ wkhuh h{lvwv F A 3 vxfk wkdw

h{s

�
5F#

] A

f
�r+�,g�

�
� F

iru doo v vx�flhqwo| forvh wr �v> khqfh/ zh rewdlq

nzr+w,n
2
V� � F

�
nxr � x7rn

2
V� . 5nir � i7rnu2EV��nzrnu2EV��

�
=

Wkhuhiruh/ e| duelwudulqhvv ri w/ e| wdnlqj lqwr dffrxqw +7, +;, dqg wkdw +ixrj> iirj,rMU lv dq dssur{l0

pdwlqj vhw ri gdwd/ zh ghgxfh

nzrnu"EV�� $ 3 =

wklv/ wrjhwkhu zlwk +;,/ |lhogv +:,1 �

Zh duh qrz uhdg| wr jlyh wkh

Surri ri Wkhruhp 41 Ohw xv �uvw suryh wkdw X� 9@ >= e| +;, zh lqihu wkdw wkhuh h{lvwv d vhtxhqfh

iy&j � iyrj dqg d ixqfwlrq �x 5 O"+3> W >J, _ O2+3> W >Y, vxfk wkdw

y& -W �x lq O"+3> W >J, dqg y& - �x lq O2+3> W >Y, >

fohduo|/ �x 5 X�1
Qh{w/ ohw xv suryh wkdw li wkhuh h{lvw x�> x2 5 X� vxfk wkdw x� 9@ x2 wkhq X� lv dw ohdvw d frqwlqxxp1 E|

+;,/ wkhuh h{lvwv N A 3 vxfk wkdw nyrnu2EV� � N iru doo v 5 L= wkhuhiruh/ rq wkh O2+Y,0edoo ri udglxv

N zh fdq lqwurgxfh d phwulf � zklfk gh�qhv d wrsrorj| htxlydohqw wr wkh zhdn wrsrorj| ri O2+Y,1

Ohw � =@ �+x�> x2, +fohduo| � A 3, dqg gh�qh wkh ixqfwlrq �+v, =@ �+x�> yr,> iurp +:, zh lqihu wkdw

� 5 F+L> LUn, dqg wkh olplw fodvv � ri � dv v $ .4 lv frqqhfwhg> pruhryhu/ i3> �j � �1 Wkhuhiruh/

iru doo u 5 +3> �,/ wkhuh h{lvwv d vhtxhqfh iv?j � L glyhujlqj wr .4 vxfk wkdw �+v?,$ u1 E| +;,/ wkhuh

h{lvwv xo 5 O"+3> W >J, _ O2+3> W >Y, vxfk wkdw

yr? -
W xo lq O"+3> W >J, dqg yr? - xo lq O2+3> W >Y, > +44,

xs wr d vxevhtxhqfh= wkhq �+x�> xo, @ u dqg wkhuhiruh xo 9@ x� dqg xo 9@ x21 Dv +ixrj> iirj,rMU lv dq
dssur{lpdwlqj vhw ri gdwd/ e| +44, dqg e| ohwwlqj v? $ .4 zh rewdlq wkdw xo vroyhv +4, lq Z

l
A / wkdw

lv/ xo 5 X�1 Li zh uhshdw wkh deryh dujxphqw iru doo u 5 +3> �, zh rewdlq d frqwlqxxp ri dssur{lpdeoh

vroxwlrqv1 �

9
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Wkhruhp 5 zloo eh suryhg e| phdqv ri

Ohppd 5 Ohw i 5Y�> li Xs kdv d Y lvrodwhg srlqw wkhq Xs lv d vlqjohwrq1

Surri1 Dvvxph wkdw x 9@ y dqg wkdw x> y 5 Xs > wkh uhvxow iroorzv li zh suryh wkdw x lv d Y foxvwhu srlqw

ri Xs = e| Sursrvlwlrq 4/ wkh vhw Xs olhv lq d �qlwh glphqvlrqdo vxevsdfh ri Y dqg wkhuhiruh lw vx�fhv

wr suryh wkdw x lv d J foxvwhu srlqw ri Xs 1
E| gh�qlwlrq ri Xs / wkhuh h{lvw dq dssur{lpdwlqj idplo| ix�j�MU dqg wzr lqfuhdvlqj vhtxhqfhv id?j
dqg ie?j glyhujlqj wr .4 dqg vxfk wkdw x@? - x/ xK? - y lq Y�1 Ohw � @ nx� yn2 dqg gh�qh wkh

ixqfwlrq �+k, =@ nx� � xn2> e| +lll, lq Gh�qlwlrq 7/ zh kdyh � 5 F+L> LUn, dqg wkh olplw fodvv � ri �

dv k $ .4 lv frqqhfwhg1 Wkhuhiruh/ dv 3> � 5 �/ li zh wdnh u 5 +3> �,/ wkhuh h{lvwv d vhtxhqfh ik?j
glyhujlqj wr .4 vxfk wkdw �+k?, $ u= wkhq/ e| +ll, lq Gh�qlwlrq 7/ wkhuh h{lvwv xo 5 Vs vxfk wkdw

x�? - xo lq Y�/ xs wr d vxevhtxhqfh> e| wkh frpsdfw lpehgglqj Y � O2 zh rewdlq nx� xon2 @ u1

Reylrxvo|/ xo 5 Xs > li zh uhshdw wkh deryh dujxphqw iru doo u 5 +3> �, dqg zh ohw u $ 3/ zh rewdlq d

vhtxhqfh ixoj � Xs vxfk wkdw nx� xon2 @ u$ 3 dqg wkh uhvxow lv suryhg1 �

Surri ri Wkhruhp 51 Lw iroorzv gluhfwo| iurp Ohppd 5 dqg wkh vhfrqg sduw ri wkh vwdwhphqw ri

Sursrvlwlrq 41 �

D �TTi?_� G ThLLu Lu �hLTLt�|�L? �

E| wdnlqj ! @ x lq +9, dqg e| Vfkzdu} lqhtxdolw| rqh kdv

nxnV �
ninV�

�
;x 5 Vs = +45,

Zh uhfdoo wkdw wkh Vwrnhv rshudwru �S� kdv d frpsdfw vhoidgmrlqw lqyhuvh +khuh S ghqrwhv wkh ru0

wkrjrqdo surmhfwru ri O2 rqwr J,> wkhuhiruh/ wkhuh h{lvwv dq ruwkrqrupdo edvlv ih6j"6'� dqg d srvlwlyh

glyhujlqj vhtxhqfh i�6j
"
6'� vxfk wkdw �S�h6 @ �6h6= lw lv dovr zhoo0nqrzq wkdw �6 � p2*�1 Lq

wkh vhtxho S6 ghqrwhv wkh ruwkrjrqdo surmhfwlrq rqwr wkh vsdfh vsdqqhg e| h�/111/h6 +hlwkhu lq Y/ J

ru Y�, dqg T6 @ Lg� S61

Zh fodlp wkdw li p lv odujh hqrxjk wkhq wkhuh h{lvwv f6 A 3 vxfk wkdw

nx� ynV � f6nS6+x� y,nB ;x> y 5 Vs = +46,

Lqghhg/ wdnh x> y 5 Vs dqg ohw z @ x� y= e| vxewudfwlqj wkh wzr uhodwlrqv +9, fruuhvsrqglqj wr x dqg

y zh rewdlq

�

]
l
uzu! @ �

]
l
+x � u,x � !.

]
l
+y � u,y � ! ;! 5 Y >

fkrrvlqj ! @ T6z dqg xvlqj zhoo0nqrzq surshuwlhv ri wkh wulolqhdu irup +x> y>z, :$ +x � u,y � z zh

rewdlq

�nT6zn
2
V @ �

]
l
+x � u,z �T6z�

]
l
+z � u,y �T6z

@ �
]
l
+x � u,S6z �T6z�

]
l
+S6z � u,y �T6z�

]
l
+T6z � u,y �T6z

� fnxnV � nS6znV � nT6znV . fnS6znV � nynV � nT6znV . fnynV � nT6zn
2
e =

:



Wdnlqj lqwr dffrxqw +45,/ wkh jhqhudol}hg Srlqfdu�h lqhtxdolw| �
�*2
6n�nT6!nB � nT6!nV +zklfk krogv

iru doo ! 5 Y,/ wkh Jdjoldugr0Qluhqehuj lqhtxdolw| +vhh h1j1 Ohppd 618 s15<9 lq ^9`, dqg wkh htxlydohqfh

ri wkh qrupv lq �qlwh0glphqvlrqdo vsdfhv zh rewdlq

�nT6zn
2
V � f6nS6zn2 � nT6znV . f�

3�*e
6n�nT6zn

2
V > +47,

�qdoo|/ e| \rxqj lqhtxdolw|/ zh lqihu

�nT6zn
2
V �

��
7
. f�

3�*e
6n�

�
nT6zn

2
V . f6nS6zn

2
2 =

Wkhuhiruh/ li p lv odujh hqrxjk zh jhw

nT6zn
2
V � f6nS6zn

2
2 >

khqfh/

nzn2V @ nS6zn
2
V . nT6zn

2
V � f6nS6zn

2
2

dqg +46, lv suryhg1

Wkh �uvw sduw ri Sursrvlwlrq 4 lv qrz hdvlo| rewdlqhg1 Lqghhg/ e| +45, dqg wkh frpsdfw lpehgglqj

Y �J zh lqihu wkdw Vs lv J frpsdfw/ dqg khqfh lw lv Y frpsdfw e| +46,1 Pruhryhu/ e| +46,/ li x> y 5
Vs vdwlvi| S6x @ S6y wkhq x @ y= khqfh/ Vs lv frqwdlqhg lq d vsdfh lvrprusklf wr vsdqih�> ===> h6j1
Wkhuhiruh/ wkh vhw Vs lv krphrprusklf wr d frpsdfw vhw ri LU61

Wkh vhfrqg sduw ri Sursrvlwlrq 4 fdq eh rewdlqhg e| dsso|lqj d vxlwdeoh irup ri wkh Vdug0Vpdoh

Wkhruhp/ vhh h1j1 Wkhruhp 4316 lq ^:`= lw vx�fhv wr suryh wkdw wkh rshudwru D gh�qhg lq +8, lv d

surshu Iuhgkrop rshudwru ri lqgh{ 31

Lw lv qrw gl�fxow wr yhuli| wkdw wkh rshudwru D lv d F" pdsslqj iurp Y lqwr Y� dqg wkdw iru doo x 5 Y

lwv ghulydwlyh D�+x, lv wkh olqhdu rshudwru iurp Y lqwr Y� lpsolflwo| gh�qhg e|

kD�+x,^y`> !l @ k���y . +x � u,y . +y � u,x>!l ;y> ! 5 Y >

iru doo x 5 Y wkh olqhdu pdsv y :$ +x � u,y dqg y :$ +y � u,x duh frqwlqxrxv iurp Y lqwr O�*2 dqg

khqfh/ frpsdfw iurp Y lqwr Y�= vlqfh wkh Vwrnhv rshudwru lv dq lvrprusklvp iurp Y rqwr Y�/ wklv

suryhv wkdw D lv d Iuhgkrop rshudwru ri lqgh{ 31

Qrz ohw N ghqrwh d frpsdfw vxevhw ri Y�= wr suryh wkdw D lv surshu/ zh qhhg wr suryh wkdw D3�+N,

lv frpsdfw lq Y1 Vlqfh N lv erxqghg lq Y�/ e| +45, zh nqrz wkdw wkhuh h{lvwv F A 3 vxfk wkdw

nxnV � F ;x 5 D3�+N, = +48,

Frqvlghu d vhtxhqfh ix&j � D3�+N,> wkhq wkhuh h{lvwv d vhtxhqfh ii&j � N vxfk wkdw

k���x& . +x& � u,x&> !l @ ki&> !l ;! 5 Y = +49,

Vlqfh N lv frpsdfw/ wkhuh h{lvwv �i 5 N vxfk wkdw i& $ �i lq Y�/ xs wr d vxevhtxhqfh> pruhryhu/ e|

+48, dqg e| h{wudfwlqj d ixuwkhu vxevhtxhqfh/ zh lqihu wkdw wkhuh h{lvwv �x 5 Y vxfk wkdw x& - �x lq Y�

dqg x& $ �x lq Oe= zh vwloo ghqrwh e| ix&j vxfk vxevhtxhqfh1 Frqvlghu +49, iru wzr lqwhjhuv n dqg k/

vxewudfw dqg wdnh ! @ x&�x�= wkhq e| zhoo0nqrzq surshuwlhv ri wkh wulolqhdu irup +x> y>z, :$ +x�u,y�z

zh rewdlq

�nx& � x�n
2
V � ni& � i�nV�nx& � x�nV . nx�nVnx& � x�n

2
e >

;



khqfh/ e| +48, zh lqihu wkdw

�nx& � x�n
2
V � 5Fni& � i�nV� .Fnx& � x�n

2
e =

Wkhuhiruh/ dv ii&j dqg ix&j duh Fdxfk| vhtxhqfhv lq Y� dqg Oe uhvshfwlyho|/ zh lqihu wkdw ix&j lv

dovr d Fdxfk| vhtxhqfh lq Y= khqfh/ x& $ �x lq Y1 Vlqfh D+�x, @ �i 5 N/ zh lqihu wkdw �x 5 D3�+N,=

wkh rshudwru D lv surshu dqg wkh vhfrqg sduw ri Sursrvlwlrq 4 lv suryhg1 �

Uhpdun1 Lq hvwlpdwh +47, wkh whup �
3�*e
6n� lv lqyroyhg zkloh lq wkh fruuhvsrqglqj surri ri Irldv0Whpdp/

wkh whup lqyroyhg lv �
3�*2
6n� > wklv frxog phdq wkdw wkh lqwhjhu p irxqg lq Sursrvlwlrq 4 lv odujhu wkdq

wkdw ri Wkhruhp 415 lq ^4`= lq wklv fdvh/ wkh vhw ri zhdn vroxwlrqv ri +5, +fruuhvsrqglqj wr i 5 Y�, lv lq

idfw odujhu +lq wkh vhqvh wkdw lw kdv _pruh glphqvlrqv%, wkdq wkh vhw ri vwurqj vroxwlrqv +fruuhvsrqglqj

wr i 5 J,1

+iuihi?Uit

^4` F1 Irldv/ U1 Whpdp/ Vwuxfwxuh ri wkh vhw ri vwdwlrqdu| vroxwlrqv ri wkh Qdylhu0Vwrnhv htxdwlrqv/ Frpp1
Sxuh Dsso1 Pdwk1 63/ 4<::/ 47<0497

^5` F1 Irldv/ U1 Whpdp/ Uhpdutxhv vxh ohv �htxdwlrqv gh Qdylhu0Vwrnhv vwdwlrqqdluhv hw ohv sk�hqrp�hqhv vxf0

fhvvliv gh elixufdwlrq/ Dqq1 Vf1 Qrup1 Vxs1 Slvd 7/ 8/ 4<:;/ 5<096

^6` I1 Jd}}rod/ Y1 Sdwd/ D xqlirup dwwudfwru iru d qrqdxwrqrprxv jhqhudol}hg Qdylhu0Vwrnhv htxdwlrq/ ]hlw1
Dqdo1 Dqzhqg1 49/ 4<<:/ 768077<

^7` M1O1 Olrqv/ Txhotxhv p�hwkrghv gh u�hvroxwlrq ghv sureo�hphv dx{ olplwhv qrq olq�hdluhv/ Gxqrg/ 4<9<

^8` J1 Surxvh/ Rq d Qdylhu0Vwrnhv w|sh htxdwlrq/ Qrqolqhdu dqdo|vlv= d wulexwh lq krqrxu ri Jlrydqql Surgl
+D1 Dpeurvhwwl/ D1 Pdulqr/ Hglwruv,/ Txdghuql Vf1 Qrup1 Vxs1 Slvd 4<<4/ 5;<~638

^9` U1 Whpdp/ Qdylhu0Vwrnhv htxdwlrqv/ wkhru| dqg qxphulfdo dqdo|vlv/ Qruwk0Kroodqg/ 4<:<

^:` U1 Whpdp/ Qdylhu0Vwrnhv htxdwlrqv dqg qrqolqhdu ixqfwlrqdo dqdo|vlv/ FEPV0QVI/ yro174/ VLDP/ 4<;6

<


