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Glsduwlphqwr gl Vflhq}h W1D1 0 yld Fdyrxu ;7/ 48433 Dohvvdqguld

Devwudfw

Zh suryh wkdw fulwlfdo jurzwk sureohpv iru sro|kduprqlf rshudwruv dgplw qrqwulyldo vroxwlrqv
iru d zlgh fodvv ri orzhu rughu shuwxuedwlrqv ri wkh fulwlfdo whup1 Wkh uhvxowv kljkoljkw wkh
skhqrphqrq ri elixufdwlrq ri wkh fulwlfdo glphqvlrqv glvfryhuhg e| Sxffl0Vhuulq ^54`> pruhryhu/
zh vkrz wkdw dqrwkhu elixufdwlrq vhhpv wr dsshdu iru _qrquhvrqdqw% glphqvlrqv1

� W?|hL_�U|�L?

Lq d uhfhqw sdshu ^44` dq ruwkrjrqdol}lqj whfkqltxh kdv ehhq ghyhorshg iru wkh vwxg| ri fulwlfdo

jurzwk sureohpv lq vhplolqhdu hoolswlf htxdwlrqv ri vhfrqg rughu> vxfk whfkqltxh lv edvhg rq yduld0

wlrqdo phwkrgv= wr dvvxuh wkdw wkh frqvlghuhg plqlpd{ ohyhov duh dw vxlwdeoh hqhuj| ydoxhv/ fhuwdlq

dssur{lpdwlqj ixqfwlrqv kdylqj glvmrlqw vxssruw zlwk wkh Vrerohy frqfhqwudwlqj ixqfwlrqv duh frq0

vwuxfwhg1 Zh fdoo Vrerohy frqfhqwudwlqj ixqfwlrqv vrph wuxqfdwlrqv ri wkh srvlwlyh udgldo hqwluh

ixqfwlrqv zklfk dfklhyh wkh ehvw frqvwdqw lq Vrerohy lqhtxdolwlhv/ vhh ^57`> lq wkh fhoheudwhg sdshu

e| Euh}lv0Qluhqehuj ^8` vxfk ixqfwlrqv kdyh ehhq irxqg uhvsrqvleoh iru wkh odfn ri frpsdfwqhvv ri

wkh sureohp/ vhh dovr ^:`1

Lq wklv sdshu zh vkrz wkdw wklv ruwkrjrqdol}lqj whfkqltxh dovr dssolhv wr kljkhu rughu vhplolqhdu

hoolswlf htxdwlrqv= zh frqvlghu wkh sureohp

;A?
A=

+��,gx @ j+{> x, . mxmgW32x lq 

G&x @ 3 rq C n @ 3> ===>N � 4
+414,

zkhuhN 5 LQ/  � LU? +q � 5N.4, lv dq rshq erxqghg grpdlq zlwk vprrwk erxqgdu|/NW @ 2?
?32g

lv wkh fulwlfdo Vrerohy h{srqhqw +wkh odujhvw s iru zklfk wkh lpehgglqj Kg =@ Kg
f +, � OR+,

lv frqwlqxrxv, dqg j+�> v, kdv vxefulwlfdo jurzwk dw lq�qlw| +l1h1 olp�r�<"
}Eucr�
�r�gW3� @ 3,> zlwk rxu

qrwdwlrq 4W @ 5W @ 2?
?32 1 Sureohp +414, kdv ehhq vwxglhg e| pdq| dxwkruv hyhq lq wkh fdvh N A 4/

vhh h1j1 ^7/ </ 45/ 46/ 4</ 54`1 Zh hqgrz wkh Kloehuw vsdfh Kg zlwk wkh vfdodu surgxfw

+x> y, @
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AA=

]
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l
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dqg zh ghqrwh e| n � ng wkh fruuhvsrqglqj qrup> m � mR ghqrwhv wkh OR+,0qrup/ s 5 ^4>4`1 Ohw

	g =@ i�g� j�M� ghqrwh wkh vshfwuxp ri +��,g uhodwlyh wr wkh krprjhqhrxv Glulfkohw sureohp lq

> lw lv zhoo0nqrzq wkdw 	g � LUn dqg wkdw �g� $ .4 dv m $4= lq wkh vhtxho zh zloo rplw wkh

lqgh{ N rq ��1 Gh�qh wkh ixqfwlrqdo M = Kg $ LU e|

M+x, @
4

5
nxn2g �

]
l
J+{> x,g{� 4

NW
mxmgWgW >

zkhuh J+{> v, @
U r
f j+{> w,gw> li j lv frqwlqxrxv wkhq M 5 F�+Kg > LU, dqg wkh fulwlfdo srlqwv ri M

fruuhvsrqg wr vroxwlrqv ri htxdwlrq +414,1 Vlqfh wkh lpehgglqj Kg � OgW+, lv qrw frpsdfw wkh

ixqfwlrqdo M grhv qrw vdwlvi| wkh SV frqglwlrq= lq ^8` lw lv vkrzq wkdw wkh fruuhvsrqglqj ixqfwlrqdo

rqo| vdwlv�hv wkh SV frqglwlrq dw fhuwdlq hqhuj| ohyhov1 Wkh idloxuh ri wkh SV frqglwlrq lv qrw rqo|

whfkqlfdo> e| xvlqj d jhqhudol}hg Srkr�}dhy lghqwlw|/ Sxffl0Vhuulq ^53` suryhg qrq0h{lvwhqfh uhvxowv=

lq sduwlfxodu wkh| vkrz wkdw li � ? 3 dqg  lv vwdu0vkdshg wkhq wkh sureohp

;A?
A=

+��,gx @ �x. mxmgW32x lq 

G&x @ 3 rq C n @ 3> ===>N � 4
+415,

rqo| dgplwv wkh wulyldo vroxwlrq x � 31

Xqghu plqlpdo dvvxpswlrqv rq wkh orzhu rughu whup j zh zloo suryh wkdw +414, dgplwv qrqwulyldo

vroxwlrqv= wkh surriv duh rewdlqhg e| voljkw prgl�fdwlrqv ri wkrvh lq ^5/ :/ 44`> krzhyhu/ rxu uhvxowv

kljkoljkw vrph edvlf idfwv1

Iluvw/ wkh| eulqj ixuwkhu hylghqfh wr wkh _vwudqjh% ehkdylrxu ri wkh fulwlfdo glphqvlrqv1 Rqh

ri wkh edvlf sureohpv frqfhuqlqj +415, lv wr ghwhuplqh wkh vpdoohvw frqvwdqw �W � 3 iru zklfk wkh

uhodwlrq � 5 +�W> ��, lpsolhv wkh h{lvwhqfh ri d udgldo srvlwlyh vroxwlrq ri +415, zkhq  lv wkh xqlw edoo

ri LU?1 Sxffl0Vhuulq ^54` fdoo fulwlfdo glphqvlrqv wkh glphqvlrqv iru zklfk �W A 3 dqg frqmhfwxuh/

iru d jlyhq N � 4/ wkdw wkh fulwlfdo glphqvlrqv duh q @ 5N . 4> ===> 7N � 4= wklv frqmhfwxuh zdv

douhdg| suryhg iru N @ 4 +vhh ^8`,/ qh{w lw kdv ehhq suryhg iru N @ 5 +vhh ^</ 54`,/ vxevhtxhqwo| iru

N @ 6> 7 +vhh ^45`, dqg �qdoo| lw lv _doprvw% suryhg iru doo N � 4 +vhh ^46`,1 Zh zloo suryh wkdw li

N � 4 dqg q � 7N wkhq +415, dgplwv d qrqwulyldo vroxwlrq iru doo � 5 +3> ��, lqghshqghqwo| ri wkh

jhrphwu| ri > zh uhfdoo wkdw/ dv qrwlfhg e| Juxqdx ^46`/ rqh fdqqrw h{shfw wkh h{lvwhqfh ri srvlwlyh

vroxwlrqv ri +415, lq jhqhudo grpdlqv= wkh grpdlq  qhhgv wr kdyh d srvlwlyh Juhhq ixqfwlrq1 Zh

dovr ghdo zlwk d pruh jhqhudo vxefulwlfdo whup j+{> x,= lw wxuqv rxw wkdw wkh fulwlfdo glphqvlrqv duh

h{dfwo| wkh glphqvlrqv iru zklfk dq dgglwlrqdo dvvxpswlrq rq wkh orzhu rughu whup j lv qhhghg lq

wkh qrquhvrqdqw fdvh iru +414,/ vhh +517, ehorz> lq rwkhu zrugv/ iru wkhvh glphqvlrqv/ zh fdqqrw

suryh wkdw wkh elixufdwlrq eudqfk ri qrqwulyldo vroxwlrqv ri +415, dulvlqj iurp dq hljhqydoxh ��n�

fdq eh h{whqghg wr doo � 5 +�� > ��n�,1

Vhfrqg/ wkh| vkrz wkdw d elixufdwlrq ri glphqvlrqv dovr vhhpv wr dsshdu lq wkh olplwlqj glphqvlrq

fruuhvsrqglqj wr q @ 7 zkhq N @ 41 Lq d uhpdundeoh sdshu ^9`/ lw kdv ehhq suryhg wkdw li N @ 4

dqg q � 7 wkhq +415, dgplwv qrqwulyldo vroxwlrqv iru doo � A 3> krzhyhu/ dv zdv srlqwhg rxw wr
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xv e| K1 Euh}lv/ wkh dujxphqwv ri ^9` gr qrw dsso| lq wkh fdvh q @ 7 dqg � 5 	�= wkhuhiruh/ zh

fdq vd| wkdw q @ 7 lv d olplwlqj qrquhvrqdqw glphqvlrq iru +415, zkhq N @ 4/ vhh dovr ^44` zkhuh

d gl�huhqw dssurdfk lv xvhg1 Lq wkh jhqhudo fdvh N � 4 zh hqfrxqwhu wkh vdph gl�fxow| zkhq

q 5 ^7N> +5.5
s
5,N,/ vhh Fruroodu| 515 ehorz> xvlqj wkh deryh whuplqrorj|/ iru wkhvh qrquhvrqdqw

glphqvlrqv zh suryh wkdw wkh elixufdwlrq eudqfk ri qrqwulyldo vroxwlrqv ri +415, dulvlqj iurp ��n�

fdq eh h{whqghg wr doo � 5 +�� > ��n�, exw zh gr qrw nqrz li lw uhdfkhv � @ �� 1 Wkhruhp 519

ehorz vwdwhv wkdw lq kljkhu glphqvlrqv/ wkdw lv q A +5.
s
5,N/ wkh elixufdwlrq eudqfk _furvvhv% ��1

Dowkrxjk wkh gl�huhqw ehkdylrxu ri fhuwdlq glphqvlrqv vhhpv wr eh vwulfwo| uhodwhg zlwk wkh wrrov

lqyroyhg lq rxu surriv/ zh eholhyh wkdw vrph klgghq uhdvrq pljkw h{lvw= wr irupxodwh d frqmhfwxuh

zh dovr h{whqg wkh uhvxow ri ^:` wr wkh fdvh N � 51

Ilqdoo|/ rxu uhvxowv vkrz wkdw wkh ruwkrjrqdol}lqj phwkrg lqwurgxfhg lq ^44` pd| eh xvhg wr vroyh

pruh jhqhudo vhplolqhdu hoolswlf sureohpv dw fulwlfdo jurzwk kdylqj d olqnlqj yduldwlrqdo vwuxfwxuh

+lq wklv fdvh �� � olp lqir<f
2CE%cr�

r2 ?4,> zh eholhyh wkdw zlwk plqru fkdqjhv wkh vdph dujxphqwv

dsso| wr hoolswlf sureohpv zlwk yduldeoh frh�flhqwv vxfk dv wkh \dpdeh ^58` jhqhudol}hg sureohp

�
?[

�c�'�

G�+d��+{,G�x, @ j+{> x, . mxme*E?32�x =

2 +it�*|t @?_ hi4@h!t

Zh dvvxph wkdw j lv vxefulwlfdo lq wkh iroorzlqj vhqvh=

j = � LU$ LU lv d Fdudwk�hrgru| ixqfwlrq vxfk wkdw

;% A 3 <d0 5 O
2?

?n2g > mj+{> v,m � d0+{, . %mvm?n2g?32g ;v 5 LU > iru d1h1 { 5  >
+514,

pruhryhu/ li J+{> v, =@
U r
f j+{> w,gw / wkh shuwxuedwlrq j+{> x, pd| fkdqjh vljq/ surylghg wkdw

J+{> v, � 3 iru d1h1 { 5  > ;v 5 LU = +515,

Lq idfw/ dvvxpswlrq +515, fdq eh zhdnhqhg lq _kljk% glphqvlrqv vr wkdw dovr wkh sulplwlyh J lv

doorzhg wr fkdqjh vljq/ vhh ^44`= khuh/ zh zloo qrw jr ghhso| lqwr wklv dqdo|vlv1

Zh �uvw frqvlghu wkh fdvh zkhuh wkh ixqfwlrqdo M kdv d prxqwdlq0sdvv jhrphwulfdo vwuxfwxuh ^4`=

vrph qrq0h{lvwhqfh uhvxowv iru +414, fdq eh irxqg lq ^46/ 54` zkloh iru h{lvwhqfh uhvxowv frqfhuqlqj

+415, lq wkh fdvh N @ 5 zh uhihu wr ^<`1 Zh zloo dvvxph wkdw wkhuh h{lvw � A 3 dqg � A 3 vxfk wkdw

J+{> v, � 4

5
+�� � �,v2 iru d1h1 { 5  > ;mvm � � = +516,

Lq wkh fdvhv q @ 5N . 4> ===> 7N � 4 zh qhhg d jurzwk frqglwlrq dw lq�qlw|/ wkdw lv/

<f � > f rshq/ qrqhpsw|/ vxfk wkdw

olp
r<n"

J+{> v,

veg*E?32g�
@ .4 xqlirupo| z1u1w1 { 5 f >

+517,
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li lq f wkh whup J lv d sxuh srzhu/ wkdw lv J+{> v, @ vR/ wkhq wkh deryh dvvxpswlrq uhtxluhv iru

j+v, d jurzwk vwulfwo| juhdwhu wkdq vESg3?�*E?32g�= wklv lv suhflvho| frqglwlrq +D�, lq ^4<` iru wkh

fdvh N @ 51 Frpsduh dovr wklv uhvxow zlwk wkh qrq0h{lvwhqfh uhvxow ri Wkhruhp 7 lq ^54`1

Iru doo wkh rwkhu glphqvlrqv +qdpho|/ q � 7N, zh zloo dvvxph wkdw

<f � > f rshq/ qrqhpsw|/ <e A d A 3 > <� A 3 vxfk wkdw

J+{> v, � � iru d1h1 { 5 f > ;v 5 ^d> e` =
+518,

Zlwk wkh deryh dvvxpswlrqv zh zloo suryh wkh iroorzlqj

Wkhruhp 514 Iru q � 7N.4 dvvxph +514,0+516, +518,/ iru q @ 7N dovr dvvxph wkdw � lq +518, lv

odujh hqrxjk/ iru q @ 5N.4> ===> 7N�4 dvvxph +514,0+517,> wkhq +414, dgplwv d qrqwulyldo vroxwlrq1

Ehvlghv ehlqj wkh _erxqgdu|% ehwzhhq wkh fulwlfdo dqg zkdw zh fdoo qrquhvrqdqw glphqvlrqv/

wkh glphqvlrq 7N lv yhu| sduwlfxodu dv lw lqyroyhv orjdulwkpv lq wkh vwdqgdug hvwlpdwhv uhodwlyh wr

wkh Vrerohy frqfhqwudwlqj ixqfwlrqv/ vhh +6149, ehorz= lq wkh deryh vwdwhphqw lw lv uhtxluhg wkdw

wkh frqvwdqw � lv odujh hqrxjk dqg wklv dvvxpswlrq lv qhfhvvdu| dv vkrzq e| Wkhruhp 516 lq ^8`>

qrwh dovr wkdw e| uhdvrqlqj dv lq ^5` rqh frxog lqvwhdg uhtxluh wkdw wkhuh h{lvw d> � A 3 vxfk wkdw

J+{> v, � �v2 iru doo v 5 ^3> d` dqg iru d1h1 { 5 f1

Iurp Wkhruhp 514 zh lpphgldwho| ghgxfh wkh iroorzlqj

Fruroodu| 514 Li q � 7N wkhq +415, dgplwv d qrqwulyldo vroxwlrq iru doo � 5 +3> ��,1

Iru wkh +frqmhfwxuhg, fulwlfdo glphqvlrqv q @ 5N.4> ===> 7N�4 zh fdq rqo| suryh wkh h{lvwhqfh ri
d qrqwulyldo vroxwlrq iru ydoxhv ri � _qhdu% wr ��= ohw Vg ghqrwh wkh ehvw frqvwdqw ri wkh lpehgglqj

Kg � OgW+, +vhh ^57`, dqg gh�qh wkh qxpehu

�l
g =@ Vg mm32g*? > +519,

zh zloo suryh

Wkhruhp 515 Ohw q @ 5N.4> ===> 7N� 4> wkhq iru doo � 5 +����l
g > ��, +415, dgplwv d qrqwulyldo

vroxwlrq1

Lq sduwlfxodu/ Wkhruhp 515 hvwdeolvkhv wkh h{lvwhqfh ri d frqvwdqw �W @ �W+q>N>, 5 ^3> ����l
g `

vxfk wkdw +415, dgplwv d qrqwulyldo vroxwlrq zkhqhyhu � 5 +�W> ��,1 Wkh frqvwdqw �l
2 dsshduv lq wkh

vwdwhphqw ri Wkhruhp 418 lq ^<`> zkhq  @ E +xqlw edoo ri LU?,/ wkh vdph frqvwdqw ��g kdv ehhq

ghwhuplqhg lq ^46` dqg d orzhu erxqg iru �W+5N . 4>N>E, lv jlyhq lq Wkhruhp 5 lq ^54`1
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Qh{w zh frqvlghu d pruh jhqhudo fdvh ri qrq0uhvrqdqfh qhdu wkh ruljlq/ l1h1 wkh fdvh zkhuh M kdv

d olqnlqj vwuxfwxuh ^55`= zh dvvxph wkdw wkhuh h{lvw m � 4/ � A 3 dqg � A 3 vxfk wkdw

;AA?
AA=

4

5
+�� . �,v2 � J+{> v, � 4

5
+��n� � �,v2 iru d1h1 { 5  > ;mvm � �

J+{> v, � 4

5
+�� . �,v2 � 4

NW
mvmgW iru d1h1 { 5  > ;v 9@ 3 =

+51:,

Wkhq/ zh zloo suryh

Wkhruhp 516 Iru q � 7N dvvxph +514, +515, +51:,/ iru q @ 5N.4> ===> 7N�4 dvvxph dovr +517,>

wkhq +414, dgplwv d qrqwulyldo vroxwlrq1

Lq wkh fdvh ri uhvrqdqfh qhdu wkh ruljlq zh dvvxph wkdw wkhuh h{lvw �> � A 3 dqg � 5 +3> 4@NW,
vxfk wkdw ;AA?

AA=
4

5
��v

2 � J+{> v, � 4

5
+��n� � �,v2 iru d1h1 { 5  > ;mvm � �

J+{> v, � 4

5
��v

2 � +
4

NW
� �,mvmgW iru d1h1 { 5  > ;v 5 LU >

+51;,

pruhryhu/ zh uhtxluh wkdw

<f � > f rshq/ qrqhpsw|/ vxfk wkdw

olp
r<n"

J+{> v,

vHg?*E?23eg2�
@ .4 xqlirupo| z1u1w1 { 5 f =

+51<,

Zh zloo suryh wkh iroorzlqj

Wkhruhp 517 Ohw q � 5N.4 dqg dvvxph +514,/ +515,/ +51;,/ +51<,> wkhq +414, dgplwv d qrqwulyldo

vroxwlrq1

Wr vwxg| wkh skhqrphqrq ri _elixufdwlrq ri wkh glphqvlrqv% zh uhvwulfw rxu dwwhqwlrq wr wkh

vlpsohu sureohp +415,= ohw ^�` ghqrwh wkh hqwluh sduw ixqfwlrq dqg ohw qg =@ ^+5 . 5
s
5,N`> li

J+{> v, @ �
2�v

2 frqglwlrq +51<, lv vdwlv�hg iru q � qg . 4/ wkhuhiruh/ iurp Wkhruhpv 514/ 516 dqg

517 zh rewdlq

Fruroodu| 515 Li q � qg . 4 wkhq htxdwlrq +415, dgplwv d qrqwulyldo vroxwlrq ;� A 31

Li q @ 7N> ===> qg wkhq htxdwlrq +415, dgplwv d qrqwulyldo vroxwlrq ;� A 3 vxfk wkdw � 95 	g 1

E| xvlqj dq lghd ri ^:`/ iru doo glphqvlrqv zh hvwlpdwh wkh ohiw qhljkerukrrg ri ��n� wr zklfk

wkh elixufdwlrq eudqfk ri qrqwulyldo vroxwlrqv ri +415, h{whqgv/ dqg zh jhqhudol}h wkh vwdwhphqw ri

Wkhruhp 515=

Wkhruhp 518 Ohw q � 5N . 4/ �l
g dv lq +519, dqg ohw P�n� eh wkh pxowlsolflw| ri ��n�> li � 5

+��n� ��l
g > ��n�, wkhq +415, dgplwv dw ohdvw P�n� +sdluv ri, qrqwulyldo vroxwlrqv1
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Ilqdoo|/ zh suryh wkdw li q � qg . 4 wkhq wkh elixufdwlrq eudqfk vwduwlqj iurp wkh hljhqydoxh

��n� 5 	g / m � 4/ fdq eh h{whqghg xs wr d ohiw qhljkerukrrg ri �� =

Wkhruhp 519 Ohw q � qg . 4> wkhq/ ;�� 5 	g/ wkhuh h{lvwv �� A 3 vxfk wkdw li � 5 +�� � �� > ��,

htxdwlrq +415, dgplwv dw ohdvwP�.4 +sdluv ri, qrqwulyldo vroxwlrqv +khuhP� ghqrwhv wkh pxowlsolflw|

ri ��,1

Vrph uhpdunv duh qrz lq rughu1 Lq vslwh ri wkh deryh uhvxowv/ zh eholhyh wkdw wkh elixufdwlrq

eudqfk dozd|v furvvhv �� +m � 4, hyhq li lq vrph fdvhv wklv pd| kdsshq dw kljk hqhuj| ohyhov=

wklv idfw lv vxjjhvwhg +zkhq N @ 4, e| wkh uhvxowv lq grpdlqv kdylqj vrph v|pphwulhv ^;/ 43`>

yduldwlrqdo phwkrgv dv xvhg lq ^8/ 9/ :/ 44` pd| qrw zrun ehfdxvh wkh SV frqglwlrq grhv qrw krog

iru kljk hqhujlhv/ vhh Ohppd 614 ehorz1 Wkhruhp 518 vwdwhv/ lq sduwlfxodu/ wkdw li ��n� � �� ? �l
g

wkhq +415, dgplwv d vroxwlrq iru � @ ��> krzhyhu/ li ��n���� � �l
g dqg li q � qg wkhq +415,/ zlwk

� @ ��/ pd| qrw kdyh vroxwlrqv dw hqhuj| ehorz wkh frpsdfwqhvv wkuhvkrog= zh frqmhfwxuh wkdw

wkhuh h{lvw vrph m iru zklfk wkh elixufdwlrq eudqfkhv ri qrqwulyldo vroxwlrqv ri +415, ehkdyh dv lq

Iljxuh 4 ehorz1 Ohw

Mb+x, =@
4

5
nxn2g �

�

5
mxm22 �

4

NW
mxmgWgW

wkhq Lb ghqrwhv wkh lq�pxp ri wkh qrqwulyldo fulwlfdo ohyhov ri Mb

Lb =@ lqiiMb+x,> x 9@ 3> M �b+x, @ 3j =

dv M �b+x,^x` @ 3 lpsolhv Mb+x, @
g
? mxmgWgW / zh nqrz wkdw Lb � 31 Lq rwkhu zrugv/ Lb lv d phdvxuh

ri wkh glvwdqfh +wkh Og
W

0qrup, ehwzhhq wkh ruljlq dqg wkh _qhduhvw% qrqwulyldo fulwlfdo srlqw ri

Mb= vxfk glvwdqfh whqgv wr 3 dw uhvrqdqfh/ l1h1 olpb<b3
�n�

Lb @ 3/ ;m 5 LQ1 Lq Iljxuh 4 wkh eudqfk

+L, fruuhvsrqgv wr wkh +frqmhfwxuhg, fulwlfdo glphqvlrqv +q @ 5N . 4> ===> 7N � 4,/ wkh eudqfk

+LL, fruuhvsrqgv wr wkh +frqmhfwxuhg, olplwlqj glphqvlrqv +q @ 7N> ===> qg, dqg wkh eudqfk +LLL,

fruuhvsrqgv wr kljkhu glphqvlrqv +q � qg . 4,1

Iljxuh 4

9



Vwuxzh +^56`/ Fkdswhu LLL/ Uhpdun iroorzlqj Wkhruhp 519, vwdwhv wkdw wkh uhvxow lq ^:` lpsolhv wkdw

iru �$4 +dqg q � 6, wkh qxpehu ri vroxwlrqv ri htxdwlrq +415, +zkhq N @ 4, whqgv wr lq�qlw|/

dujxlqj wkdw e| Zh|o*v irupxod wkh qxpehu ri hljhqydoxhv lq +�>�.�l
� , whqgv wr lq�qlw|1 Dv zdv

srlqwhg rxw e| E1 Uxi/ wklv lv qrw wkh fdvh= frqvlghu wkh fxeh F =@ +3> �,�/ zklfk kdv Glulfkohw

hljhqydoxhv ri wkh irup �� @ n2� . n22 . n2� +n�> n2> n� 5 LQ,/ l1h1 plq�+��n� � ��, @ 41 D qxphulfdo

fdofxodwlrq jlyhv ��� @ V�@�
2 @ 6+7�,32*� � 3=888= khqfh/ li � 5 +�� > ��n����� , wkh wkhruhp lq ^:`

|lhogv qr vroxwlrq dw doo dqg wkh vlwxdwlrq ri Iljxuh 4 pd| rffxu iru lq�qlwho| pdq| hljhqydoxhv ��1

Rq wkh rwkhu kdqg/ lw lv zhoo0nqrzq ^48/ 49/ 4:/ 4;` wkdw vpdoo shuwxuedwlrqv ri wkh grpdlq pd|

ru pd| qrw suhvhuyh pxowlsoh hljhqydoxhv= lq grpdlqv kdylqj rqo| vlpsoh hljhqydoxhv wkh uhpdun

ri Vwuxzh pd| dsso|> wkh h{lvwhqfh/ wkh �qlwhqhvv ru wkh lq�qlwhqhvv ri wkh qxpehu ri hljhqydoxhv

iru zklfk wkh ehkdylrxu ri Iljxuh 4 krogv duh wkhq vwulfwo| uhodwhg wr wkh jhrphwu| ri wkh grpdlq

 dqg wklv qxpehu vhhpv wr eh xqvwdeoh zlwk uhvshfw wr shuwxuedwlrqv ri wkh grpdlq1

� �hLLu Lu |�i hit�*|t

Ohw h� eh dq O2 qrupdol}hg hljhqyhfwru uhodwlyh wr �� 5 	g / ohw K
3 =@ vsdqih�> l � mj/ ohw

Kn =@ +K3,z dqg ohw S� = K $ K3 ghqrwh wkh ruwkrjrqdo surmhfwlrq1 Ohw f eh dv lq +517, dqg

+51<, +zh pd| dvvxph wkdw 3 5 f � ,> iru p 5 LQ odujh hqrxjk +vr wkdw E�*6 � f,/ gh�qh

�6+{, =@

;AAAAA?
AAAAA=

3 li { 5 E�*6

Tg+pm{m, li { 5 E2*6 qE�*6

4 li { 5  qE2*6 >

zkhuh Tg lv wkh sro|qrpldo ri ghjuhh 5N � 4 iru zklfk �6 5 Fg3�+, +iru lqvwdqfh/ T2+pm{m, @
�5p�m{m� . <p2m{m2 � 45pm{m . 8,1 Fohduo|/ mG&�6m" � fp& iru n @ 3> ===>N= wkhq/ li zh ohw

h6� =@ �6h� zh kdyh h
6
� $ h� lq Kg +dv p $4, dqg/ e| uhdvrqlqj dv lq ^44`/ wkhuh h{lvwv f� A 3

vxfk wkdw iru odujh hqrxjk p zh kdyh

pd{
t�MM3

6(
U
�2'��

nxn2g � �� . f�p
2g3? +614,

zkhuh K3
6 =@ vsdqih6� > l � mj> pruhryhu/ iru odujh hqrxjk p zh dovr kdyh

S�K
3
6 @ K3 dqg K3

6 �Kn @ K = +615,

Qrwh wkdw li +514,/ +515, dqg hlwkhu +51:, ru +51;, krog wkhq

<�> � A 3 vxfk wkdw M+x, � � ;x 5 CE4 _Kn = +616,

Qh{w/ zh lqwurgxfh wkh idplo| ri ixqfwlrqv

Xg
0 +{, =@ f?

�
%

%2 . m{m2
�E?32g�*2

+% A 3, > +617,

:



zklfk vroyh wkh sureohp +��,gx @ mxmgW32x lq LU? dqg zklfk vdwlvi| nXg
0 n2g @ mXg

0 mgWgW @ V
?*2g
g

iru doo % A 3/ vhh ^47/ 57`> lq idfw/

f? @ f+q>N, @

;?
=

g\
�'�3g

+q� 5l,

<@
>
E?32g�*eg

exw zh rplw wkh lqgh{ N1 Wdnh d srvlwlyh fxw0r� ixqfwlrq � 5 F"
S +E�*6, vxfk wkdw � � 4 lq E�*26/

� � 4 lq E�*6 dqg mG&�m" � fp& iru n @ 3> ===>N> frqvlghu wkh vhtxhqfh ri Vrerohy frqfhqwudwlqj

ixqfwlrqv xg0 +{, =@ �+{,Xg
0 +{,= e| uhdvrqlqj dv lq ^46` +vhh dovr ^8/ 44/ 56`, zh rewdlq

+%$ 3,,
�
nxg0 n2g � V

?*2g
g . f%?32g > mxg0 mgWgW � V

?*2g
g � f%?

�
+p$4> % @ %6 @ r+ �6,,,

�
nxg6n2g � V

?*2g
g . f+%p,?32g > mxg6mgWgW � V

?*2g
g � f+%p,?

�
+618,

zkhuh xg6 @ xg06 1 Iru doo % A 3/ p 5 LQ dqg y 5 K3
6� LUnixg0 j wkhuh h{lvw u � 3 dqg z 5 K3

6 vxfk

wkdw y @ z . uxg0 dqg

vxss+xg0 , _ vxss+z, @ > = +619,

khqfh/ M+y, @ M+z, . M+uxg0 , zlwk M+z, � pd{�MM3

6
M+x, @= $6 $ 3 +dv p$ 4,> ixuwkhupruh/

e| +514, dqg +618, zh jhw

M+uxg0 , � u2nxg0 n2g � ugW+mxg0 mgWgW . r+4,, � V
?*2g
g +u2 � ugW, . r+ugW, dv u$4

zklfk ehfrphv qhjdwlyh li u @ U A � +� dv lq +616,, dqg U lv odujh hqrxjk1 E| +619, zh fdq fkrrvh

U vr odujh wkdw li T0
6 =@ ^+E- _ K3

6, � ^3>U`ixg0 j` wkhq pd{�MY'06 M+y, � $6 $ 3 dv p $ 4>

qrwh wkdw

;p> % A 3 T0
6 � E2- = +61:,

E| +615,/ CE4_Kn dqg CT0
6 olqn dqg e| vwdqgdug plqlpd{ phwkrgv ^55` zh rewdlq d SV vhtxhqfh/

l1h1 d vhtxhqfh ix6j � Kg vxfk wkdw M+x6,$ f +iru d fhuwdlq f 5 LU, dqg M �+x6,$ 3 lq K3g 1 Zh

gr qrw frqfhuq rxuvhoyhv khuh zlwk wkh uhodwlyh frpsdfwqhvv ri SV vhtxhqfhv= zlwk rxu dvvxpswlrqv

rq wkh orzhu rughu whup j zh fdqqrw suryh wkdw wkh fulwlfdo ohyhov ri M duh srvlwlyh dqg zh fdqqrw

�qg d _udqjh ri frpsdfwqhvv% dv lq ^8`1 Krzhyhu/ e| uhdvrqlqj dv lq ^44` rqh fdq suryh

Ohppd 614 Dvvxph +514, dqg ohw ix6j � Kg eh d SV vhtxhqfh iru M> wkhq wkhuh h{lvwv x 5 Kg

vxfk wkdw x6 - x xs wr d vxevhtxhqfh dqg M �+x, @ 31 Pruhryhu/ li M+x6,$ f zlwk f 5 +3> g? V
?*2g
g ,

wkhq x 9� 3 dqg x lv d qrqwulyldo vroxwlrq ri +414,> �qdoo|/ li �
2j+{> v,�J+{> v, . g

? mvmgW � 3 iru doo

v 5 LU dqg iru d1h1 { 5  wkhq vxfk d vhtxhqfh lv suhfrpsdfw1

Khqfh/ Wkhruhpv 516 dqg 517 iroorz li wkh deryh olqnlqj dujxphqwv |lhog d SV vhtxhqfh iru M dw

d ohyho vwulfwo| orzhu wkdq g
? V

?*2g
g 1 Ohw � =@ ik 5 F+ �T0

6>K,> k+x, @ x> ;x 5 CT0
6j= zh rewdlq d

SV vhtxhqfh iru M dw ohyho

f @ lqi
�MK

pd{
�M'06

M+k+x,, >

;



dv wkh lghqwlw| Lg 5 �/ Wkhruhpv 516 dqg 517 iroorz li zh suryh wkdw iru % vpdoo hqrxjk/ wkhuh

uhvxowv

pd{
�M'06

M+x, ?
N

q
V
?*2g
g = +61;,

Surri ri Wkhruhp 5161 Dvvxph +514,0+51:, li q � 7N dqg +514,0+517, li q @ 5N . 4> ===> 7N � 4 dqg

wdnh p odujh hqrxjk vr wkdw +� dv lq +51:,/ f� dv lq +614,,

� A f�p
2g3? = +61<,

Zh fodlp wkdw +61;, krogv> li qrw/ dv wkh vhw ix 5 T0
6> M+x, � 3j lv frpsdfw/ iru doo % A 3 wkhuh

h{lvw z0 5 K3
6 dqg w0 � 3 vxfk wkdw/ iru y0 =@ z0 . w0x

g
0 / zh kdyh

4

5
ny0n2g �

]
l
J+{> y0,� 4

NW
my0mgWgW �

N

q
V
?*2g
g = +6143,

E| +61:,/ wkh vhtxhqfhv iw0j � LUn dqg iz0j � K3
6 duh erxqghg= xs wr vxevhtxhqfhv zh kdyh

w0 $ wf � 31 E| +51:,/ +614, dqg +61<, zh jhw

M+z0, � 3 +6144,

dqg vlqfh J kdv vxefulwlfdo jurzwk dw lq�qlw|/ zh kdyh olp0<f
U
lJ+{> w0x

g
0 , @ 3> wkhuhiruh/ e| +618,

dqg +619, zh rewdlq

M+y0, � M+w0x
g
0 , � V

?*2g
g

#
w2f
5
� wgWf

NW

$
. r+4, = +6145,

Pruhryhu/ %
2

2 � %gW
gW

? g
? ;{ � 3> { 9@ 4 dqg li wf 9@ 4 wkhq +6145, frqwudglfwv +6143,> khqfh/ li +6143,

krogv

olp
0<f

w0 @ 4 = +6146,

E| xvlqj +618,/ dv %$ 3/ zh rewdlq

4

5
nw0xg0 n2g �

4

NW
mw0xg0 mgWgW �

N

q
V
?*2g
g .

4

5

�
w20 � 4� q� 5N

q
+wgW0 � 4,

�
V
?*2g
g . f%?32g >

vlqfh pd{%Dfi{2 � 4� ?32g
? +{gW � 4,j @ 3/ dv %$ 3 zh kdyh

4

5
nw0xg0 n2g �

4

NW
mw0xg0 mgWgW �

N

q
V
?*2g
g . f%?32g = +6147,

Li q @ 5N . 4> ===> 7N � 4/ iru % vpdoo hqrxjk zh kdyh E0 � E�*26 � f/ wkhq e| +515, dqg +617,

zh jhw ]
l
J+{> w0x

g
0 , �

]
�0
J

#
{> f?w0

%E?32g�*2

^%2 . m{m2`E?32g�*2

$
>

e| +517, wkhuh h{lvw �v A 3 dqg dq lqfuhdvlqj ixqfwlrq * @ *+v, zlwk olp
r<n"*+v, @ .4 vxfk wkdw

;v � �v J+{> v, � *+v,veg*E?32g� iru d1h1 { 5 f = +6148,

<



Qh{w/ qrwh wkdw li % lv vpdoo hqrxjk zh kdyh +uhfdoo wkdw +6146, krogv,

f?w0
%E?32g�*2

^%2 . m{m2`E?32g�*2
A �v > ;{ 5 E0 >

khqfh/ e| +6148,/]
l
J+{> w0x

g
0 , � f?

]
�0
*+f%E2g3?�*2,%32g � f*+f%E2g3?�*2,%?32g =

Frqvlghu qrz wkh fdvh q � 7N= li % lv vpdoo hqrxjk/ dv lq ^44` rqh �qgv f� A 3 vxfk wkdw

J+{> w0xg0 , � f^Xg
0 +{,`2 li m{m 5 +f�

s
%> 4@5p,> wkhuhiruh/

]
l
J+{> w0x

g
0 , � f%?32g

] �*26

S�
I
0
ueg3?3�gu � f%?32g

;A?
A=

%Eeg3?�*2 li q � 7N . 4

m orj %m li q @ 7N =
+6149,

Wkhuhiruh/ iru doo q � 5N . 4 wkhuh h{lvwv d ixqfwlrq � @ �+%, vxfk wkdw olp
0<f

�+%, @ .4 dqg vxfk

wkdw iru % vpdoo hqrxjk zh kdyh ]
l
J+{> w0x

g
0 , � � +%, � %?32g > +614:,

khqfh/ e| +619,/ +6144, dqg +6147,/ li zh wdnh % vpdoo hqrxjk zh jhw

M+y0, � 4

5
nw0xg0 n2g �

]
l
J+{> w0x

g
0 ,�

4

NW
mw0xg0 mgWgW �

N

q
V
?*2g
g . %?32g+f� �+%,, ?

N

q
V
?*2g
g

zklfk frqwudglfwv +6143,/ dqg +61;, iroorzv1 �

Surri ri Wkhruhp 5171 Dvvxph +514,/ +515,/ +51;,/ +51<,> khuh/ zh qhhg wr wdnh lqwr dffrxqw wkh

ghshqghqfh rq p= zh ohw p$4 dqg zh fkrrvh

%6 @p3E?n2g�*2g +614;,

vr wkdw %6 @ r+4@p, dqg +618, dssolhv1 Zh fodlp wkdw +61;, krogv> e| frqwudglfwlrq dvvxph wkdw

iru doo p odujh hqrxjk wkhuh h{lvwv y6 5 T6 +khuh T6 @ T0
6 dqg zh ghqrwh xg6> z6> y6 lqvwhdg ri

xg0 > z0> y0, vxfk wkdw

4

5
ny6n2g �

]
l
J+{> y6,� 4

NW
my6mgWgW �

N

q
V
?*2g
g = +614<,

Ohw y6 @ z6 . w6x
g
6= li +614<, krogv/ wkhq e| +61:, wkh vhtxhqfhv iw6j dqg iz6j vdwlvi| djdlq

w6 � f A 3 dqg nz6ng � f = +6153,

E| +51<, wkhuh h{lvwv dq lqfuhdvlqj ixqfwlrq � vxfk wkdw olp%<n" �+{, @ .4 vdwlvi|lqj J+{> v, �
�+v, � vHg?*E?23eg2� iru d1h1 { 5 f dqg iru doo v � 3> wkhuhiruh/ e| +614;, dqg +6153,

]
l
J+{> w6x

g
6, � f

] 06

f

#
%
E?32g�*2
6

+%26 . u2,E?32g�*2

$Hg?*E?23eg2�

� �
#
f

%
E?32g�*2
6

+%26 . u2,E?32g�*2

$
� u?3�gu

� f+%E2g3?�*26 ,Hg?*E?23eg2� � �+f%E2g3?�*26 , � %?6
� fp?E2g3?�*2g � !+p,

43



zlwk !+p,$4 dv p$41 Khqfh/ e| +618,/ +6153, dqg e| uhsodflqj +614;, lq +6147, zh rewdlq

M+w6x
g
6, �

N

q
V
?*2g
g � fp?E2g3?�*2g!+p, = +6154,

Wr hvwlpdwh M+z6, qrwh wkdw e| +51;, dqg +614, zh jhw +iru odujh p,

M+z6, � 4

5
nz6n2g �

��
5
mz6m22 � �mz6mgWgW �

f�
5
mz6m22 �p2g3? � fmz6mgW2 >

vlqfh +6153, krogv dqg vlqfh pd{%Dfi�2f�p2g3? � {2� f � {2?*E?32g�j @ fp?E2g3?�*2g / li p lv odujh

hqrxjk zh kdyh

M+z6, � fp?E2g3?�*2g = +6155,

E| +619,/ +6154, dqg +6155, zh �qdoo| rewdlq

M+y6, @ M+w6x6, . M+z6, � N

q
V
?*2g
g � fp?E2g3?�*2g +!+p,� 4, ?

N

q
V
?*2g
g > +6156,

iru p vx�flhqwo| odujh= wklv frqwudglfwv +614<, dqg frpsohwhv wkh surri ri Wkhruhp 5171 �

Surri ri Wkhruhp 5181 Ohw Y =@ vsdqih�> l � m . 4j dqg Kn =@ vsdqih�> l � m . 4j> wkhq

glpY � frglpKn @ P�n�1 Uhdvrqlqj dv lq Ohppd 517 lq ^:` dqg e| wkh dvvxpswlrq rq � zh

rewdlq

M+x, � 4

5
+��n� � �,mm2g*?mxm2gW �

4

NW
mxmgWgW ?

N

q
V
?*2g
g ;x 5 Y >

pruhryhu/ +616, krogv1 Wkh uhvxow iroorzv e| dsso|lqj Wkhruhp 517 lq ^6`1 �

Surri ri Wkhruhp 5191 Ohw m 5 LQ dqg fkrrvh %6 dv lq +614;,= dv j+{> v, @ ��v vdwlv�hv +514,/ +515,/

+51;,/ +51<,/ e| +6156, zh lqihu wkdw wkhuh h{lvwv d ixqfwlrq �+p, zlwk olp6<" �+p, @ 3 dqg �p 5 LQ

vxfk wkdw

�+p, A 3 dqg pd{
�M'6

�
4

5
nxn2g �

��
5
mxm22 �

q� 5N

5q
mxmgWgW

�
?
N

q
V
?*2g
g � �+p, ;p � �p >

wkhuhiruh/ wkhuh h{lvwv �p � �p vxfk wkdw vxs6D 76 �+p, @ �+ �p, @= � A 31 Dv wkh vhw E =@ ix 5
T �6> M+x, � 3j lv frpsdfw/ � =@ vxs�M� mxm2 ?41 Wdnh �� @ �@�/ ohw � 5 +�����> ��, dqg frqvlghu
wkh ixqfwlrqdo

M+x, @
4

5
nxn2g �

�

5
mxm22 �

q� 5N

5q
mxmgWgW =

Li zh vhw Kn =@ vsdqih�> l � mj wkhq +616, krogv> ixuwkhupruh/

pd{
�M' �6

M+x, ? pd{
�M' �6

M+x, . ��� ?
N

q
V
?*2g
g =

vlqfh glp+K3
6� LUixg0 j,� frglpKn @P� .4/ wr frqfoxgh lw vx�fhv wr dsso| Wkhruhp 517 lq ^6`

zlwk e @ g
? V

?*2g
g 1 �

44



Surri ri Wkhruhp 5141 E| vwdqgdug plqlpd{ dujxphqwv ^4` zh fdq suryh wkdw wkh ixqfwlrqdo M

dgplwv d SV vhtxhqfh ri prxqwdlq0sdvv w|sh> qh{w/ zh qhhg wr suryh wkdw wkh SV vhtxhqfh iru M lv

ehorz wkh ohyho g
? V

?*2g
g = wr wklv hqg zh suryh wkdw

pd{
|Df

M+wxg0 , ?
N

q
V
?*2g
g +6157,

iru % vpdoo hqrxjk1 Li qrw/ wkhuh h{lvwv w0 A 3 vxfk wkdw M+w0x
g
0 , � g

? V
?*2g
g iru doo %= zh fdq suryh

djdlq wkdw +6146, dqg +6147, krog1 Li q @ 5N . 4> ===> 7N � 4 wkhq +6148, krogv dqg zh jhw djdlq

+614:,= wklv lpsolhv +6157, dv lq wkh surri ri Wkhruhp 5161 Li q � 7N/ e| uhdvrqlqj dv lq ^5` zh jhw]
l
J+{> w0x

g
0 , � f�%?*2 =

Li q � 7N .4 wkhq ?
2 ? 5q� 7N/ zh rewdlq djdlq +614:, dqg zh fdq frqfoxgh dv deryh1 Li q @ 7N

zh qhhg wr fkrrvh � odujh hqrxjk vr wkdw R+%2g, ? f�%2g zkhuh R+%2g, frphv iurp +6147,> wkhq/

zh rewdlq +6157, iru vpdoo %1 �

Surri ri Wkhruhp 5151 Wklv fdq eh rewdlqhg dv iru Wkhruhp 518 zlwk Y ehlqj wkh olqh Y @ iwh� =
w 5 LUj> vhh dovr ^5`1 �

+iuihi?Uit

^4` D1 Dpeurvhwwl/ S1K1 Udelqrzlw}/ Gxdo yduldwlrqdo phwkrgv lq fulwlfdo srlqw wkhru| dqg dssolfdwlrqv/ M1
Ixqfw1 Dqdo1 47/ 4<:6/ 67<06;4

^5` J1 Dulrol/ I1 Jd}}rod/ Txdvlolqhdu hoolswlf htxdwlrqv dw fulwlfdo jurzwk/ wr dsshdu rq QrGHD

^6` S1 Eduwror/ Y1 Ehqfl/ G1 Iruwxqdwr/ Devwudfw fulwlfdo srlqw wkhruhpv dqg dssolfdwlrqv wr vrph qrqolqhdu

sureohpv zlwk _vwurqj% uhvrqdqfh dw lq�qlw|/ Qrqolq1 Dqdo1 WPD :/ </ 4<;6/ <;404345

^7` I1 Ehuqlv/ M1 Jdufld0D}ruhur/ L1 Shudo/ H{lvwhqfh dqg pxowlsolflw| ri qrqwulyldo vroxwlrqv lq vhplolqhdu

fulwlfdo sureohpv ri irxuwk rughu/ Dgy1 Gl�1 Ht1 4/ 4<<9/ 54<0573

^8` K1 Euh}lv/ O1 Qluhqehuj/ Srvlwlyh vroxwlrqv ri qrqolqhdu hoolswlf htxdwlrqv lqyroylqj fulwlfdo Vrerohy

h{srqhqwv/ Frpp1 Sxuh Dsso1 Pdwk1 69/ 4<;6/ 76:07::

^9` D1 Fdsr}}l/ G1 Iruwxqdwr/ J1 Sdoplhul/ Dq h{lvwhqfh uhvxow iru qrqolqhdu hoolswlf sureohpv lqyroylqj

fulwlfdo Vrerohy h{srqhqw/ Dqq1 Lqvw1 K1 Srlqfdu�h D1Q1O1 5/ 9/ 4<;8/ 79607:3

^:` J1 Fhudpl/ G1 Iruwxqdwr/ P1 Vwuxzh/ Elixufdwlrq dqg pxowlsolflw| uhvxowv iru qrqolqhdu hoolswlf sureohpv

lqyroylqj fulwlfdo Vrerohy h{srqhqwv/ Dqq1 Lqvw1 K1 Srlqfdu�h D1Q1O1 4/ 8/ 4<;7/ 6740683

^;` P1 Frpwh/ Vroxwlrqv ri hoolswlf htxdwlrqv zlwk fulwlfdo Vrerohy h{srqhqw lq glphqvlrq wkuhh/ Qrqolq1
Dqdo1 WPD 4:/ 8/ 4<<4/ 7780788

^<` G1H1 Hgpxqgv/ G1 Iruwxqdwr/ H1 Mdqqhool/ Fulwlfdo h{srqhqwv/ fulwlfdo glphqvlrqv dqg wkh elkduprqlf

rshudwru/ Dufk1 Udw1 Phfk1 Dqdo1 445/ 4<<3/ 59<05;<

^43` G1 Iruwxqdwr/ H1 Mdqqhool/ Lq�qlwho| pdq| vroxwlrqv iru vrph qrqolqhdu hoolswlf sureohpv lq v|pphwulfdo

grpdlqv/ Surf1 Ur|1 Vrf1 Hglqexujk 438D/ 4<;:/ 5380546
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^44` I1 Jd}}rod/ E1 Uxi/ Orzhu rughu shuwxuedwlrqv ri fulwlfdo jurzwk qrqolqhdulwlhv lq vhplolqhdu hoolswlf

htxdwlrqv/ wr dsshdu rq Dgy1 Gl�1 Ht1

^45` K1F1 Juxqdx/ Fulwlfdo h{srqhqwv dqg pxowlsoh fulwlfdo glphqvlrqv iru sro|kduprqlf rshudwruv/ wr dsshdu
rq Eroo1 Xq1 Pdw1 Lwdo1

^46` K1F1 Juxqdx/ Srvlwlyh vroxwlrqv wr vhplolqhdu sro|kduprqlf Glulfkohw sureohpv lqyroylqj fulwlfdo Vrerohy

h{srqhqwv/ Fdof1 Ydu1 6/ 4<<8/ 5760585

^47` S1O1 Olrqv/ Wkh frqfhqwudwlrq0frpsdfwqhvv sulqflsoh lq wkh fdofxoxv ri yduldwlrqv1 Wkh olplw fdvh/ Sduw

4/ Uhy1 Pdw1 Lehurdphulfdqd 4/ 4<;8/ 4780534

^48` G1 Oxsr/ D1P1 Plfkhohwwl/ Rq pxowlsoh hljhqydoxhv ri vhoidgmrlqw frpsdfw rshudwruv/ M1 Pdwk1 Dqdo1
Dsso1 4:5/ 4<<6/ 4390449

^49` G1 Oxsr/ D1P1 Plfkhohwwl/ Rq wkh shuvlvwhqfh ri wkh pxowlsolflw| ri hljhqydoxhv iru vrph yduldwlrqdo

hoolswlf rshudwru ghshqglqj rq wkh grpdlq/ M1 Pdwk1 Dqdo1 Dsso1 4<6/ 4<<8/ <<304335

^4:` G1 Oxsr/ D1P1 Plfkhohwwl/ D uhpdun rq wkh vwuxfwxuh ri wkh vhw ri shuwxuedwlrqv zklfk nhhs �{hg wkh

pxowlsolflw| ri wzr hljhqydoxhv/ Uhy1 Pdw1 Dso1 49/ 4<<8/ 7:089

^4;` D1P1 Plfkhohwwl/ Shuwxued}lrqh ghoor vshwwur ghoo*rshudwruh gl Odsodfh lq uhod}lrqh dg xqd yduld}lrqh gho

fdpsr/ Dqq1 Vf1 Qrup1 Vxs1 Slvd 59/ 4<:5/ 484049<

^4<` H1V1 Qrxvvdlu/ F1D1 Vzdqvrq/ \dqj Mldqix/ Fulwlfdo vhplolqhdu elkduprqlf htxdwlrqv lq LUq/ Surf1 Ur|1
Vrf1 Hglqexujk 454D/ 4<<5/ 46<047;

^53` S1 Sxffl/ M1 Vhuulq/ D jhqhudo yduldwlrqdo lghqwlw|/ Lqgldqd Xqly1 Pdwk1 M1 68/ 4<;9/ 9;40:36

^54` S1 Sxffl/ M1 Vhuulq/ Fulwlfdo h{srqhqwv dqg fulwlfdo glphqvlrqv iru sro|kduprqlf rshudwruv/ M1 Pdwk1
Sxuhv Dsso1 9</ 4<<3/ 880;6

^55` S1K1 Udelqrzlw}/ Plqlpd{ phwkrgv lq fulwlfdo srlqw wkhru| zlwk dssolfdwlrqv wr gl�huhqwldo htxdwlrqv/
FEPV Uhj1 Frqi1 Vhulhv Pdwk1 98/ Dphu1 Pdwk1 Vrf1/ Surylghqfh/ U1L1/ 4<;9

^56` P1 Vwuxzh/ Yduldwlrqdo phwkrgv 0 Dssolfdwlrqv wr qrqolqhdu sduwldo gl�huhqwldo htxdwlrqv dqg Kdplowr0

qldq v|vwhpv/ Vsulqjhu0Yhuodj/ 4<<3

^57` F1D1 Vzdqvrq/ Wkh ehvw Vrerohy frqvwdqw/ Dss1 Dqdo1 7:/ 4<<5/ 55:056<

^58` K1 \dpdeh/ Rq wkh ghirupdwlrq ri Ulhpdqqldq vwuxfwxuhv rq frpsdfw pdqlirogv/ Rvdnd Pdwk1 M1 45/
4<93/ 5406:
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