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Zh frqvlghu d fhuwdlq fodvv ri txdvlolqhdu hoolswlf htxdwlrqv zlwk d
whup lq wkh fulwlfdo jurzwk udqjh= zh suryh wkh h{lvwhqfh ri srvlwlyh vr0
oxwlrqv lq erxqghg dqg xqerxqghg grpdlqv1 Wkh surriv duh shuiruphg
e| phdqv ri vhyhudo jhqhudol}dwlrqv ri vwdqgdug yduldwlrqdo dujxphqwv1
DPV Vxemhfw Fodvvl�fdwlrq= 68M93/ 68G38/ 7<M681

� W?|hL_�U|�L?

Zh vwxg| wkh h{lvwhqfh ri srvlwlyh ixqfwlrqv x 5 G�c2
f +
, vroylqj lq d zhdn

vhqvh wkh txdvlolqhdu hoolswlf htxdwlrq

�
?[

�c�'�

G�+d��+{> x,G�x, .
4

5

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x @ j+{> x, . s+{,mxm2

W32x

+4,

zkhuh 
 � LU? +q � 6, lv rshq +qrw qhfhvvdulo| erxqghg,/ G�c2
f +
, lv

wkh frpsohwlrq ri wkh vsdfh F"
S +
, zlwk uhvshfw wr wkh Glulfkohw qrup

+nxn2 =@
U
l muxm

2,/ 5W @ 2?
?32 lv wkh fulwlfdo Vrerohy h{srqhqw t ri wkh

hpehgglqj G�c2
f � O^/ j lv d vxefulwlfdo whup dqg s d erxqghg srvlwlyh

ixqfwlrq1 Wkurxjkrxw wklv sdshu e| srvlwlyh ixqfwlrq zh phdq d qrqqhjd0

wlyh qrqwulyldo ixqfwlrq1 Zhdn vroxwlrqv ri +4, fruuhvsrqg wr fulwlfdo srlqwv

ri wkh ixqfwlrqdo M gh�qhg iru doo x 5 G�c2
f +
, e|

M+x, @
4

5

]
l

?[
�c�'�

d��+{> x,G�xG�x�
]
l
J+{> x,�

4

5W

]
l
s+{,mxm2

W

+5,

zkhuh J+{> v, @
U r
f j+{> w,gw> xqghu uhdvrqdeoh dvvxpswlrqv rq d�� > j> s/ wkh

ixqfwlrqdo M lv frqwlqxrxv exw qrw hyhq orfdoo| Olsvfklw} li wkh ixqfwlrqv

d��+{> v, ghshqg rq v/ vhh ^<`1 Krzhyhu/ M lv zhdno| F"
S +
,0gl�huhqwldeoh
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+vhh ^6/ <`, dqg wkh ghulydwlyh ri M h{lvwv lq wkh vprrwk gluhfwlrqv= iru doo

x 5 G�c2
f +
, dqg * 5 F"

S +
, zh fdq hydoxdwh

M �+x,^*` @
]
l

?[
�c�'�

�
d��+{> x,G�xG�*.

4

5

Cd��

Cv
+{> x,G�xG�x*

�

�
]
l
j+{> x,*�

]
l
s+{,mxm2

W32x* >

dffruglqj wr wkh qrqvprrwk fulwlfdo srlqw wkhru| ri ^47/ 48` lw lv srvvleoh wr

suryh wkdw fulwlfdo srlqwv x ri M vdwlvi| M �+x,^*` @ 3 ;* 5 F"
S +
, dqg khqfh

vroyh +4, lq glvwulexwlrqdo vhqvh/ vhh dovr ^5`1 Wkhuhiruh/ dv

�
?[

�c�'�

G�+d��+{> x,G�x, . e+{,x� i+{> x, 5 +G�c2
f ,W

+khuh +G�c2
f ,W ghqrwhv wkh gxdo vsdfh ri G�c2

f , zh dovr kdyh

4

5

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x 5 +G�c2

f ,W

dqg +4, lv vroyhg lq d zhdn vhqvh1 Zh uhihu wr wkh ruljlqdo sdshuv ^</ 47/ 48`

iru wkh edvlf gh�qlwlrqv lq wklv qrqvprrwk frqwh{w> wklv wkhru| kdv ehhq

zlgho| xvhg iru gl�huhqw sureohpv uhodwhg wr txdvlolqhdu hoolswlf htxdwlrqv ri

wkh nlqg ri +4,/ vhh ^6/ 7/ </ 43/ 46`1

Xqghu vxlwdeoh dvvxpswlrqv rq wkh ixqfwlrqv d�� / j dqg s/ lq wklv sdshu zh

suryh wkh h{lvwhqfh ri srvlwlyh vroxwlrqv ri +4, lq erxqghg dqg xqerxqghg

grpdlqv 
= pdnlqj xvh ri wkh whfkqltxhv lqwurgxfhg lq ^54`/ zh suryh rxu

uhvxowv iru d zlgh fodvv ri vxefulwlfdo shuwxuedwlrqv j1 Dv idu dv zh duh dzduh/

yhu| ihz uhvxowv frqfhuqlqj +4, duh nqrzq= dsduw wkh douhdg| phqwlrqhg fdvh

zlwk s+{, � 4 rq erxqghg grpdlqv ^7`/ zh uhihu wr ^57` zkhuh d plqlpl}dwlrq

sureohp uhodwhg wr +4, lv vroyhg iru 
 @ LU? dqg wr ^5:` iru d vlplodu sureohp

lq d erxqghg grpdlq1

Ehvlghv wkh h{lvwhqfh uhvxowv/ zh eholhyh wkdw wkh lqwhuhvw ri wklv sdshu duh

wkh whfkqltxhv lqyroyhg lq wkh surriv= wkh| jhqhudol}h vhyhudo zhoo0nqrzq

dujxphqwv ri fodvvlfdo fulwlfdo srlqw wkhru|1 Vlqfh wkh fhoheudwhg prxqwdlq0

sdvv Ohppd ^4` +PSO lq wkh vhtxho, pxfk surjuhvv kdv ehhq pdgh wr suryh

h{lvwhqfh uhvxowv iru hoolswlf sureohpv= zh zloo qrw frqfhuq rxuvhoyhv lq wkh

gl�fxow wdvn ri jlylqj frpsohwh uhihuhqfhv/ exw ohw xv xqghuolqh vrph srvvleoh

prgl�fdwlrqv ri wkh dvvxpswlrqv ri wkh fodvvlfdo PSO1 Wkh �uvw dvvxpswlrq

ri wkh PSO lv wkh vprrwkqhvv ri wkh hqhuj| ixqfwlrqdo dvvrfldwhg wr wkh

sureohp= dv douhdg| phqwlrqhg/ wkh ixqfwlrqdo M lq +5, lv qrqvprrwk dqg

zh qhhg wr dsso| wkh jhqhudol}hg fulwlfdo srlqw wkhru| ri ^47/ 48`1

Wkh vhfrqg edvlf dvvxpswlrq ri wkh PSO lv wkh Sdodlv0Vpdoh frqglwlrq= wklv

lv d frpsdfwqhvv frqglwlrq zklfk lv jxdudqwhhg/ lq sduwlfxodu/ iru sureohpv
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kdylqj vxefulwlfdo jurzwk dqg rq erxqghg grpdlqv 
1 Iru fhuwdlq sureohpv

kdylqj fulwlfdo jurzwk rqh pd| vwloo suryh wkdw wkh Sdodlv0Vpdoh frqglwlrq

krogv dw fhuwdlq hqhuj| ohyhov/ vhh ^8/ ;/ 45/ 4<`> iru wkh ixqfwlrqdo M lq

+5,/ hyhq lq wkh qrqwulyldo hqhuj| udqjh ghwhuplqhg e| Ohppd 5 ehorz/ wkh

Sdodlv0Vpdoh frqglwlrq +lq wkh vhqvh ri ^47/ 48`, grhv qrw krog ehfdxvh M

pd| kdyh qhjdwlyh fulwlfdo ohyhov/ vhh Vhfwlrq 91 Zh ryhufrph wklv sureohp

e| phdqv ri Ohppd 6 ehorz zklfk lv/ vrphkrz/ wkh khduw ri rxu surriv= lw

vwdwhv wkdw wkh frpsdfwqhvv lv uhfryhuhg li wkh orvv ri hqhuj| ehwzhhq wkh

Sdodlv0Vpdoh vhtxhqfh dqg lwv zhdn olplw lv ohvv wkdq d vxlwdeoh wkuhvkrog1

Wklv idfw vhhpv wr eh uhodwhg wr wkh uhsuhvhqwdwlrq ri wkh G�c2
f 0zhdno| frq0

yhujhqw vhtxhqfhv ri wkh frqfhqwudwlrq0frpsdfwqhvv sulqflsoh ^55` dqg wr wkh

uhsuhvhqwdwlrq uhvxow iru Sdodlv0Vpdoh vhtxhqfhv lq ^58`= vxfk uhsuhvhqwdwlrq

vhhpv gl�fxow wr rewdlq lq rxu fdvh ehfdxvh wkh ixqfwlrqdo lv qrqvprrwk1

Ilqdoo|/ wr suryh wkh h{lvwhqfh ri d srvlwlyh vroxwlrq ri +4, lq dq xqerxqghg

grpdlq 
/ zh �uvw vroyh +4, lq d vhtxhqfh ri erxqghg vxegrpdlqv 
& ri 


dqg wkhq suryh wkdw wkh fruuhvsrqglqj vhtxhqfh ri vroxwlrqv ix&j frqyhujhv

lq vrph vhqvh wr d vroxwlrq x ri +4, lq 
> wklv phwkrg vhhpv wr kdyh ehhq

�uvw dssolhg lq ^49/ 4:`/ zkloh iru pruh jhqhudo vhplolqhdu sureohpv dw fulwlfdo

jurzwk zh uhihu wr ^56`1 Wkh pdlq gl�fxow| ri wklv surfhgxuh lv wr suryh wkdw

wkh vroxwlrq x irxqg dv +zhdn, olplw ri wkh vhtxhqfh ix&j lv qrw wkh wulyldo

rqh> rqh xvxdoo| uhdvrqv e| frqwudglfwlrq dqg suryhv wkdw li x � 3/ wkhq

x& $ 3 lq wkhG�c2
f 0qrup wrsrorj|= wkh frqwudglfwlrq lv dfklhyhg li rqh suryhv

d xqlirup orzhu hvwlpdwh iru wkh qrup ri x&/ vhh h1j1 ^56`1 Rxu dssurdfk lv

voljkwo| gl�huhqw dv zh gr qrw rewdlq vxfk hvwlpdwh exw zh xvh djdlq Ohppd

6= rq wkh rwkhu kdqg/ d gluhfw dssurdfk dv lq ^8` vhhpv qrw srvvleoh vlqfh lw

dovr pdnhv xvh ri d uhsuhvhqwdwlrq uhvxow iru wkh Sdodlv0Vpdoh vhtxhqfhv1

2 , �t|i?Ui Lu @ TLt�|��i tL*�|�L?

Ohw xv �uvw olvw wkh dvvxpswlrqv rq wkh ixqfwlrqv zklfk dsshdu lq +4,= vlqfh

vrph ri wkhp orrn txlwh whfkqlfdo/ zh uhihu wr Vhfwlrq 9 iru vhyhudo h{dpsohv1

Zh dvvxph wkdw wkh frh�flhqwv d�� +l> m @ 4> ===> q, vdwlvi|

;AAAAA?
AAAAA=

d�� � d��

d��+{> �, 5 F�+LU, iru d1h1 { 5 


d��+{> v,>
Cd��

Cv
+{> v, 5 O"+
� LU,

+6,

dqg/ iru vlpsolflw|/ zh dvvxph wkdw wkh ixqfwlrqv d��+{> v, duh hyhq zlwk
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uhvshfw wr v1 Pruhryhu/ zh uhtxluh wkh hoolswlflw| frqglwlrq

<� 5 +3> 4` >
?[

�c�'�

d��+{> v,���� � �m�m2 iru d1h1 { 5 
> ;v 5 LU> ;� 5 LU? >

+7,

dqg zh dvvxph wkdw wkh _hoolswlflw| jurzv zlwk mxm%/ qdpho|

3 � v
?[

�c�'�

Cd��

Cv
+{> v,���� iru d1h1 { 5 
> ;v 5 LU> ;� 5 LU? > +8,

zh dovr qhhg dq hvwlpdwh iru wkh jurzwk ri hoolswlflw|;AAA?
AAA=
<� 5 +3> 5W � 5, > iru d1h1 { 5 
> ;v � 3> ;� 5 LU?

v
?[

�c�'�

Cd��

Cv
+{> v,���� � �

?[
�c�'�

d��+{> v,���� =
+9,

Ilqdoo|/ dv lq ^7` zh uhtxluh wkdw +4, _frqyhujhv% wr d vhplolqhdu htxdwlrq dv

x$ .4= ;AA?
AA=

olp
r<n"

d��+{> v, @ ��� > olp
r<n"

v
Cd��

Cv
+{> v, @ 3

;l> m @ 4> = = = > q dqg xqlirupo| z1u1w1 { 5 
 =

+:,

Zh uhtxluh wkh ixqfwlrq j wr eh vxefulwlfdo

;AAAAA?
AAAAA=

j = 
� LU$ LU lv d Fdudwk�hrgru| ixqfwlrq

;% A 3 <j0 5 O
2?
?n2 +
, vxfk wkdw

mj+{> v,m � j0+{, . %mvm
?n2
?32 iru d1h1 { 5 
 dqg ;v 5 LU =

+;,

Qh{w/ zh qhhg vrph orfdo jurzwk frqglwlrqv rq wkh ixqfwlrq J+{> v, @U r
f j+{> w,gw= zh dvvxph wkdw wkhuh h{lvwv d qrqhpsw| rshq vhw 
f � 
 vxfk

wkdw ;AAAAAAAAAAAAAAAAAAAAA?
AAAAAAAAAAAAAAAAAAAAA=

li q @ 6 wkhq

olp
r<n"

J+{> v,

ve
@ .4 xqlirupo| z1u1w1 { 5 
f

li q @ 7 wkhq <d A 3 > <� A 3 vxfk wkdw;A?
A=

hlwkhu J+{> v, � �v2 iru d1h1 { 5 
f > ;v 5 ^3> d`

ru J+{> v, � �+v2 � d2, iru d1h1 { 5 
f > ;v � d

li q � 8 wkhq <e A d A 3 > <� A 3 vxfk wkdw

J+{> v, � � iru d1h1 { 5 
f > ;v 5 ^d> e` >

+<,
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zlwkrxw orvv ri jhqhudolw| zh pd| dvvxph wkdw wkh ruljlq 3 5 
f1 Pruhryhu/

zh uhtxluh wkdw

;AAAAA?
AAAAA=

<F � 3 > <e 5 O?*2+
, nen?*2 ?
D7
2 vxfk wkdw

J+{> v, � e+{,mvm2 .Fmvm2
W

J+{> v, � 3 ;v 5 LU dqg iru d1h1 { 5 
 >

+43,

zkhuh � lv wkh hoolswlflw| frqvwdqw lq +7, dqg V lv wkh ehvw Vrerohy frqvwdqw

ri wkh hpehgglqj G�c2
f � O2W / vhh ^59`1 Qrwh wkdw wkh deryh dvvxpswlrqv gr

qrw h{foxgh wkdw

j+{> 3, � 3 = +44,

lq idfw wklv lv wkh lqwhuhvwlqj fdvh ehfdxvh +4, dgplwv x � 3 dv vroxwlrq dqg

rqh qhhgv wr suryh wkh h{lvwhqfh ri dqrwkhu +qrqwulyldo, vroxwlrq1

Ilqdoo|/ zh dvvxph wkdw wkh ixqfwlrq s lv phdvxudeoh dqg

;A?
A=
<P Ap A 3 > p � s+{, �P ;{ 5 


s+3, @P > s+{, @P .R+m{m?32, qhdu 3 =
+45,

Zh �uvw suryh dq h{lvwhqfh uhvxow iru erxqghg grpdlqv=

Wkhruhp 4 Dvvxph wkdw 
 lv d erxqghg rshq vxevhw ri LU? dqg dvvxph

+6,0+45,> wkhq/ wkhuh h{lvwv dw ohdvw d srvlwlyh ixqfwlrq x 5 G�c2
f +
, vroylqj

+4, lq zhdn vhqvh1

Wkh surri ri Wkhruhp 4 iroorzv wkh vdph vwhsv dv lq ^7`= qhyhuwkhohvv/ wkh

suhvhqfh ri wkh ixqfwlrq s lpsolhv vrph fkdqjhv erwk lq wkh _qrqwulyldo hq0

huj| udqjh% +vhh Ohppd 5 ehorz, dqg lq wkh hvwlpdwhv lqyroylqj wkh _Vrerohy

frqfhqwudwlqj ixqfwlrqv% +vhh +54, ehorz,1

Li 
 lv xqerxqghg/ dv lq ^46` zh uhtxluh wkdw +4, frqyhujhv wr d vhplolqhdu

sureohp dovr zkhq m{m $ 4=

;AA?
AA=

olp
�%�<"

d��+{> v, @ ��� > olp
�%�<"

v
Cd��

Cv
+{> v, @ 3

;l> m @ 4> = = = > q dqg xqlirupo| z1u1w1 v 5 LU =

+46,

Wkhq zh suryh

Wkhruhp 5 Dvvxph wkdw 
 lv dq xqerxqghg rshq vxevhw ri LU? dqg dvvxph

+6,0+46,> wkhq/ wkhuh h{lvwv dw ohdvw d srvlwlyh ixqfwlrq x 5 G�c2
f +
, vroylqj

+4, lq zhdn vhqvh1
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Wr suryh Wkhruhp 5/ zh lqwurgxfh d vhtxhqfh ri vprrwk erxqghg grpdlqv


& vxfk wkdw ^&MW�
& @ 
= e| Wkhruhp 4/ iru doo n/ +4, dgplwv d srvlwlyh

vroxwlrq x& 5 G�c2
f +
&,1 Dv lq ^56` wkh vroxwlrq ri +4, lq 
 lv rewdlqhg dv

zhdn olplw ri wkh vhtxhqfh ix&j= d fduhixo dqdo|vlv lv qhhghg wr suryh wkdw

wkh zhdn olplw lv qrqwulyldo/ vhh Vhfwlrq 81

� A�i U@ti Lu @ ML�?_i_ _L4@�?

Lq wklv vhfwlrq zh dvvxph wkdw 
 lv erxqghg dqg zh suryh Wkhruhp 4>

wkurxjkrxw wklv vhfwlrq zh dvvxph +6,0+45,= lq idfw/ vrph ri wkh ohppdv

ehorz gr qrw qhhg wkh zkroh vhw ri dvvxpswlrqv1

Iluvw revhuyh wkdw li V ghqrwhv wkh ehvw Vrerohy frqvwdqw ri wkh hpehgglqj

G�c2
f � O2W / wkhq e| +45, dqg Vrerohy lqhtxdolw| zh jhw]

l
s+{,mxm2

W

�PV?*E23?�nxn2
W

;x 5 G�c2
f +
, > +47,

qh{w qrwh wkdw +6, dqg +9, |lhog

x 5 G�c2
f +
, @,

?[
�c�'�

Cd��

Cv
+{> x,G�xG�xx 5 O�+
,

dqg wkhuhiruh M �+x,^x` lv zhoo gh�qhg iru doo x 5 G�c2
f +
, dqg fdq eh zulwwhq

lq lqwhjudo irup1

Gh�qh wkh frqh ri srvlwlyh ixqfwlrqv

F =@ ix 5 G�c2
f +
,> x+{, � 3 iru d1h1 { 5 
j +48,

dqg wkh ixqfwlrqdo

Mn+x, @
4

5

]
l

?[
�c�'�

d��+{> x,G�xG�x�
]
l
J+{> xn,�

4

5W

]
l
s+{,mxnm2

W

=

E| wkh vdph surfhgxuh xvhg lq ^46`/ rqh fdq suryh wkdw li x 5 G�c2
f +
,

vdwlv�hv M �n+x,^*` @ 3 iru doo * 5 F"
S +
, wkhq x lv d zhdn srvlwlyh vroxwlrq

ri +4,1 Wkhuhiruh/ zlwkrxw orvv ri jhqhudolw| zh dvvxph wkdw

j+{> v, @ 3 ;v � 3 > iru d1h1 { 5 


dqg wr suryh Wkhruhp 4 zh vhhn fulwlfdo srlqwv ri wkh ixqfwlrqdo

M+x, @
4

5

]
l

?[
�c�'�

d��+{> x,G�xG�x�
]
l
J+{> xn,�

4

5W

]
l
s+{,+xn,2

W

=

iru vlpsolflw| zh kdyh gursshg wkh lqgh{ . rq M 1

E| uhdvrqlqj dv lq Ohppdv 616 dqg 617 lq ^7` rqh fdq suryh

9



Ohppd 4 Ohw ix6j � G�c2
f +
, eh d Sdodlv0Vpdoh vhtxhqfh iru M> wkhq/

wkhuh h{lvwv x 5 G�c2
f +
, vxfk wkdw x6 - x lq G�c2

f +xs wr d vxevhtxhqfh, dqg

x vroyhv +4, lq zhdn vhqvh1

Ohw xv uhfdoo wkdw/ xvlqj Wkhruhp 514 lq ^9`/ rqh fdq dovr suryh +vhh ^7/ <`,

wkdw

ux6+{,$ux+{, iru d1h1 { 5 
 = +49,

Zh qrz ghwhuplqh wkh qrqwulyldo hqhuj| udqjh ri wkh ixqfwlrqdo M / qdpho|/

wkh hqhuj| ohyhov iru zklfk wkh Sdodlv0Vpdoh vhtxhqfhv gr qrw frqyhujh

zhdno| wr wkh wulyldo ixqfwlrq= dv zh douhdg| srlqwhg rxw/ lw vhhpv qrw srv0

vleoh wr ghwhuplqh d frpsdfwqhvv udqjh dv lq ^;`1 Wkh hqhuj| udqjh ri wkh

qh{w Ohppd zdv �uvw ghwhuplqhg lq ^45`/ vhh dovr ^44/ 4<`1

Ohppd 5 Ohw F eh dv lq +48,/ ohw ix6j � F eh d Sdodlv0Vpdoh vhtxhqfh iru

M dw ohyho

f 5

#
3>

V?*2

qP E?32�*2

$
>

dvvxph wkdw x6 - x/ wkhq x 9� 31

Surri1 E| frqwudglfwlrq/ dvvxph x � 3= wkhq/ e| +;,/
U
lJ+{> x6, $ 3 dqgU

l j+{> x6,x6 $ 3> wkhuhiruh/ iurp M �+x6,^x6` @ r+4, zh jhw

r+4, @
]
l

?[
�c�'�

d��+{> x6,G�x6G�x6

.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6x6 �

]
l
s+{,+x6,

2W =

+4:,

E| uhdvrqlqj dv lq Ohppd 618 lq ^7` zh duulyh dw

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6x6 @ r+4, dv p$4 +4;,

dqg

]
l

?[
�c�'�

d��+{> x6,G�x6G�x6 @
]
l
mux6m

2 . r+4, dv p$4 = +4<,

Khqfh/ e| +4:, zh jhw

nx6n
2 �

]
l
s+{,+x6,

2W @ r+4, +53,

dqg e| +47, zh kdyh

r+4, � nx6n
2+4�PV32

W*2nx6n
2W32, =

:



li nx6n $ 3 zh frqwudglfw f A 3> wkhuhiruh/

nx6n
2 �

V?*2

P E?32�*2
. r+4,

dqg e| +4<, +53, zh jhw

M+x6, @
4

q
nx6n

2 .
q� 5

5q

�
nx6n

2 �

]
l
s+{,+x6,

2W
�
. r+4,

�
4

q

V?*2

P E?32�*2
. r+4,

zklfk frqwudglfwv f ? �
?V

?*2P E23?�*21 �

Qh{w zh suryh wkh h{lvwhqfh ri d Sdodlv0Vpdoh vhtxhqfh lq F zkrvh ohyho lv

lq wkh qrqwulyldo hqhuj| udqjh ri wkh ixqfwlrqdo M 1 Zh iroorz wkh lghd ri ^;`

dqg frqvlghu wkh idplo| ri ixqfwlrqv

xW0+{, =@
^q+q� 5,%2`

?32
e

^%2 . m{m2`
?32
2

+54,

zklfk vroyh wkh htxdwlrq ��x @ x2
W3� lq LU? dqg vdwlvi| nxW0n

2 @ nxW0n
2W
2W @

V?*21 Ohw � eh d srvlwlyh vprrwk fxw0r� ixqfwlrq zlwk frpsdfw vxssruw lq

E4 � 
f dqg ohw x0 @ �xW01 Vlqfh p A 3 lq +45,/ iru doo % A 3 wkhuh h{lvwv

w0 A 3 vxfk wkdw M+wx0, ? 3 iru doo w � w0> gh�qh wkh fodvv ri sdwkv

� =@ i� 5 F+^3> 4`> G�c2
f +
,,> �+3, @ 3> �+4, @ w0x0j

+wr vlpsoli| qrwdwlrqv zh gr qrw kljkoljkw wkh ghshqghqfh ri � rq %, dqg wkh

plqlpd{ ydoxh

� =@ lqi
�MK

pd{
|Mdfc�o

M+�+w,, = +55,

Zh rewdlq d Sdodlv0Vpdoh vhtxhqfh iru M dw ohyho � e| dsso|lqj wkh PSO

lq wkh qrqvprrwk yhuvlrq ^48`/ vhh dovr Wkhruhp 514 lq ^5`= lqghhg/ lq d

vwdqgdug zd| rqh fdq yhuli| wkdw wkh ixqfwlrqdo M kdv vxfk jhrphwulfdo

vwuxfwxuh> khqfh/ � A 31 Pruhryhu/ dv M+mxm, � M+x, iru doo x 5 G�c2
f +
,/ lq

+55, zh fdq frqvlghu lqvwhdg ri wkh fodvv �/ wkh fodvv ri sdwkv dw orzhu ohyhov/

qdpho|

i� 5 F+^3> 4`> F,> �+3, @ 3> �+4, @ w0x0j >

wkhuhiruh/ e| wkh qrqvprrwk ghirupdwlrq Ohppd ^47` zh pd| dvvxph wkdw

wkh Sdodlv0Vpdoh vhtxhqfh lv lq F1

Wr suryh wkdw � ? 7?*2

? P E23?�*2 zh fodlp wkdw iru vpdoo hqrxjk % zh kdyh

pd{
|Df

M+wx0, ?
4

q

V?*2

P E?32�*2
= +56,

;



Wr wklv hqg/ iru doo % A 3 ohw w0 A 3 eh vxfk wkdw

M+w0x0, @ pd{
|Df

M+wx0, =

zh zulwh M+w0x0, dv

M+w0x0, @
w20
5
nx0n

2 .
w20
5

]
l

?[
�c�'�

+d��+{> w0x0,� ���,G�x0G�x0

�
]
l
J+{> w0x0,�

w2
W

0

5W

]
l
s+{,+x0,

2W

dqg zh hvwlpdwh doo lwv whupv1 Vlqfh ix0j lv xqlirupo| erxqghg lq G�c2
f / li

w0 $ 3 wkhq M+w0x0, $ 3 dqg zh duh grqh> pruhryhu/ w0 $ .4 lpsolhv

M+w0x0,$�4 zklfk lv lpsrvvleoh= vr lw uhpdlqv wr frqvlghu wkh fdvh zkhuh

wkh vhtxhqfh iw0j lv xsshu dqg orzhu erxqghg e| wzr srvlwlyh frqvwdqwv1

Uhfdoo wkh iroorzlqj hvwlpdwhv +vhh ^;/ 53`, dv %$ 3=

nx0n
2 @ V?*2 .R+%?32,

]
l
s+{,+x0,

2W @PV?*2 .R+%?32, >

wkhq/ e| uhdvrqlqj dv lq ^53/ 54`/ rqh rewdlqv +dv %$ 3,

4

5
nw0x0n

2 �
4

5W

]
l
s+{,+w0x0,

2W �
4

q

V?*2

P E?32�*2
.R+%?32, = +57,

Dv lq ^7` zh lqihu wkdw wkhuh h{lvwv d ixqfwlrq � @ �+%, vxfk wkdw olp
0<f

�+%, @

.4 dqg vxfk wkdw iru % vpdoo hqrxjk zh kdyh]
l
J+{> w0x0, � �+%, � %?32 = +58,

Ilqdoo|/ qrwh wkdw +8, dqg +:, lpso|

]
l

?[
�c�'�

d��+{> x,G�xG�x �
]
l
muxm2 ;x 5 F = +59,

wkhuhiruh/ dv w0x0 5 F zh kdyh

w20
5

]
l

?[
�c�'�

+d��+{> w0x0,� ���,G�x0G�x0 � 3 >

khqfh/ e| +57, dqg +58, zh rewdlq

M+w0x0, �
4

q

V?*2

P E?32�*2
. +f� �+%,, � %?32 >

zklfk suryhv +56, iru vpdoo hqrxjk %1 Zh kdyh vr rewdlqhg d Sdodlv0Vpdoh

vhtxhqfh +lq F, iru M dw ohyho � 5
�
3> 7

?*2

? P E23?�*2
�
= lwv zhdn olplw lv

qrqqhjdwlyh ehfdxvh M �n+x,^*` @ 3 iru doo * 5 F"
S +
, dqg qrqwulyldo e|

Ohppd 5> pruhryhu/ lw vroyhv +4, e| Ohppd 41

<
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Lq wklv vhfwlrq zh suryh wkh iroorzlqj fuxfldo uhvxow=

Ohppd 6 Ghqrwh e| ix6j wkh Sdodlv0Vpdoh vhtxhqfh xvhg lq Vhfwlrq 6 wr

rewdlq x> li

olp
6<"

M+x6,� M+x, ?
V?*2

qP E?32�*2
+5:,

wkhq x6 $ x lq G�c2
f +
,1

Surri1 Zh �uvw lqwurgxfh vrph qrwdwlrqv1 Iru doo v A 3/ gh�qh wkh ixqfwlrq

�r+{, @

;A?
A=

{ li { � v

v li { A v =

E| %+{, zh ghqrwh d jhqhulf ixqfwlrq vxfk wkdw

olp
%<"

%+{, @ 3 >

lq wkh vhtxho/ wkh vdph v|pero %+{, pd| ghqrwh gl�huhqw ixqfwlrqv dqg zh

zloo riwhq xvh wkh uhodwlrq %+{, . %+{, @ %+{,1 Iru doo v A 3 gh�qh

Or =@
]
l
j+{> x,�r+x, .

]
l
s+{,+x,2

W3��r+x, =

Ilqdoo|/ vrph ri wkh olplwv ehorz duh lq idfw olpvxs ru olplqi exw zh zloo

qrw vshfli| wklv idfw vlqfh doo rxu uhvxowv krog xs wr d vxevhtxhqfh1 Ehiruh

vwduwlqj zh uhfdoo wkdw x 5 F/ wkdw zh pd| dvvxph ix6j � F dqg wkdw

x6 - x1

VWHS 4= zh suryh wkdw iru doo v A 3 zh kdyh

olp
6<"

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6 �
]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x =

+5;,

Wdnh v A 3= e| wkh frpsdfw hpehgglqjv G�c2
f +
, � OR+
, +iru s 5 ^4> 5W,,

dqg e| Ohehvjxh*v Wkhruhp zh kdyh

olp
6<"

�]
l
j+{> x6,�r+x6, .

]
l
s+{,+x6,

2W3��r+x6,

�
@ Or >

wkhq/ iurp wkh uhodwlrq M �+x6,^�r+x6,` @ %+p, zh rewdlq

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6

.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6�r+x6, @ Or . %+p, =

43



Rq wkh rwkhu kdqg/ e| M �+x,^�r+x,` @ 3 zh jhw

]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x�r+x, @ Or > +5<,

frpelqlqj wkhvh wzr htxdolwlhv/ ohwwlqj p $ 4 dqg xvlqj Idwrx*v Ohppd

+zklfk fdq eh dssolhg ehfdxvh ri +8, dqg +49,, zh rewdlq +5;,1

VWHS 5= zh suryh wkdw iru doo v A 3 zh kdyh

olp
6<"

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6 @
]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x =

+63,

Zh fodlp wkdw]
t�6$r�

?[
�c�'�

d��+{> x6,G�+x6 � x,G�+x6 � x, @

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6 �

]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x. %+p, >

+64,

wr wklv hqg/ lw lv htxlydohqw wr suryh wkdw

]
t�6$r�

?[
�c�'�

d��+{> x6,G�xG�x.
]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x

@ 5
]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x. %+p, =

+65,

Vlqfh �r+x6, 5 G�c2
f +
, _ O"+
,/ zh kdyh M �+x,^�r+x6,` @ 3 iru doo p dqg

zh rewdlq]
t�6$r�

?[
�c�'�

d��+{> x,G�xG�x6 .
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x�r+x6,

@ Or . %+p, >

wkhq/ e| +5<, dqg e| Ohehvjxh*v Wkhruhp zh lqihu

]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x @
]
t�6$r�

?[
�c�'�

d��+{> x,G�xG�x6 . %+p, =

wklv/ wrjhwkhu zlwk +49, dqg Hjrury*v Wkhruhp |lhogv +65, dqg/ frqvhtxhqwo|/

+64,1

Ilqdoo|/ e| +7, dqg +64, zh ghgxfh

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6 �

]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x. %+p, >

zklfk/ frpelqhg zlwk +5;,/ |lhogv +63,1

44



VWHS 6= zh suryh wkdw

olp
6<"

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6x6 @

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�xx =

+66,

E| +:, +dqg wkh erxqghgqhvv ri nG�x6n2, zh jhw

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6x6 �

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�xx

@
]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6�r+x6,

�

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x�r+x, . %+v, >

pruhryhu/ iurp wkh uhodwlrq M �+x6,^�r+x6,` @ M �+x,^�r+x,`.%+p,/ zh rewdlq

]
t�6$r�

?[
�c�'�

d��+{> x6,G�x6G�x6

.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x6,G�x6G�x6�r+x6,� Or . %+p,

@
]
t�$r�

?[
�c�'�

d��+{> x,G�xG�x.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�x�r+x,� Or =

+66, wkhq iroorzv wdnlqj lqwr dffrxqw +63, dqg wkh duelwudulqhvv ri v1

VWHS 7= zh suryh wkdw

olp
6<"

]
l

?[
�c�'�

d��+{> x6,G�+x6 � x,G�+x6 � x, @ olp
6<"

]
l
s+{,mx6 � xm2

W

=

+67,

E| wkh uhodwlrq M �+x6,^x6` @ M �+x,^x` . %+p, dqg wdnlqj lqwr dffrxqw +;,

dqg +66, zh rewdlq

]
l

?[
�c�'�

d��+{> x6,G�x6G�x6 �

]
l
s+{,+x6,

2W

@
]
l

?[
�c�'�

d��+{> x,G�xG�x�
]
l
s+{,+x,2

W

. %+p, >

wkhuhiruh/ iurp Wkhruhp 4 lq ^:` zh jhw

]
l

?[
�c�'�

d��+{> x6,G�x6G�x6 �
]
l

?[
�c�'�

d��+{> x,G�xG�x

@
]
l
s+{,mx6 � xm2

W

. %+p, =

45



Ilqdoo|/ e| +49, dqg Hjrury*v Wkhruhp zh rewdlq

]
l

?[
�c�'�

d��+{> x6,G�+x6 � x,G�+x6 � x,

@
]
l

?[
�c�'�

d��+{> x6,G�x6G�x6 �

]
l

?[
�c�'�

d��+{> x,G�xG�x. %+p,

+68,

dqg +67, iroorzv1

VWHS 8= zh suryh wkdw

]
l

?[
�c�'�

d��+{> x6,G�+x6 � x,G�+x6 � x, @

]
l
mu+x6 � x,m2 . %+p, = +69,

E| +:, zh kdyh

]
t�6:r�

?[
�c�'�

d��+{> x6,G�+x6�x,G�+x6�x, @

]
t�6:r�

mu+x6�x,m
2.%+v, =

Iru doo v A 3/ e| +63, dqg +64, zh lqihu

]
t�6$r�

?[
�c�'�

d��+{> x6,G�+x6 � x,G�+x6 � x, @ %+p, >

zklfk/ wrjhwkhu zlwk +7,/ lpsolhv]
t�6$r�

mu+x6 � x,m2 @ %+p, =

E| wkh duelwudulqhvv ri v/ wkhvh wkuhh uhodwlrqv suryh +69,1

VWHS 9= frqfoxvlrq1

E| +67, dqg +69, zh fohduo| kdyh]
l
mu+x6 � x,m2 @

]
l
s+{,mx6 � xm2

W

. %+p, > +6:,

wkhuhiruh/ e| +47, zh rewdlq

%+p, � nx6 � xn2
�
4�

P

V?*E?32�
nx6 � xn2

W32
�

zklfk lpsolhv wkdw

hlwkhu nx6 � xn $ 3 ru olp
6<"

nx6 � xn2 �
V?*2

P E?32�*2
= +6;,

46



Wkhuhiruh/ Ohppd 6 iroorzv li zh fdq h{foxgh wkh vhfrqg dowhuqdwlyh> e|

Wkhruhp 4 lq ^:` zh jhw

M+x6,� M+x, @

e| +;, @
4

5

]
l

?[
�c�'�

d��+{> x6,G�x6G�x6

�
4

5

]
l

?[
�c�'�

d��+{> x,G�xG�x

�
4

5W

]
l
s+{,mx6 � xm2

W

. %+p,

e| +68, dqg +69, @
4

5

]
l
mu+x6 � x,m2 �

4

5W

]
l
s+{,mx6 � xm2

W

. %+p,

e| +6:, @
4

q

]
l
mu+x6 � x,m2 . %+p, =

wkhq/ e| +5:, dqg e| ohwwlqj p$4 zh lqihu

V?*2

qP E?32�*2
A olp

6<"
M+x6,� M+x, @ olp

6<"

4

q
nx6 � xn2

zklfk suryhv wkdw wkh vhfrqg dowhuqdwlyh ri +6;, grhv qrw krog dqg frpsohwhv

wkh surri ri Ohppd 61 �

D A�i U@ti Lu @? �?ML�?_i_ _L4@�?

Lq wklv vhfwlrq zh suryh Wkhruhp 5= zh dvvxph +6,0+46, dqg wkdw 
 lv xq0

erxqghg1

Zh lqwurgxfh d vhtxhqfh ri rshq erxqghg vprrwk grpdlqv 
& � 
 vxfk

wkdw


& � 
&n� ;n >
^
&MW�


& @ 
 >

iru doo n ohw �& eh wkh plqlpd{ ydoxh gh�qhg lq +55, uhodwlyh wr 
&= fohduo|/

wkh vhtxhqfh i�&j lv qrqlqfuhdvlqj dqg

3 ? �& � �� ?
V?*2

qP E?32�*2
;n = +6<,

E| Wkhruhp 4/ iru doo n/ +4, dgplwv d srvlwlyh vroxwlrq x& 5 G�c2
f +
&,= zh

ghqrwh e| M& wkh ixqfwlrqdo fruuhvsrqglqj wr +4, lq 
&> wkhuhiruh

M �&+x
&,^x&` @ 3 ;n 5 LQ = +73,

E| h{whqglqj x& wr eh 3 lq 
 q
&/ wkh vhtxhqfh ix
&j pd| eh uhjdughg dv d

vxevhw ri G�c2
f +
,1 Zh �uvw suryh

Ohppd 7 Wkhuh h{lvwv x 5 G�c2
f +
, vxfk wkdw x& - x lq G�c2

f +
,/ xs wr d

vxevhtxhqfh> pruhryhu/ x lv d qrqqhjdwlyh vroxwlrq ri +4, rq 
1

47



Surri1 E| +6<, dqg Ohppd 6 zh rewdlq

V?*2

qP E?32�*2
A �& � M&+x

&, ;n > +74,

rq wkh rwkhu kdqg/ +;, lpsolhv +iru doo % A 3, wkdw]
l
J+{> x&, � nj0n 2?

?n2
nx&n2W .

%

5W
nx&n2

W

2W����
]
l
j+{> x&,x&

���� � nj0n 2?
?n2

nx&n2W . %nx&n2
W

2W =

+75,

Wr suryh wkdw wkh vhtxhqfh ix&j lv erxqghg zh dujxh e| frqwudglfwlrq dqg

dvvxph wkh frqyhuvh> wkhq/ iurp +45,/ +74, dqg +75, zh hdvlo| lqihu wkdw

nx&n2W $4 nx&n32
W

2W

]
l
J+{> x&,$ 3 nx&n32

W

2W

]
l
j+{> x&,x& $ 3 =

+76,

Iurp +74, dqg +76, zh jhw

olp
&<"

�
2

U
l

S?
�c�'� d��+{> x

&,G�x
&G�x

&

�
2W
U
l s+{,+x

&,2W
� 4 = +77,

E| +73, dqg +9, zh lqihu wkdw iru doo n 5 LQ zh kdyh

+4 .
�

5
,
]
l

?[
�c�'�

d��+{> x
&,G�x

&G�x
& �

]
l
j+{> x&,x& �

]
l
s+{,+x&,2

W

� 3 >

wkhuhiruh/ +76, |lhogv

olp
&<"

E2n��E?32�
e?

U
l

S?
�c�'� d��+{> x

&,G�x
&G�x

&

�
2W
U
l s+{,+x

&,2W
� 4 >

zklfk/ e| gh�qlwlrq ri �/ frqwudglfwv +77, li nx&n $ 41 Wkhuhiruh/ xs wr d

vxevhtxhqfh/ zh kdyh x& - x lq G�c2
f +
,1

E| wkh h{whqvlrq ri wkh uhvxow ri ^9` wr xqerxqghg grpdlqv +zklfk kdv do0

uhdg| ehhq xvhg lq ^46`, rqh rewdlqv wkdw +49, +zlwk x6 uhsodfhg e| x&, vwloo

krogv> wr suryh wkdw x vroyhv +4,/ rqh fdq dujxh dv iru +51615, lq ^<`= lqghhg/

dv qrwhg lq ^7`/ rqh fdq vwloo ghgxfh +51618, iurp +51617, lq ^<` e| xvlqj wkh

vwurqj frqyhujhqfh ri *s h{si�Px&j lq O2W
,JS+
,1

Wkh idfw wkdw x+{, � 3 iru d1h1 { 5 
 iroorzv iurp wkh srlqwzlvh frqyhujhqfh

olp&<" x&+{,$ x+{, iru d1h1 { 5 
1 �

Wkh pdlq sureohp lv wkdw wkh ixqfwlrq x irxqg lq Ohppd 7 pd| eh wkh

wulyldo rqh> khqfh/ wr frpsohwh wkh surri ri Wkhruhp 5 zh qhhg wr suryh wkh

iroorzlqj

Ohppd 8 Wkh ixqfwlrq x irxqg lq Ohppd 7 lv d srvlwlyh vroxwlrq ri +4,

lq 
1
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Surri1 Ohw %+{,/ �r dqg wkh olplwv kdyh wkh vdph phdqlqj dv lq wkh surri ri

Ohppd 61 Ohw ix&j ghqrwh wkh vhtxhqfh ri +srvlwlyh, vroxwlrqv ri +4, rq 
&

dqg ghqrwh e| ix&6j wkh Sdodlv0Vpdoh vhtxhqfh xvhg lq Vhfwlrq 6 wr rewdlq

x&1 E| Ohppd 7/ x& - x dqg x lv d qrqqhjdwlyh vroxwlrq ri +4, rq 
> e|

frqwudglfwlrq/ dvvxph wkdw x � 31

VWHS 4= zh suryh wkdw

<�� A 3 vxfk wkdw �& � �� ;n 5 LQ = +78,

Iru doo x 5 G�c2
f / e| +7, dqg +43, zh kdyh

M&+x, �
�

5
nxn2 � nen?*2nxn

2
2W � fnxn2

W

2W � f�nxn
2 � f2nxn

2W =

frqvlghu wkh ixqfwlrq i+{, @ f�{
2 � f2{

2W > fohduo|/ wkhuh h{lvwv � A 3 zkhuh

i dwwdlqv lwv pd{lpxp rq LUn1 Gh�qh �� =@ i+�,/ wkhq

M&+x, � �� ;nxn @ � dqg M&+x, � 3 ; nxn � � >

khqfh/ +78, iroorzv e| +55,1

VWHS 5= zh suryh wkdw x&6 $ x& lq G�c2
f +
, iru doo n/ h{fhsw iru dw prvw d

�qlwh qxpehu1

Dv zh duh dvvxplqj wkdw x& - 3/ e| Wkhruhp 5151: lq ^43`/ e| +9, dqg e|

+84, zh rewdlq

M&+x
&, �

4

q

�
4�

�+q� 5,

7

�]
l

?[
�c�'�

d��+{> x
&,G�x

&G�x
& . %+n, =

Khqfh/ e| +7, dqg +6<, zh rewdlq

olp
6<"

M&+x
&
6,� M&+x

&, � �& � fnx&n2 . %+n, � �� . %+n, ?
V?*2

P E?32�*2

iru vx�flhqwo| odujh n +vd| iru n � �n,> wkhq/ e| Ohppd 6 zh rewdlq x&6 $ x&

lq G�c2
f +
, li n � �n1

VWHS 6= zh suryh wkdw]
l
mux&m2 �

]
l
s+{,+x&,2

W

@ %+n, = +79,

Iru doo t 5 ^4> 5W, zh kdyh x& $ 3 lq O
^
,JS+
,/ khqfh/ iru doo * 5 F"

S +
,/

ohwwlqj n$4 zh rewdlq

]
l

?[
�c�'�

d��+{> x
&,G�x

&G�*�r+x
&,$ 3

]
l
j+{> x&,*�r+x

&,$ 3
]
l
s+{,+x&,2

W3�*�r+x
&,$ 3 >
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iru doo vxfk */ doo n 5 LQ dqg v A 3 zh kdyh M �&+x
&,^*�r+x

&,` @ 3/ wkhuhiruh/]
t�&$r�

?[
�c�'�

d��+{> x
&,G�x

&G�x
&*

.
4

5

]
l

?[
�c�'�

Cd��

Cv
+{> x&,G�x

&G�x
&*�r+x

&, @ %+n, =

+7:,

Ohw $ eh dq| rshq erxqghg vxevhw ri 
 dqg ghqrwh e| U/ wkh vxsuhpxp ri

wkh srvlwlyh U iru zklfk 
 _ E- � $ +khuh E- @ i{ 5 LU?> m{m � Uj,> lq

+7:, wdnh * 5 F"
S +
, vxfk wkdw * � 4 rq $ dqg * � 3 lq 
= e| +7, dqg +8,

wkh wzr whupv lq +7:, duh srvlwlyh/ wkhuhiruh/ iru doo vxfk grpdlq $ zh kdyh]
t�&$r�K/

?[
�c�'�

d��+{> x
&,G�x

&G�x
& @ %+n,

]
/

?[
�c�'�

Cd��

Cv
+{> x&,G�x

&G�x
&�r+x

&, @ %+n, =

Wkhq/ e| +:, dqg +46, zh rewdlq]
l

?[
�c�'�

d��+{> x
&,G�x

&G�x
& @

]
l
mux&m2 . %+n, . %+v, . %+U/,

]
l

?[
�c�'�

Cd��

Cv
+{> x&,G�x

&G�x
&x& @ %+n, . %+v, . %+U/, >

+7;,

wkhuhiruh/ e| wkh duelwudulqhvv ri v dqg $/ li zh frqvlghu +73, zh rewdlq +79,1

VWHS 7= frqfoxvlrq1

E| vwhs 5 zh kdyh M&+x
&, @ �& iru doo n h{fhsw iru dw prvw d �qlwh qxpehu>

wkhq/ e| +74, dqg +78, zh kdyh

M&+x
&,$ f 5

#
3>

V?*2

qP E?32�*2

$
> +7<,

xs wr d vxevhtxhqfh1 Wdnlqj lqwr dffrxqw +79, dqg wkh �uvw ri +7;,/ dqg e|

uhdvrqlqj dv lq vwhs 9 lq wkh surri ri Ohppd 6 +zlwk x � 3,/ zh rewdlq wkh

iroorzlqj dowhuqdwlyh

hlwkhu nx&n $ 3 ru olp
&<"

nx&n2 �
V?*2

P E?32�*2
>

lq erwk fdvhv zh frqwudglfw +7<,= wkh frqwudglfwlrq lv dfklhyhg dqg wkhuhiruh

x 9� 31 �

S �TTi?_� G i @4T*it @?_ u�h|�ih hi4@h!t

Ohw e� dqg e2 eh wzr srvlwlyh ixqfwlrqv> d vlpsoh h{dpsoh ri ixqfwlrq j

vdwlvi|lqj +;, +<, dqg +43, lv

j+{> v, @ e�+{,v. e2+{,v
R

4:



zlwk e� 5 O?*2+
, vdwlvi|lqj ne�n?*2 �
D7
2 / s 5 +�> 5W � 4, zlwk � @ 6 li

q @ 6 dqg � @ 4 li q � 7/ dqg e2 5 O^+
, vdwlvi|lqj t @ 2?
?n2nE23?�R dqg

e2+{, � f rq 
f iru vrph f A 31

Dq h{dpsoh ri ixqfwlrqv d�� vdwlvi|lqj +6,0+:, dqg +46, lv

d��+{> v, @ ���

�
4�

4

q� 4 . m{m. v2

�
>

lqghhg/ +6,/ +8,/ +:, dqg +46, reylrxvo| krog/ +7, krogv zlwk � @ ?32
?3� dqg +9,

krogv zlwk � @ 2
?32 1

Dv douhdg| phqwlrqhg lq wkh lqwurgxfwlrq/ lw vhhpv lpsrvvleoh wr uhfryhu

frpsdfwqhvv hyhq lq wkh qrqwulyldo hqhuj| udqjh ghwhuplqhg lq Ohppd 5= lq

wkh vhplolqhdu fdvh/ rqh ri wkh edvlf wrrov wr rewdlq vxfk frpsdfwqhvv lv wkh

idfw wkdw wkh fulwlfdo ohyhov ri wkh ixqfwlrqdo duh srvlwlyh/ vhh h1j1 Ohppd

516+l, lq ^44` dqg +LS, lq ^45`1 Wr wklv hqg/ zkhq d��+{> v, � ���/ rqh pd|

dvvxph wkdw +vhh h1j1 ^54`,

4

5
j+{> v,v�J+{> v, .

4

q
s+{,mvm2

W

� 3 ;v 5 LU iru d1h1 { 5 
 = +83,

Lq wkh txdvlolqhdu fdvh wkh fulwlfdo ohyhov pd| eh qhjdwlyh= dvvxph wkdw x lv

d fulwlfdo srlqw iru M / wkhq M �+x,^x` @ 3 dqg wkhuhiruh zh fdq zulwh hlwkhu

M+x, @
]
l

�4
5
j+{> x,x�J+{> x,.

4

q
s+{,mxm2

W

�
�
4

7

]
l

?[
�c�'�

Cd��

Cv
+{> x,G�xG�xx

ru

M+x, @
4

q

]
l

?[
�c�'�

�
d��+{> x,G�xG�x�

q� 5

7

Cd��

Cv
+{> x,G�xG�xx

�

�
]
l

�
J+{> x,�

4

5W
j+{> x,x

�
=

+84,

Lq wkh �uvw fdvh/ hyhq li zh dvvxph +83,/ zh fdqqrw frqfoxgh wkdw M+x, � 3

ehfdxvh ri +8,1 Lq wkh vhfrqg fdvh/ hyhq li zh dvvxph +9,/ zh fdqqrw frqfoxgh

wkdw M+x, � 3 vlqfh +;, lv lqfrpsdwleoh zlwk wkh dvvxpswlrq wkdw j+{> v,v �

5WJ+{> v, iru doo {> v1

Wr �qlvk/ ohw xv phqwlrq vrph srvvleoh dowhuqdwlyh dvvxpswlrqv xqghu zklfk

Wkhruhpv 4 dqg 5 uhpdlq wuxh1

� Wkh dvvxpswlrq p A 3 lq +45, lv qhhghg wr suryh wkh erxqghgqhvv ri

wkh Sdodlv0Vpdoh vhtxhqfhv iru wkh ixqfwlrqdo uhodwlyh wr +4, rq d erxqghg

grpdlq dqg wr rewdlq d prxqwdlq0sdvv jhrphwu| iru wkh ixqfwlrqdo M / vhh

+55,= rqh frxog lqvwhdg uhtxluh pruh vwulqjhqw frqglwlrqv rq wkh orzhu rughu

whup j/ vhh dvvxpswlrq +K�, lq ^56`1

4;



� Wkh dvvxpswlrq +43, lv qhhghg wr hqvxuh wkdw wkh ixqfwlrqdo M kdv d

prxqwdlq0sdvv jhrphwu| zkhq 
 lv xqerxqghg= iru doo � 5 +5> 5W, gh�qh

t+�, @ 2?
2?nE23?�B / wkhq Wkhruhp 5 vwloo krogv li wkh �uvw ri +43, lv uhsodfhg

e| wkh iroorzlqj

<F � 3 > <� 5 +5> 5W, > <e 5 O^EB�+
, > J+{> v, � e+{,mvmB .Fmvm2
W

=

� Zkhq 
 lv erxqghg/ vrph dvvxpswlrqv pd| eh uhod{hg/ vhh ^7`> ohw �� @

��+
, ghqrwh wkh �uvw hljhqydoxh ri �� lq G�c2
f +
,/ wkhq lqvwhdg ri +43, zh

pd| dvvxph wkdw;AA?
AA=

olp vxs
r<f

5J+{> v,

v2
? ��� xqlirupo| z1u1w1 { 5 


J+{> v, � 3 ;v 5 LU dqg iru d1h1 { 5 
 >

zkloh lqvwhdg ri +9, zh pd| dvvxph wkdw;AAA?
AAA=
<� 5 +3> 5W � 5,> <�v � 3 > iru d1h1 { 5 
> ;v � �v> ;� 5 LU?

v
?[

�c�'�

Cd��

Cv
+{> v,���� � �

?[
�c�'�

d��+{> v,���� =

� Lq wkh fdvh q @ 7/ +<, fdq eh uhsodfhg e| gl�huhqw frqglwlrqv rq wkh

ehkdylrxu ri J rq 
f/ vhh ^7`1

� Wkh �dwqhvv dvvxpswlrq +45, iru { qhdu 3 pd| eh prgl�hg dffruglqj wr

wkh ehkdylrxu ri J dw .4/ vhh ^53`1 Lq wkh vhplolqhdu fdvh/ lq erxqghg

vwdu0vkdshg grpdlqv rqh kdv qrq0h{lvwhqfh uhvxowv li s lv qrw vx�flhqwo| �dw

dw 3/ vhh ^4;`1 Li wkh vxsuhpxp P ri s lv qrw dwwdlqhg rq dq xqerxqghg

grpdlq/ rqh qhhgv dgglwlrqdo dvvxpswlrqv rq s wr rewdlq h{lvwhqfh uhvxowv/

vhh ^49`1 Iru erxqghg grpdlqv/ wkh fdvh zkhuh s dwwdlqv lwv pd{lpxp dw d

erxqgdu| srlqw kdv ehhq vwxglhg lq ^4<`1 Qrwh dovr wkdw e| uhdvrqlqj dv lq

^45` rqh frxog h{whqg rxu uhvxowv wr wkh fdvh zkhuh wkh ixqfwlrq s+{, lq +4,

lv uhsodfhg e| d vxlwdeoh ixqfwlrq s+{> x,1

+iuihi?Uit

^4` D1 Dpeurvhwwl/ S1K1 Udelqrzlw}/ Gxdo yduldwlrqdo phwkrgv lq fulwlfdo srlqw

wkhru| dqg dssolfdwlrqv/ M1 Ixqfw1 Dqdo1 47/ 67<06;4 +4<:6,

^5` G1 Dufr|d/ O1 Erffdugr/ Fulwlfdo srlqwv iru pxowlsoh lqwhjudov ri wkh fdofxoxv ri
yduldwlrqv/ Dufk1 Udw1 Phfk1 Dqdo1 467/ 57<05:7 +4<<9,

^6` J1 Dulrol/ I1 Jd}}rod/ Zhdn vroxwlrqv ri txdvlolqhdu hoolswlf SGH*v dw uhvr0

qdqfh/ wr dsshdu rq Dqq1 Idf1 Vfl1 Wrxorxvh 9/ +4<<:,

^7` J1 Dulrol/ I1 Jd}}rod/ Txdvlolqhdu hoolswlf htxdwlrqv dw fulwlfdo jurzwk/ Qrqolq1
Gl�1 Ht1 Dsso1 8/ ;60<: +4<<;,

4<



^8` Y1 Ehqfl/ J1 Fhudpl/ H{lvwhqfh ri srvlwlyh vroxwlrqv ri wkh htxdwlrq ��x .
d+{,x @ x

+Q.5,@+Q�5, lq LUQ / M1 Ixqfw1 Dqdo1 ;;/ <3044: +4<<3,

^9` O1 Erffdugr/ I1 Pxudw/ Doprvw hyhu|zkhuh frqyhujhqfh ri wkh judglhqwv ri

vroxwlrqv wr hoolswlf dqg sduderolf htxdwlrqv/ Qrqolq1 Dqdo1 WPD 4</ 8;408<:
+4<<5,

^:` K1 Euh}lv/ H1 Olhe/ D uhodwlrq ehwzhhq srlqwzlvh frqyhujhqfh ri ixqfwlrqv dqg

frqyhujhqfh ri ixqfwlrqdov/ Surf1 DPV ;;/ 7;907<3 +4<;6,

^;` K1 Euh}lv/ O1 Qluhqehuj/ Srvlwlyh vroxwlrqv ri qrqolqhdu hoolswlf htxdwlrqv lq0

yroylqj fulwlfdo Vrerohy h{srqhqwv/ Frpp1 Sxuh Dsso1 Pdwk1 69/ 76:07::
+4<;6,

^<` D1 Fdqlqr/ Pxowlsolflw| ri vroxwlrqv iru txdvlolqhdu hoolswlf htxdwlrqv/ Wrs1
Phwk1 Qrqolq1 Dqdo1 9/ 68:06:3 +4<<8,

^43` D1 Fdqlqr/ P1 Ghjlrydqql/ Qrqvprrwk fulwlfdo srlqw wkhru| dqg txdvlolqhdu ho0

olswlf htxdwlrqv/ Wrsrorjlfdo Phwkrgv lq Gl�huhqwldo Htxdwlrqv dqg Lqfoxvlrqv/
4083 0 D1 Judqdv/ P1 Iuljrq/ J1 Vdelgxvvl Hgv1 0 Prqwuhdo 4<<7/ QDWR DVL
Vhulhv 0 Noxzhu D1S1 4<<8

^44` G1 Fdr/ H1V1 Qrxvvdlu/ Pxowlsoh srvlwlyh dqg qrgdo vroxwlrqv iru vhplolqhdu

hoolswlf sureohpv zlwk fulwlfdo h{srqhqw/ Lqgldqd Xqly1 Pdwk1 M1 77/ 457<045:4
+4<<8,

^45` D1 Fdsr}}l/ J1 Sdoplhul/ Pxowlsolflw| uhvxowv iru qrqolqhdu hoolswlf htxdwlrqv

lqyroylqj fulwlfdo Vrerohy h{srqhqw/ Surf1 Ur|1 Vrf1 Hglqexujk 436D/ 5:805;8
+4<;9,

^46` P1 Frqwl/ I1 Jd}}rod/ Srvlwlyh hqwluh vroxwlrqv ri txdvlolqhdu hoolswlf sureohpv
yld qrqvprrwk fulwlfdo srlqw wkhru|/ Wrs1 Phwk1 Qrqolq1 Dqdo1 ;/ 5:805<7 +4<<9,

^47` M1Q1 Fruyhoohf/ P1 Ghjlrydqql/ P1 Pdu}rffkl/ Ghirupdwlrq surshuwlhv iru frq0

wlqxrxv ixqfwlrqdov dqg fulwlfdo srlqw wkhru|/ Wrs1 Phwk1 Qrqolq1 Dqdo1 4/ 4840
4:4 +4<<6,

^48` P1 Ghjlrydqql/ P1 Pdu}rffkl/ D fulwlfdo srlqw wkhru| iru qrqvprrwk ixqfwlrq0

dov/ Dqq1 Pdw1 Sxud Dsso1 7/ 49:/ :60433 +4<<7,

^49` Z1\1 Glqj/ Z1P1 Ql/ Rq wkh hoolswlf htxdwlrq �x .Nx
+q.5,@+q�5, @ 3 dqg

uhodwhg wrslfv/ Gxnh Pdwk1 M1 85/ 7;80839 +4<;8,

^4:` Z1\1 Glqj/ Z1P1 Ql/ Rq wkh h{lvwhqfh ri srvlwlyh hqwluh vroxwlrqv ri d vhpl0

olqhdu hoolswlf htxdwlrq/ Dufk1 Udw1 Phfk1 Dqdo1 <4/ 5;6063; +4<;9,

^4;` K1 Hjqhoo/ Vhplolqhdu hoolswlf htxdwlrqv lqyroylqj fulwlfdo Vrerohy h{srqhqwv/
Dufk1 Udw1 Phfk1 Dqdo1 437/ 5:089 +4<;;,

^4<` M1I1 Hvfredu/ Srvlwlyh vroxwlrqv iru vrph vhplolqhdu hoolswlf htxdwlrqv zlwk

fulwlfdo Vrerohy h{srqhqwv/ Frpp1 Sxuh Dsso1 Pdwk1 73/ 956098: +4<;:,

^53` I1 Jd}}rod/ P1 Od}}dulqr/ H{lvwhqfh uhvxowv iru jhqhudo fulwlfdo jurzwk vhpl0

olqhdu hoolswlf htxdwlrqv/ wr dsshdu rq Frpp1 Dsso1 Dqdo1

^54` I1 Jd}}rod/ E1 Uxi/ Orzhu rughu shuwxuedwlrqv ri fulwlfdo jurzwk qrqolqhdulwlhv

lq vhplolqhdu hoolswlf htxdwlrqv/ Dgy1 Gl�1 Ht1 5/ 88808:5 +4<<:,
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^55` S1O1 Olrqv/ Wkh frqfhqwudwlrq0frpsdfwqhvv sulqflsoh lq wkh fdofxoxv ri yduld0

wlrqv1 Wkh olplw fdvh/ Sduwv 4 ) 5/ Uhy1 Pdw1 Lehurdphulfdqd 4+4,/ 4780534
+4<;8,> 4+5,/ 780454 +4<;8,

^56` H1V1 Qrxvvdlu/ F1D1 Vzdqvrq/ \dqj Mldqix/ Srvlwlyh �qlwh hqhuj| vroxwlrqv ri

fulwlfdo vhplolqhdu hoolswlf sureohpv/ Fdqdgldq M1 Pdwk1 77/ 43470435< +4<<5,

^57` Vkhq \drwldq/ \dq Vkxvhq/ H{lvwhqfh dqg erxqghgqhvv ri d plqlplvhu iru d

frqvwudlqhg plqlplvdwlrq sureohp rq LUq zlwk olplwlqj h{srqhqw/ Surf1 Ur|1
Vrf1 Hglqexujk 455D/ 5540568 +4<<5,

^58` P1 Vwuxzh/ D joredo frpsdfwqhvv uhvxow iru hoolswlf erxqgdu| ydoxh sureohpv

lqyroylqj olplwlqj qrqolqhdulwlhv/ Pdwk1 ]1 4;:/ 844084: +4<;7,

^59` J1 Wdohqwl/ Ehvw frqvwdqw lq Vrerohy lqhtxdolw|/ Dqq1 Pdw1 Sxud Dsso1 443/
68606:5 +4<:9,

^5:` \dq Vkxvhq/ Ol Jrqjedr/ D plqlpl}dwlrq sureohp lqyroylqj d fulwlfdo h{srqhqw

dqg lwv uhodwhg Hxohu0Odjudqjh htxdwlrq/ Dufk1 Udw1 Phfk1 Dqdo1 447/ 69806;4
+4<<4,

Ilolssr Jd}}rod

Glsduwlphqwr gl Vflhq}h W1D1

yld Fdyrxu ;7

48433 Dohvvdqguld +Lwdo|,

h0pdlo dgguhvv= jd}}rodCpiq1do1xqlspq1lw
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