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ZKLFK UHODWH HPEHGGLQJ LQHTXDOLWLHV

ZLWK TXDVLOLQHDU HOOLSWLF SUREOHPV

Ilolssr Jd}}rod

Glsduwlphqwr gl Vflhq}h h Whfqrorjlh Dydq}dwh
yld Fdyrxu ;7 0 48433 0 Dohvvdqguld +Lwdo|,

Devwudfw1 Zh vkrz wkdw wkuhh qxpehuv zklfk duh fulwlfdo iru vxlwdeoh hpehgglqj lq0
htxdolwlhv duh dovr fulwlfdo iru h{lvwhqfh uhvxowv iru vrph 60Odsodfh txdvlolqhdu hoolswlf
sureohpv zlwk sro|qrpldo uhdfwlrq whup1

41 Lqwurgxfwlrq1 Lq wklv sdshu/ zh vkrz wkdw wkuhh fulwlfdo h{srqhqwv iru vxlwdeoh
hpehgglqj lqhtxdolwlhv duh uhodwhg wr h{lvwhqfh2qrqh{lvwhqfh ri srvlwlyh vroxwlrqv
wr vrph vhfrqg rughu txdvlolqhdu hoolswlf sureohpv1 Wkh lghd ri zulwlqj wklv sdshu
frphv iurp wkh vwulnlqj idfw wkdw wkh yhu| vdph h{srqhqwv dsshdu lq vhyhudo gl�huhqw
+dqg dssduhqwo| xqolqnhg, frqwh{wv1 Rxu sxusrvh lv suhflvho| wr olqn gl�huhqw nlqgv
ri uhvxowv dqg wr dwwhpsw dq h{sodqdwlrq iru wkhvh olqnv1 Wr wklv hqg/ zh dovr vxjjhvw
d qxpehu ri rshq sureohpv1

Zh frqvlghu htxdwlrqv ri �sro|qrpldo p0Odsodfh� w|sh vxfk dv

��px @ xs�4 ru ��px @ �xt�4 . xs�4 +4,

zkhuh 4 ? t ? s/ �px @ gly+muxmp�5ux, dqg wkh htxdwlrqv duh frqvlghuhg hlwkhu
lq wkh zkroh Uq ru lq d erxqghg grpdlq  � Uq frpelqhg zlwk vxlwdeoh erxqgdu|
frqglwlrqv1 Khuh dqg lq wkh vhtxho/ zh dvvxph wkdw

4 ? p ? q =

Wkurxjkrxw wkh sdshu/ e| vroxwlrq ri +4, zh phdq d Z 4>p zhdn vroxwlrq zklfk/

dffruglqj wr zhoo0nqrzq uhjxodulw| uhvxowv ^;/ 69`/ ehorqjv wr F4>�
orf zkhqhyhu s � p�

+wkh Vrerohy fulwlfdo h{srqhqw,1

51 Vrerohy h{srqhqw1

5141 Vrerohy lqhtxdolwlhv1 Wkh fulwlfdo Vrerohy h{srqhqw dulvhv iurp wkh iroorz0
lqj txhvwlrq lq ixqfwlrqdo dqdo|vlv1 Ohw  � U

q eh dq rshq grpdlq/ zklfk lv wkh
odujhvw t � p vxfk wkdw wkh hpehgglqj Z 4>p+, � Ot+, lv frqwlqxrxvB Lw lv
zhoo0nqrzq ^4` wkdw wkh dqvzhu lv t @ p� zkhuh

p� @
qp

q�p
=

Lw lv dovr zhoo0nqrzq wkdw wkh ehvw Vrerohy frqvwdqw

V @ lqi
x5G4>p+,qi3j

#
nuxnOp+,

nxnOp� +,

$p
+5,

4<<4 Pdwkhpdwlfv Vxemhfw Fodvvl�fdwlrq1 Sulpdu|= 68E66/ 68M93/ 79H681
Nh| zrugv dqg skudvhv1 Fulwlfdo h{srqhqwv/ hpehgglqj lqhtxdolwlhv/ 60Odsodfldq1

65:



65; ILOLSSR JD]]ROD

grhv qrw ghshqg rq wkh grpdlq  dqg wkdw wkh lq�pxp rq wkh uljkw kdqg vlgh ri
+5, lv dfklhyhg rqo| li  � U

q1 Lq wklv fdvh/ lw lv dfklhyhg e| wkh rqh0sdudphwhu
idplo| ri ixqfwlrqv +vhh ^68`,

Xg+{, @ g
�
4 .G

�
g

p
q�p m{m,

p
p�4

���q�p
p +g A 3,> +6,

zkhuh g @ Xg+3, @ nXgn4 dqg G @ Gp>q @ p�4
+q�p,q4@+p�4, 1 Fohduo|/ iru dq| � A 3

dqg dq| {3 5 U
q/ wkh ixqfwlrq �Xg+{� {3, lv dovr d srvlwlyh plqlpl}hu iru +5,1 Lq

idfw/ wkh ixqfwlrqv ri wkh idplo| +6, vroyh wkh htxdwlrq

��px @ xp
��4 lq Uq = +7,

E| frpelqlqj wkh uhvxowv lq ^7/ 53` rqh kdv wkdw li p @ 5/ wkhq wkh ixqfwlrqv lq +6,
duh wkh rqo| srvlwlyh vroxwlrqv ri +7, kdylqj pd{lpxp dw wkh ruljlq { @ 31

Rshq Sureohp 41 Vkrz wkdw wkh ixqfwlrqv lq +6, duh wkh rqo| srvlwlyh vroxwlrqv
+kdylqj pd{lpxp dw wkh ruljlq, ri +7, dovr zkhqp 9@ 51 Sduwldo uhvxowv duh rewdlqhg
lq ^:`1 �

5151 Hqwluh vroxwlrqv1 Ohw xv �uvw frqvlghu zkdw Ql0Vhuulq ^58` fdoo wkh qrupdo

fdvh1 Zh vwxg| wkh h{lvwhqfh ri jurxqg vwdwhv/ qdpho| qrqqhjdwlyh qrqwulyldo udgl0
doo| v|pphwulf dqg ydqlvklqj dw lq�qlw| vroxwlrqv ri wkh htxdwlrq

��px @ �xt�4 . xs�4 lq Uq = +8,

Udgldo v|pphwu| ri vprrwk srvlwlyh vroxwlrqv ri +8, kdv ehhq zlgho| vwxglhg1
Iluvw/ lw kdv ehhq suryhg lq ^53` lq wkh fdvh p @ 5 xqghu dq dgglwlrqdo dvvxpswlrq
rq wkh ghfd| dw lq�qlw| ri wkh vroxwlrq> vxevhtxhqwo|/ wklv dvvxpswlrq zdv uhpryhg
lq ^65`1 Wklv vwdwhphqw zdv h{whqghg wr wkh fdvh 4 ? p ? 5 lq ^9`1 Zkhq p A 5 wkh
vlwxdwlrq lv pruh gholfdwh dqg udgldo v|pphwu| ri srvlwlyh vroxwlrqv ri +8, lv nqrzq
rqo| xqghu wkh dgglwlrqdo dvvxpswlrq wkdw wkh vroxwlrq dgplwv d xqltxh fulwlfdo
srlqw/ vhh ^65`1

Rq wkh rwkhu kdqg/ srvlwlyh vroxwlrqv wr +8, h{lvw rqo| li t �p zkloh li 4 ? t ? p

jurxqg vwdwhv kdyh frpsdfw vxssruw +d edoo,1 Lq vxfk fdvh/ udgldoo| v|pphwulf vrox0
wlrqv derxw gl�huhqw fhqwhuv dqg zlwk glvmrlqw vxssruwv pd| eh �vwlfnhg� wrjhwkhu lq
rughu wr rewdlq pxowlexps vroxwlrqv/ vhh djdlq ^65` dqg uhihuhqfhv wkhuhlq1 Khqfh/
lw lv uhdglo| vhhq wkdw udgldo v|pphwu| ri qrqqhjdwlyh vroxwlrqv pd| idlo zkhq
4 ? t ? p1

Krzhyhu/ doo wkh mxvw uhfdoohg uhvxowv vxjjhvw wr uhvwulfw rxu dwwhqwlrq wr udgldoo|
v|pphwulf vroxwlrqv1 Lq wklv vlwxdwlrq/ zh kdyh

Wkhruhp 41 Dvvxph wkdw 4 ? t ? s1

+l, Li s ? p� wkhq +8, dgplwv d xqltxh jurxqg vwdwh1

+ll, Li s �p� wkhq +8, dgplwv qr jurxqg vwdwhv1

Uhihuhqfhv1 Zkhq s ? p�/ vhh ^4<` +h{lvwhqfh, dqg ^64` +xqltxhqhvv,1 Zkhq
s � p�/ qrqh{lvwhqfh iroorzv iurp d jhqhudol}hg Srkr
}dhy lghqwlw| ^58`1 �

Qh{w zh wxuq wr zkdw Ql0Vhuulq ^59` fdoo wkh dqrpdorxv fdvh=

��px @ xs�4 lq Uq = +9,

Lq wklv fdvh zh kdyh wkh iroorzlqj uhvxow=

Wkhruhp 51 Dvvxph wkdw s A 41
+l, Li s ? p� wkhq wkh xqltxh erxqghg vroxwlrq ri +9, lv x � 31
+ll, Li s �p� wkhq +9, dgplwv lq�qlwho| pdq| jurxqg vwdwh1
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Uhihuhqfhv1 Iru vwdwhphqw +l,/ vhh ^66` dqg suhylrxv zrun lq ^54` iru p @ 51
Vwdwhphqw +ll, lv d sduwlfxodu fdvh ri ^59/ Wkhruhp 917`> pxowlsolflw| lv rewdlqhg
wkdqnv wr uhvfdolqj1 �

5161 Vroxwlrqv lq erxqghg grpdlqv1 Zh frqvlghu wkh sureohp;?
=

��px @ xs�4 lq 
x � 3 lq 
x @ 3 rq C

+:,

zkhuh  � Uq lv erxqghg dqg s A p1 Djdlq/ Vrerohy h{srqhqw lv wkh �erughuolqh�
ehwzhhq h{lvwhqfh dqg qrqh{lvwhqfh exw wklv wlph lw lv wkh rwkhu zd| durxqg zkhq
frpsduhg wr Wkhruhp 5=

Wkhruhp 61 Ohw  � Uq eh dq rshq erxqghg grpdlq dqg ohw s A p A 41
+l, Li s ? p� wkhq +:, kdv dw ohdvw d srvlwlyh vroxwlrq1

+ll, Li s �p� dqg  lv vwdu0vkdshg/ wkhq +:, kdv qr srvlwlyh vroxwlrqv1

Uhihuhqfhv1 Iru wkh h{lvwhqfh ri d srvlwlyh vroxwlrq zkhq s ? p�/ vhh ^46` zkhuh
rqh dovr �qgv uhihuhqfhv iru suhylrxv zrun lq wkh vhplolqhdu fdvh p @ 51 Wkh
qrqh{lvwhqfh vwdwhphqw iru s �p� iroorzv iurp Srkr
}dhy lghqwlw| ^5<` zkhq p @ 5
dqg iurp lwv h{whqvlrq e| Sxffl0Vhuulq ^63` zkhq p 9@ 5> lq wkh odwwhu fdvh wkh
F5 uhjxodulw| ri vroxwlrqv lv qrw wkh fruuhfw iudphzrun dqg d vxevhtxhqw sdshu e|
Jxhggd0Yhurq ^55` fodul�hv wklv srlqw1 �

Lq vwdwhphqw +ll, wkh dvvxpswlrq wkdw  lv vwdu0vkdshg lv fuxfldo1 Lqghhg/ wkhuh
duh zhoo0nqrzq h{dpsohv ri frqwudfwleoh grpdlqv iru zklfk +:, dgplwv d srvlwlyh
vroxwlrq zkhq p @ 5 dqg s � 5�> zh uhihu wr ^5:/ 5;` iru jhqhudo uhvxowv dqg d idluo|
frpsohwh olvw ri ixuwkhu uhihuhqfhv1

Rshq Sureohp 51 H{whqg wkh h{lvwhqfh uhvxowv lq ^5:/ 5;` wr jhqhudo p 9@ 51 Hyhq
li zh eholhyh wkh yhu| vdph vwdwhphqwv wr eh wuxh/ wklv lv qrw d vlpsoh h{huflvh/ lw lv
d gl!fxow sureohp vwulfwo| uhodwhg wr Rshq Sureohp 41 �

Wkhuhiruh/ Wkhruhp 6 vhhpv wr hpskdvl}h d gl�huhqw ehkdylru iru +:, zkhq wkh
sdudphwhu s lv deryh2ehorz wkh Vrerohy h{srqhqw p� rqo| zkhq frpelqhg zlwk
vxlwdeoh jhrphwulf dvvxpswlrqv rq wkh grpdlq1 Lq idfw/ lqghshqghqwo| ri wkh jhrp0
hwu| ri wkh +erxqghg, grpdlq / wkhuh lv rqh elj gl�huhqfh ehwzhhq wkh vxefulwlfdo
fdvh s ? p� dqg wkh fulwlfdo fdvh s @ p�1 Li 4 ? s � p�/ vroxwlrqv ri +:, pd| eh
vrxjkw dv fulwlfdo srlqwv ri wkh vprrwk ixqfwlrqdo

M+x, @
4

p

]


muxmp �
4

p�

]


mxmp
�

x 5Z
4>p
3 +, =

Zh pd| wkhq frqvlghu wkh Qhkdul pdqlirog uhodwlyh wr M

Q @ ix 5Z
4>p
3 +,> kM 3+x,> xl @ 3> x 9@ 3j =

Ilqdoo|/ zh vd| wkdw d vroxwlrq x ri +:, lv d ohdvw hqhuj| vroxwlrq li M+x, @ lqiQ M 1
Wkhq/ zh kdyh

Wkhruhp 71 Ohw  � Uq eh dq| rshq erxqghg grpdlq dqg ohw s A p A 41
+l, Li s ? p� wkhq +:, dgplwv d srvlwlyh ohdvw hqhuj| vroxwlrq1

+ll, Li s @p� wkhq +:, dgplwv qr ohdvw hqhuj| vroxwlrqv1

Uhihuhqfhv1 Vwdwhphqw +l, lv hvvhqwldoo| suryhg lq ^46`> zkhq s ? p� wkh ixqf0
wlrqdo M vdwlv�hv wkh Sdodlv0Vpdoh frqglwlrq dqg wkhuhiruh lw dgplwv d prxqwdlq0sdvv
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fulwlfdo srlqw zklfk lv d ohdvw hqhuj| vroxwlrq1 Lw pd| eh fkrvhq qrqqhjdwlyh vlqfh
M+mxm, @ M+x,1 Ilqdoo|/ lw lv srvlwlyh e| wkh pd{lpxp sulqflsoh/ vhh ^6:`1 Vwdwhphqw
+ll, lv mxvw Sursrvlwlrq 5 lq ^47`1 �

61 Wudfh h{srqhqw1

6141 Wudfh lqhtxdolwlhv1 Lq rughu wr pdlqwdlq vrph dqdorjlhv zlwk Vrerohy h{sr0
qhqw/ zh vwduw djdlq iurp d sureohp lq ixqfwlrqdo dqdo|vlv1 Ohw  � Uq eh dq rshq
grpdlq zlwk +qrqhpsw|, vprrwk erxqgdu| C dqg ohw � = Z 4>p+, :$ Ot+C, eh
wkh wudfh rshudwru1 Zklfk lv wkh odujhvw t � p iru zklfk wkh wudfh rshudwru lv
frqwlqxrxvB Lw lv nqrzq ^4/ Wkhruhp 8155` wkdw t @ pW zkhuh

pW @
p+q� 4,

q�p
=

Lq rwkhu zrugv/ zh kdyh wkh iroorzlqj uhvxow=

<F @ F A 3 > n�xnOpW +C, � FnxnZ4>p+, ;x 5Z 4>p+,

dqg pW lv wkh odujhvw h{srqhqw srvvleoh1

6151 Wkh Hpghq0Irzohu lqyhuvlrq1 Rqh ri wkh prvw frpprq wrrov xvhg wr
wdfnoh udgldoo| v|pphwulf vroxwlrqv ri txdvlolqhdu htxdwlrqv ri wkh nlqg

��px @ i+x, +;,

lv wkh vr0fdoohg Hpghq0Irzohu lqyhuvlrq/ vhh h1j1 ^56`1 Zulwlqj +;, lq udgldo frrugl0
qdwhv +m{m @ u/ x @ x+u,, dqg shuiruplqj wkh lqyhuvlrq

w @

�
q�p

p� 4

4

u

�+q�p,@+p�4,

> |+w, @ x+u, > +<,

wkh htxdwlrq +;, ehfrphv wkh rgh�
m|3mp�5|3

�3
. w�pW i+|, @ 3 +43,

dqg wkh wudfh h{srqhqw pW dsshduv1
Hyhq li dw d �uvw jodqfh wklv orrnv yhu| duwl�fldo/ lw kdv d ghhs phdqlqj1 Lqghhg/

wkh fkdqjh ri yduldeohv +<, lv wkh prvw qdwxudo rqh dv lw vzlwfkhv wkh ruljlq zlwk
lq�qlw| dqg lw �ghohwhv� wkh �uvw ghulydwlyh whup vr wkdw  h{ srlqwv ri wkh vroxwlrqv
ri +43, frlqflgh zlwk wkh }hurv ri i 1 Pruhryhu/ dv w $ 3 +l1h1 m{m $ 4 lq +;,,/ wkh
gl�huhqwldo rshudwru ehkdyhv olnh wkh uhdfwlrq whup i+x, wlphv d vlqjxodulw| zlwk
wkh wudfh h{srqhqw1 Wkhuhiruh/ wklv vlqjxodulw| vhhpv wr eh lqwulqvlf ri wkh rshudwru
�p1

6161 Lqhtxdolwlhv dqg htxdwlrqv lq xqerxqghg grpdlqv1 Zh �uvw frqvlghu
zhdn vroxwlrqv ri wkh txdvlolqhdu hoolswlf sureohp�

��px � xs�4 lq Uq

x � 3 > x 9� 3 lq Uq =
+44,

E| zhdn vroxwlrq x ri +44, zh phdq]
Uq

muxmp�5uxu! �

]
Uq

xs�4! ;! 5 F4
f +Uq, > ! � 3 =

Wkh �uvw uhvxow zklfk kljkoljkwv wkh lpsruwdqfh ri wkh wudfh h{srqhqw lv

Wkhruhp 81 Dvvxph wkdw s A 41
+l, Li s � pW / wkhq +44, kdv qr zhdn vroxwlrqv x 5Z

4>p
orf +Uq,1

+ll, Li s A pW wkhq +44, kdv lq�qlwho| pdq| vroxwlrqv1
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Uhihuhqfhv1 Vwdwhphqw +l, kdv ehhq rewdlqhg lqghshqghqwo| dqg zlwk gl�huhqw
surriv lq ^57/ Wkhruhp 4514` dqg lq ^66/ Wkhruhp L`1 Iru vwdwhphqw +ll,/ lw lv vkrzq
lq ^57/ s186` wkdw wkh ixqfwlrqv x+{, @ %+4 . m{mp@+p�4,,+4�p,@+s�p, duh hqwluh
vroxwlrqv ri +44, surylghg % lv vx!flhqwo| vpdoo1 �

Zh dovr kdyh d vrphkrz �gxdo� vwdwhphqw1 Frqvlghu wkh htxdwlrq

�px @ xt�4 lq Uq q i3j +45,

wrjhwkhu zlwk wkh �erxqgdu| frqglwlrqv�

olp
{$3

m{m+q�p,@+p�4, x+{, @ G+p�q,@p olp
m{m$4

x+{, @ 3 > +46,

zkhuh G @ Gp>q lv dv lq +6,1 Fohduo|/ +46, lpsolhv wkdw x kdv dw { @ 3 wkh vdph
vlqjxodulw| ri wkh ixqgdphqwdo vroxwlrq ri ��px @ �31 Zh kdyh

Wkhruhp 91 Dvvxph wkdw t A 41
+l, Li t ? pW / wkhq +45,0+46, kdv d xqltxh qrqqhjdwlyh udgldo vroxwlrq1

+ll, Li t � pW wkhq +45,0+46, kdv qr vroxwlrq1

Uhihuhqfhv1 Vwdwhphqw +l, zkhq t @ p lv suryhg lq ^4:` zkloh iru jhqhudo t ? pW

zh uhihu wr ^44`1 Li t ? p wkh vroxwlrq kdv frpsdfw vxssruw zkloh li t � p lw lv
srvlwlyh ^44`> pruhryhu/ li t @ p lw kdv h{srqhqwldo ghfd| ^4;`1 Vwdwhphqw +ll, lv d
vwudljkwiruzdug frqvhtxhqfh ri ^6;/ Wkhruhp 414`1 �

6171 D grxeo| fulwlfdo Qhxpdqq sureohp1 Ohw  � Uq eh d erxqghg grpdlq
dqg frqvlghu wkh Qhxpdqq sureohp;?

=
��px. xp�4 @ xp

��4 � �xt�4 lq 
x A 3 lq 
Cx
C� @ 3 rq C

+47,

zkhuh � A 3 dqg p ? t ? p�1 Fohduo|/ +47, dgplwv d frqvwdqw vroxwlrq zklfk pd|
ru pd| qrw eh dq �lqwhuhvwlqj� vroxwlrq dffruglqj wr wkh iroorzlqj gh�qlwlrq1 Dv lq
Vhfwlrq 516 zh frqvlghu wkh uhodwhg dfwlrq ixqfwlrqdo

M+x, @
4

p
nuxnpOp+, .

4

p
nxnpOp+, .

�

t
nxntOt+, �

4

p�
nxnp

�

Op� +, >

wkh dvvrfldwhg Qhkdul pdqlirog

Q @ ix 5Z 4>p+,> kM 3+x,> xl @ 3> x 9@ 3j >

dqg zh vd| wkdw d vroxwlrq x ri +47, lv d ohdvw hqhuj| vroxwlrq li M+x, @ lqiQ M 1
Wkhq/ zh kdyh

Wkhruhp :1 Ohw  � Uq eh rshq dqg erxqghg/ ohw � A 3 dqg ohw p ? t �pW 1

+l, Li t ? pW / wkhq +47, dgplwv d ohdvw hqhuj| vroxwlrq iru doo � A 31
+ll, Li p @ 5/ q � 8/ t @ 5W / wkhq wkhuh h{lvwv �3 @ �3+, A 3 vxfk wkdw li

� ? �3 wkhq +47, dgplwv d ohdvw hqhuj| vroxwlrq/ zkloh li � A �3 wkhq +47, dgplwv

qr ohdvw hqhuj| vroxwlrqv1

Uhihuhqfhv1 Vwdwhphqw +l, lv suryhg lq ^6</ Wkhruhp 716` +fdvh p @ 5, dqg ^73`
+p A 4,1 Vwdwhphqw +ll, lv suryhg lq ^8`1 Lq fdvh +ll,/ wkh �olplw� vlwxdwlrq � @ �3
lv glvfxvvhg lq ^8`1 �

Rshq Sureohp 61 Uhpryh wkh uhvwulfwlrq rq wkh glphqvlrq q � 8 lq vwdwhphqw
+ll,1 Lw lv nqrzq wkdw h{lvwhqfh uhvxowv iru vhplolqhdu fulwlfdo jurzwk sureohpv duh
gl�huhqw lq glphqvlrq q @ 6 ^6`/ q @ 7 ^49`/ dqg q � 81 �
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Rshq Sureohp 71 Suryh Wkhruhp : +ll, lq wkh txdvlolqhdu fdvh p 9@ 51 Wklv
vwdwhphqw vhhpv gl!fxow wr rewdlq lq wklv fdvh> lqghhg/ zkhq p @ 5 rqh wdnhv
dgydqwdjh ri wkh idfw wkdw 5+5W � 5, @ 5� � 5/ vhh ^8`1 Lw vhhpv wkdw li p 9@ 5 d
whfkqlfdo revwuxfwlrq dulvhv ^67`1 Pruhryhu/ rqh frxog dovr vwxg| wkh fdvh pW ?

t ? p�> zh frqmhfwxuh wkdw lq vxfk fdvh ohdvw hqhuj| vroxwlrqv gr qrw h{lvw iru dq|
� A 31 �

71 Fulwlfdo uhpdlqghu h{srqhqw1

7141 Vrerohy lqhtxdolwlhv zlwk uhpdlqghu whupv1 Dv douhdg| phqwlrqhg lq
Vhfwlrq 514/ wkh ehvw Vrerohy frqvwdqw V iru wkh hpehgglqj G4>p+, � Op

�

+, lv
lqghshqghqw ri wkh grpdlq  � U

q dqg lw lv qrw dwwdlqhg zkhqhyhu  lv erxqghg1
Wkhq/ lw lv qdwxudo wr lqtxluh li iru vrph t � 4 wkhuh h{lvwv d frqvwdqw F @ F+> t, A
3 vxfk wkdw

nuxnpOp+, � VnxnpOp� +, . FnxnpOt+, ;x 5Z
4>p
3 +, =

Dqg/ li d!updwlyh/ zklfk lv wkh odujhvw h{srqhqw t vxfk wkdw F+> t, A 3B
Ohw xv lqwurgxfh d wklug +vpdoohu, fulwlfdo h{srqhqw/ qdpho|

pU @
q+p� 4,

q�p
@ pW � 4 >

wkhq/ wkh dqvzhu lv jlyhq e| wkh iroorzlqj

Wkhruhp ;1 Ohw q A p A 5� 4
q 1 Ohw  � Uq eh dq rshq erxqghg grpdlq1 Wkhq/

iru doo t 5 ^4>pU, wkhuh h{lvwv Ft A 3 vxfk wkdw

nuxnpOp+, � VnxnpOp� +, . Ftnxn
p
Ot+, ;x 5Z

4>p
3 +, =

Pruhryhu/ olp
t$pU

Ft @ 3/ zkhuh

Ft @ lqi
nxnt@4

�
nuxnpp � Vnxnpp�

�
=

Uhihuhqfhv1 Vhh ^6` iru d surri edvhg rq wkh Srkr
}dhy lghqwlw| lq wkh fdvh p @ 51
D vlplodu surri iru jhqhudo p A 4 pd| eh irxqg lq ^<`/ vhh dovr ^48`1 D gluhfw surri
|lhoglqj d vwurqjhu uhvxow zklfk lqyroyhv zhdn qrupv lq wkh fdvh p @ 5 lv jlyhq lq
^5`1 �

Iru wklv uhdvrq zh fdoo wkh qxpehu pU wkh fulwlfdo uhpdlqghu h{srqhqw1

Rshq Sureohp 81 Suryh wkh uhvxow lq ^5` lq wkh Z 4>p vhwwlqj/ qdpho| wkdw iru
dq| erxqghg grpdlq  � Uq wkhuh h{lvwv F A 3 vxfk wkdw

nuxnpOp+, � VnxnpOp� +, . Fnxnp
O
pU
z +,

;x 5Z
4>p
3 +, =

Zkhq uhshdwlqj wkh surri lq ^5` d �zurqj� zhdn qrup dsshduv/ vhh ^48`1 �

Rshq Sureohp 91 Uhpryh wkh dvvxpswlrq p A 5� 4
q lq Wkhruhp ;1 Zh eholhyh

wkdw lw krogv wuxh iru doo q A p A 41 �

Wkh fulwlfdo uhpdlqghu h{srqhqwpU kdv dovr d gl�huhqw fkdudfwhul}dwlrq lq whupv
ri vxppdelolw| ri wkh plqlpl}huv iru wkh Vrerohy udwlr +5,=

Wkhruhp <1 Frqvlghu wkh ixqfwlrqv Xg ri wkh idplo| +6, dqg ohw t � 41 Wkhq

Xg 5 Ot+Uq, li dqg rqo| li t A pU1

Uhihuhqfhv1 Wklv lv mxvw d vlpsoh fdofxodwlrq/ vhh ^44`1 �
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7151 Dv|pswrwlf ehkdylru ri jurxqg vwdwhv1 D sduwlfxodu lqwhuhvwlqj ehkdy0
lru lv h{klelwhg e| wkh O4 qrup ri jurxqg vwdwhv wr wkh iroorzlqj htxdwlrq dv s
dssurdfkhv +iurp ehorz, wkh Vrerohy h{srqhqw p�=

��px @ �xt�4 . xs�4 lq Uq = +48,

E| Wkhruhp 4/ +48, dgplwv d xqltxh jurxqg vwdwh iru doo 4 ? t ? s ? p� zkloh
lw dgplwv qr jurxqg vwdwhv li 4 ? t ? s @ p�1 Wkhuhiruh/ lw lv ri vrph lqwhuhvw wr
vwxg| wkh fdvh zkhuh s dssurdfkhv wkh Vrerohy h{srqhqw p�1

Zh txrwh d uhvxow iurp ^44`> dv idu dv zh duh dzduh lw lv wkh rqo| vwdwhphqw
lqyroylqj doo wkh wkuhh fulwlfdo h{srqhqwv=

Wkhruhp 431 Iru doo 4 ? t ? s ? p� ohw x eh wkh xqltxh jurxqg vwdwh ri +48,1
Wkhq wkhuh h{lvw frqvwdqwv �p>q>t> �p>q> �p>q>t A 3 vxfk wkdw

olp
s$p�

+p� � s,^x+3,`p
��t @ �p>q>t li t A pU

olp
s$p�

p� � s

m orj+p� � s,m
^x+3,`

q
q�p @ �p>q li t @ pU

olp
s$p�

+p� � s,^x+3,`
p��t

pW�t @ �p>q>t li t ? pU =

Uhihuhqfhv1 Vhh Wkhruhp 5 lq ^44` dqg suhylrxv zrun lq wkh �olqhdu� fdvh t @ p

lq ^4:/ 4;`1 Wkh frqvwdqwv �p>q>t> �p>q> �p>q>t duh h{solflwo| ghwhuplqhg lq ^44` dqg
lw lv vkrzq wkdw

olp
t&pU

�p>q>t @ .4 > olp
t%pU

�p>q>t @ .4 =

Qrwh wkdw p��t

pW�t
@ p� � t @ q

q�p
zkhqhyhu t @ pU dqg wklv jlyhv �frqwlqxlw| ri

wkh h{srqhqwv� lq wkh deryh vwdwhphqw1 �

81 Frqfoxglqj uhpdunv1 Doo wkh deryh olvwhg uhvxowv vkrz wkdw wkh wkuhh h{sr0
qhqwv p�/ pW dqg pU zklfk duh fulwlfdo iru hpehgglqj lqhtxdolwlhv duh dovr fulwlfdo
iru h{lvwhqfh uhvxowv iru txdvlolqhdu htxdwlrqv ri wkh nlqgv +4,1 Lq +4, sro|qrpldo
uhdfwlrq whupv duh frqvlghuhg dqg wklv idfw vhhpv wr eh wkh nh| lqjuhglhqw wr lq0
wurgxfh Os vsdfhv lq wkh glvfxvvlrq dqg/ vxevhtxhqwo|/ h{sodqdwlrqv lq whupv ri
hpehgglqj lqhtxdolwlhv1 Lw lv vkrzq lq ^43` wkdw zkhq pruh jhqhudo uhdfwlrq whupv
duh frqvlghuhg/ d suhflvh gh�qlwlrq ri �vxefulwlfdo� vhhpv qrw dydlodeoh1 Krzhyhu/
lw lv e| qrz fohdu wkdw wkhuh h{lvwv d vwulfw olqn ehwzhhq hpehgglqj lqhtxdolwlhv
dqg txdvlolqhdu hoolswlf sureohpv zlwk srzhu0olnh uhdfwlrq whupv1 Zkdw lv plvvlqj
lv d ixoo h{sodqdwlrq ri wklv idfw1 Rq rqh kdqg vrph hpehgglqj lqhtxdolwlhv pd| eh
rewdlqhg dv frqvhtxhqfh ri vxlwdeoh plqlpl}dwlrq sureohpv iru frqvwudlqhg ixqfwlrq0
dov> li wkh plqlpxp h{lvwv/ wkhq zh kdyh d vroxwlrq iru wkh Hxohu0Odjudqjh htxdwlrq1
Rq wkh rwkhu kdqg/ lv wkhuh d jhqhudo zd| wr ghgxfh uhvxowv iru htxdwlrqv gluhfwo|
iurp hpehgglqj lqhtxdolwlhv dqg ylfh0yhuvdB Li d!updwlyh/ zklfk lv wkh uroh ri wkh
grpdlq +erxqghg2xqerxqghg,/ ri wkh erxqgdu| frqglwlrqv +Glulfkohw2Qhxpdqq,B
Dqg zklfk h{srqhqw h{sodlqv zklfk skhqrphqdB

Wkh vxevhtxhqw vwhsv ri wkh suholplqdu| uhpdunv frqwdlqhg lq wklv sdshu frxog eh
wr wu| wr wdfnoh doo wkhvh sureohpv iurp d gl�huhqw srlqw ri ylhz1 Ehiruh zrqghulqj
derxw h{lvwhqfh2qrqh{lvwhqfh uhvxowv iru +;, rqh vkrxog wu| wr xqghuvwdqg d sulrul

zklfk duh wkh fulwlfdo h{srqhqwv dqg zklfk hpehgglqj lqhtxdolwlhv duh uhvsrqvleoh
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ri wkh dqvzhu1 Wr wklv hqg/ d surplvlqj prgho sureohp lv frqvlghuhg lq ^45`= lw
lqyroyhv dq dqlvrwurslf txdvlolqhdu hoolswlf rshudwru zklfk idlov wr srvvhvv vrph ri wkh
w|slfdo ihdwxuhv ri hoolswlf rshudwruv vxfk dv uhjxodulw| wkhru|/ pd{lpxp sulqflsohv/
krprjhqhrxv hljhqydoxh sureohpv1
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