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1 Introduction

We consider one dimensional lattices with infinitely many particies having nearest
neighbor interaction: the interaction we consider is repulsive-attractive, that is,
with a force being repulsive for small displacements and attractive for large
displacements; periodic motions for purely attractive interactions can also be
found, see {2, 3]. The state of the system at time ¢ is represented by a sequence
q(t) ={q:(®)} (i € %), where ¢;(¢) is the state of the i-th particle: let $; denote
the potential of the interaction between the i-th and the (i + 1)-th particle (whose
displacement is g; — ¢;+1), then the equation governing the state of g;(t) reads

M Gi =D _(qi—1 — q) — Di(qi — qin1) 3

if we define the potential of the system & : R>® — R by &(q) 1= ), ., Pi(gi —
gi+1), then equations (1) can be written in a vectorial form

) i=-94).

Since the problem is clearly invariant with respect to translations of the whole
system, the natural framework to study this problem is the Hilbert space

T
H:={q:S1 — R*>; / qgo(t)dt =0,
0

T
> / (@) +(qi(t) — qn@)?] di < oo}
icz’0

endowed by the scalar product

T
EDD /0 (B (1) + (pi(6) = Piaa @)@ () = qima O] dt ;

ieZ
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we consider the functional J : H — R defined by

1 T T
J@) =5 [ lg@dt— | Dlg@)dt
2 Jo 0

whose critical points are periodic solutions of (2), see [8]. Assume that Vi € Z

D)D)= —a;t? +Vi(t), oy >0

ii) 36 > O such that V/(t)r > 2+ 8)V;(r) > 0, Vt € R

iii) limy| 100 Vi(?) = 400

iv) V; e ¢

We also require a spatial periodicity in order to have the functional J invariant
for translations of indices (see formula (5) below):

v) 3m € N such that @4, = &;, Vi € Z.

Note that conditions 1), ii), iii) and iv) imply that Vi € Z

hd @,‘ (O) =0

— V; is superquadratic at the origin and at infinity

— &; has a strong local maximum in 0

— @, admits at least two local minima

— denote by ¢; the nonzero stationary points of ®;; then max; ¢,(6;) < 0.

Under the above assumptions it is proved in [2] that the functional J satisfies
the geometric assumptions of the mountain pass Theorem and that, if b is the inf-
max level, J admits a critical level not higher than b; the motion corresponding
to such a critical level are non-constant if the period is large enough.

The main result we prove in this paper is Theorem 2 which can be stated
approximately as follows:

System (2) admits infinitely many periodic motions up to its symmetries; fur-
thermore if 30 > O such that the set of critical points at level lower than b + &
is 7 times a compact set (that is, the countable disjoint union of a compact set
F" with its translations), then there exist infinitely many periodic non-constant
motions of multibump type, i.e. having most of their (finite) energy concentrated
in a finite number of disjoint regions of the lattice.

The variational structure of our problem possesses some analogies with that of
the problem of homoclinic orbits for non-autonomous Hamiltonian systems with
periodic potentials. Indeed in both cases, the functional being invariant under the
action of a non-compact group Z, the Palais-Smale compactness condition does
not hold at any level; on the other hand, the same action may allow to prove
the existence of solutions of multibump type by sticking suitable solutions. This
structure was discovered by Séré [10] for the problem of homoclinics studied in
[5]. Since then, some progress in this field has been obtained in several subsequent
papers, and different techniques have been developed, see [4, 6, 11]; similar
arguments are also used in [7] for the search of homoclinic type solutions of
semilinear elliptic PDE’s.

In all these papers the multibump solutions are obtained under the assumption
that the mountain pass sublevel does not contain “too many” critical points:
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it is required that either such critical points are finite, or they are countable.
These assumptions do not cover the case where the functional is invariant under
the action of a continuous compact group as well: since our problem is indeed
invariant under an S'-action, we extended the result to the more general case
of assumption (A) in Theorem 2. To explain more precisely our result some
preliminaries are in order.

2 The main result

For all a,b € R such that b < a we denote
Je=J"(~00,aly,  Jy=J7'(b,+c0)), I =JN{b,aD,

and
K ={q € H\{0}; J'(g) =0}
K‘=KNnJ*, K,=KnJ,, Kf=K°NK,.

In [2] it is proved that the functional J is well defined on H, J € C'(H,R)
and that for large period T (say T > T) it admits nontrivial critical points, which
are periodic solutions of (2). More precisely it is proved that 3¢ € J°\ {0} and
that O is a strong local minimum for J; therefore, if B(gq,r) denotes the H —ball
centered in g with radius r,

(3) 3A>0  such that K(\BO,N=0
and the functional has a mountain-pass level given by

4 b:=inf max J(g)>0,
@) VIGFqEW(EOJ]) @

where
I'={yeC(0,1},H); 7(0)=0, ()=g},

hence a Palais-Smale sequence exists at level b by a standard procedure. From
now on we will always assume the condition T > T to be satisfied in order to
guarantee the nontriviality of the critical points.

The functional J is invariant under both a representation of Z which we
denote * following Séré [10], and a representation of S! which we denote by 2.
These representations are defined by:

1T
(®:ZxH — H, (k,q) — kxq where (kxq(2)); =Qi+km(t)_'f/ Grm
0

and
2:S'xH —-H, [, g =qi(t +7) .

LetleN, k=(k!,....k)eZ and g =(q!,...,9") € H', we define
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!
E*Q::ij*qi;

j=t

for all sequences of I-tuples of integers k, = (k,, ... .k, by k, — co we mean
that for i #j |k} — k3] — oo as n — oo.
The previous notations are useful to define the multibump solutions:

Definition 1 A critical point q is @ multibump solution of kind (I, p) € N x R* if
Y=k, . kHeZ andG=(q",...,q"), ¢ €K, such that q € Bk %G, p).

Due to the Z and S' invariance, the functional J does not satisfy the Palais-
Smale condition; nonetheless the following representation theorem holds:

Theorem 1 Assume i), ii), iii), iv) and v); let ¢ € H be a Palais-Smale se-
quence for J at level b > 0. Then there exist a subsequence still denoted by g,
I points ¢ € K (j =1,...,1), and | sequences of integers k(neN[>1)
such that if § = (q',...,q") and k, = (k}, ... k), then

Hq(n) — kn *QH -0,
Yiad@)=b,

kn — 00 .

Remark. The proof of this result and an upper estimate for [ are given in [2].
Note that even if / > 1, we cannot state that there exist / different critical
points, as it could be g' = ¢/ fori #j.

The aim of this paper is to prove a multiplicity theorem for the existence of
critical points of J; we will prove the following result:

Theorem 2 Assume i), ii), iii), iv) and v); then K /(S 1'% 7)Y contains infinitely
many points. More precisely if b is defined as in (4) and
(A)  3a&> 0and a compact set T C H such that K =J o k + %,
then b is a critical level and Vn € N and Va, p > 0 system (2) admits infinitely
many multibump solutions of kind (n, p) in J32*4 /(S* x 7).

nb—a

3 Proof of the main result

We refer to the next section for the proofs of the results stated here.

To prove Theorem 2, from now on we assume that (A) holds. For the sake
of simplicity we prove the theorem in the case n = 2: the proof can be extended
without major changes if n > 2.

We introduce some other notations: for all g € K?*® we denote by .7 q the
compact subset of K?*® to which g belongs; for all k € Z and reals b > a > 0
we define
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Zik):={u € H; dw,kx F) <a}, Z =70, 2 =|)Zk

keZ

and
T (k,a,b)y:={ucH; du,k x.9) € (a,b)} ;

note that for all ¢ € K*% there exists an integer k such that . F# g =k .57
Finally, for all / € N, k = (k',... k") € Z! and reals b > a > 0 we define
kxZ = k'« T+, . 4k« T and 7 (k,a,b) = {u € H; d(u,k*F) € (a,b)}.

Remark. For all g € H we denote by {29 = | J,{f2q} the orbit of such point
under the representation {2: an example of particular interest of the compact set
74°q is £2q when g € K; therefore if (A) does not hold, then K% /Z consists
of infinitely many critical orbits for all o > 0.

The first lemma is a consequence of Theorem 1: it gives a lower bound for
[IV']| in a suitable set, and it will replace in some sense the standard Palais-Smale
condition at level lower than b + a:

Lemma 1 (a) 3ry > 0 such that if q',q°> € K**® and .7 q' 0. F g% = 0, then

d(Fq', Fq*) = mi ' p?| > 3r .

(Fq, Hg)= . min P =P 23
(b) Yp € (0, ro), pp = inf {7 (Vs ¢ € Upez 7 k,p,r0)} > 0.
(c) For all Palais-Smale sequence g at level ¢ < b + & satisfying ||g"*V —
q™|| — 0, there exists k € 7 such that d(g™,k . 7) — O (and hence g™
admits a converging subsequence).

Remark. The statement (c) in the previous lemma is a weaker version of the
Palais-Smale condition which is sufficient to prove a deformation lemma (see
Lemma 2 below). A similar idea was used in [5] with the condition they called
(PS ): in the particular case they considered (PS ) is also weaker than the classi-
cal Palais-Smale condition since they had isolated critical points, but for a more
general problem (PS ) is not a weaker condition.

By the next results we give a “local” mountain pass characterization of
the critical level b. Choose 0 < § < ry/3 and set 1 = inf{{|lJ'(@]; g €
U cz 7 (k, 8, ro)}; u > 0 by Lemma 1 (b) and the following deformation lemma
holds:

Lemma 2 For all positive ¢ < min(&, 6u/2) there exists 7 : [0,2¢] x H — H
such that:

(a) nis,u)=u forallu ¢ Jb"’j‘; and all u € Y

(b) &J(n(s,u)) <0

(c) nQ2e,Jb* \ P35) C T~

(d) nQ2e, Jb*¢) C JP=2 | 2ss.

The previous lemma is used to prove the following:
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Lemma 3 Let r € (0, ry). There exist w, > 0 such that for all w € (0,w,) there
exists a path ¥, , € I’ and M (0 < M < o) integers {k; } satisfying:

(@) Y (10, 1D N 2 € UL, Zik)

(b) ¥r,w([0,1]) C Jo*.

We apply the previous result with r = ro/4: we choose w < min(w,, rpz /3))
(p5 is defined in Lemma 1) and consider the path v, ., given by Lemma 3; note
that w is chosen arbitrarily and this will be useful to prove that the statement of
Theorem 2 holds Va > 0. We can isolate the “interesting” part of v, ,, as stated
in

Lemma 4 There exist ty,t; € (0,1) such that, up to a translation of indices:

(@) Yrw(lio,n]) C 7

(b) Yrt;) € 07, i = 0,1

(c) The set F = (J, N %) disconnects %, and the endpoints v, (1) and
YVrw(t1) belong to different connected components of %

We can rescale ¢ on the path vy, ., given by the previous result: for r € [0, 1]
let 4(t) = v, o (to + t(t; — &)); by Lemma 3 we have

©) 4({0,1}) € J*7* and 4([0, 1) € J**;
consider the class of paths

I' = {y e Cq0, 1], Z); vWi) =A) for i =0,1} ,
by Lemma 4(c) we have

7 inf Jva) > b .
@) 7lgp tlenlg,)}} (¥(t) >

Lety; : [0,T] — H (j = 1,2) (we omit the subscript k) be the paths defined by

[k +4(0)]; if i > 0

@®) (@) =

0ifi <0
and

—kyxA)); ifi <0
©) Iaoy = 4 (OO

0ifi >0;
note that by the continuity of J we have
(10) 3¢ >0 suchthat B(3(),&) CJP3 (i=0,1),

therefore if k is sufficiently large, the endpoints of the truncated paths ; (j = 1,2)
are still “good” endpoints for the mountain pass characterization of . We can
therefore state that the following classes of paths:

I = {y € C(0, 11, Z;k)); (i) = ma(i) for i = 0,1}
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and

Iy = {y € C(0, 1], ZA—k)); (i) = ma(i) for i =0, 1}
have the same mountain pass points of the class 1™, up to translation of indices
of km or —km.

Using again the continuity of J, the fact that ~;([0,1]) (with j = 1,2) is
compact in H and (6), we have +;([0, 1]) C JPer with wy — w as k — oo; we
choose k so large that w; < %w, ie.

5 )
(1) r{gg}}(](’yj)<b+zw, j=12.

Define for all k € I:
B={q€H; dg,(—k)« Z +k*xF)<4r =ry} ,
B={qecH; dq,(—k)x F +kxF)<2r},
Q=00,11,
5:Q — B, (t,0) = A, 0) = 1) + ) ,
I ={y € CQ,B); vlag = Floo} ;
and forallg € H,

T T
(12) Fi(g)= / lgil* + / lgi — gini* s
0 0

each functional F; measures in some sense the amount of the norm around the
particle labeled by i, indeed 3", Fi(q) = ||q||* for all ¢ € H. By the properties
of @;, there exists a constant o such that if |¢] is small enough, say |¢] < 7, then
—P;(1) < ot?.

By the same arguments used to prove (11), we can choose k so large that
(without restrictions we assume k even)

N F@<r’ Vge(-kxF+kxFH
i1 <k/2+2
for such k we also have
(13) N F@ <17 VqeB,
i<k /241
i.e. the particles with low index only possess a small portion of the total energy

of the system.
By the embedding H'! C L we can also choose k so large that

lgi = qinilloo <F Vg €B, Vi, li| <k/2+2.

Denote by k., an integer such that for all k > k, the above statements are
fulfilled: this integer will be used in the final part of the proof.

We wish to prove the existence of a critical point in B by means of a suitable
variational characterization. The following lemma will be used in order to prove
some estimates on the functional level:
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Lemma 5 There exists a constant A > 0 which only depends on r, such that if
k is the same integer as in (8) and (9), then for any map v € I'?, there exists a
map ' € I'? such that for all T € Q:

(@) ' (r)i = ()i if |i] > k/2

(b) [Y'(1)lo =0

() J(Y () <T(y(m)+ Afk.

As a consequence, the following estimate holds for all v € I'%:
(14) JOYO) 2T N+ (M) - Ak VreQ,

where we set

[y ifi >0

(15) [y (D)) =
0ifi <0
and
;i <0
(16) oy = ¢ Ok
0ifi >0.
Define

= inf max J N
A yeI? gev(Q) @

to give a mountain-pass structure to level § (which will be the desired critical
level) we prove that the functional is low on 5(9Q):

Lemma 6 If k is large enough, then maxJ(%(90Q)) < 2b — 4.

Exploiting ideas of both [4] and [10} we give an estimate of § depending on
the choice of w:

Lemma 7 If k is large enough, then 2b — ¢ < 3 < 2b + %w.

The next result states that in B \ B the functional is “steep”; this will be
useful to build the deformation of Lemma 10.

Lemma 8 [f k is large enough, then for all ¢ € B\ B, ||//(q)|| > 1y /2.

To build a deformation in B we also need a local Palais-Smale condition: to
prove it we make use of Theorem 1 and of the fact that the “movement of a
bump” implies a change of norm of at least A.

Lemma 9 The Palais-Smale condition holds in B, i.e. every sequence {q¢"} C B
such that J'(q"™) — 0 is precompact.

Finally, we can define the desired deformation



Multibump periodic motions 635

Lemma 10 Let U C B be a neighborhood of K;:ii“’/sz N B. There exist n €

C(B x [0,11, B) such that

n(]2b+5w/2 \ U, 1 C J2b—w/5
, 2b+5w /2
g, ) =qifq &y

(-, 1) is equivariant with respect to {2.

Theorem 2 is now proved if we show that when (A) holds and k is large
enough, then there exists a critical point in B at level 3; choose k larger than k,,
and so large to satisfy the statements of Lemmas 6, 7 and 8. If such critical point
does not exist, we can use Lemma 10 to deform the path 5. By the properties of
such deformation, as maxJ (%) < 2b + %w, we get

n(3(), 1) e I1?

and

max < 2b-—w/5,
LGN

which contradicts the definition of 3. Theorem 2 follows now for all a because
of the arbitrariness of w (we chose it before Lemma 4) and of Lemma 7.

4 Proofs of the lemmas

Proof of Lemma 1. (a) Set

— T : 1 2 _ .
¢:= lim o D lp' —n xp?|| = 2 min pll >22>0.
Then the inequality d(.# ,n x . %) < ¢/3 holds only for a finite number of
integers and (a) is proved by the compactness of .A; it is not restrictive to
assume rp < A/2, A given by (3).

(b) Suppose the contrary: then by the invariance of the functional there exists
a sequence {g™} C H such that ¢™ € .77(0, p,rp) and J'(g™) — 0. As .7 is
bounded, {g"™} is a PS sequence and by Theorem 1 there exist / critical points
q',...,q" and a sequence {k,} C Z', k, — oo, such that, up to a subsequence

”q(n) - ’En * ‘7“ -0 )
that is, for large enough n
ky,*q € T, p/2,2r) ,

but this is not possible, indeed as k, — co we have k! — k' € ZU{+oo}U{—o0}
for n — oo and k' € Z for at most one value of i. The assertion follows bearing
in mind that ||g’|| > X > 2y and that each bump of the PS sequence carries at
least an amount of norm .
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(c) By Theorem 1 there exists a subsequence g™ such that ||g") — hy *it|| —
0; if [|g™*D — ¢g™|| — 0 and (c) is false, then there exists p € (0, rp) such that
for all k there exists m; and g™ € .7 (y, p, ro). This is impossible because for
all p € (0,ry), I € N and for all sequences {k,} C Z' such that k, — oo for
n — oo we have

a7 lim inf{inf{|'(@)]l; ¢ € .7 (ky, p,r0)}} > 0.

Indeed, it is easy to prove (17) by contradiction: assume that there exists a se-
quence {g™} with ¢ € .F (kn, p, o), J'(g"™) — 0 and k, — oo. By Theorem
1 (up to a subsequence) there exist I’ critical points (u',... ,u”) =: # and a
sequence A, such that 2, — oo and ||g™ — h, * @] — 0, hence for n large
enough h, x it € .7 (kn, p/2,2r0). This is not possible because of part (a) and
2r< A. O

Proof of Lemma 2. Let h : R — [0,1] be any Lipschitz continuous function
satisfying h(s) =1 if s € [b—e,b+eland h(s) =0if s € [b — &, b + &]; let
¥ : H — [0, 1] be another Lipschitz continuous function such that ¥(u) = 1 if
u ¢ 2 and ¥(u) =0 if u € 9¢5. Let ny be the flow defined by

9 = —h(J () B
n0,u)=u

(18)

Obviously (18) admits a unigue solution % in a suitable right neighborhood of
0; assume for the moment that for all ¥ € H such a neighborhood is the whole
half line [0, +00): properties (a) and (b) are straightforward.

Take any u € J?*¢ \ @4, then n(s,u) € %65 for all s € [0,2¢] (ie.
h(J(m) = 1), indeed

2
“cos.
7

2e Jl(n)
/0 h(J(n))w(n)————“J,(n)szs

InQ2e, u) — O, w)|| = l

By contradiction, if (2, u) € J b—=¢ then for all s € [0, 2¢] we have J (17(s, 1)) >
b — ¢ and therefore

2e 2e
(02, 1)) — T (u) = /O 1o wyds = / s, w) (s, w)lds = —2¢ |
0

from which we get the contradiction J(n(2¢,u)) < b — € and (c) is proved.

To prove (d) take # € J*¢ and note that if Vs € [0,2¢] we have n(s,u) &
24,5 then by the previous reasoning n(2e,u) € J?~¢. So, assume that there
exists § € [0, 2¢] such that n(s, u) € @5, then 1(s, u) € 2435 for all s € [0,2¢]
because in %435 \ ¢6s we have

6
Il <pt <5 and linGs,uw) —n@,wl < max|jn'] -|s 5] <&
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To complete the proof of the lemma we still have to prove the existence of the
solution 7 of (18) for all initial data u € H and for all “times” s € [0, +c0): by
contradiction, assume there exists u# € flf’j% such that the corresponding flow 7
is defined only on [0,S5), S < +oo: then limsup,_ ¢ [In'(s, u)|| = +oo. Consider
the following Cauchy problem:

4 = hU ()PP

O, u)=u

19)

since ||¢’]| < 1 its solution (z) is defined for all z € R*. Note also that

s |
_ — 4
(s, u) =g (/o (ol u)| t,u>

(20) and  o(z,u) =7 (/ llJ'(Lf?(t,u))devu) ,
0

indeed it is easy to see that the above functions satisfy (18) and (19) respectively;
by (20) we see that the curves defined by 7 and ¢ for a given u are equal up
to a reparametrization and therefore we have lim; .. @(z,u) = lim;_,g- n(s, u)
which gives

/ [ (ptt, unlids = S < +00 ;
0

from the previous equality we easily infer that there exists a sequence z, — +00
such that |z, — z,—1] — 0 and [|J'(@(z,, 4|l — 0, hence, by the Lipschitz
continuity of ¢ we get ||@(z,,u) — ©(zo—1,4)]] — 0. By the properties of & we
know that Vs € [0,5) we have n(s,u) € Jb”_fg, hence, by (b) J(n(z,,u)) —
¢ € [b — &,b+ @] the sequence 1(z,,u) has all the properties of Lemma 1 (c),
therefore for n large enough (say when z, > 8'), n{z,,u) € 465, hence, ¥ =0
which contradicts § < +oo0. [

Proof of Lemma 3. Choose 4 € I’ satisfying maxJ(J) < b + w. As Im¥ is
compact there exist M integers k!,... k" (M > 0 otherwise the deformation 1
of Lemma 2 would lead to a contradiction of the definition of ») such that

M
Im7 () [U A )} =Imy[) [U Zik )] .
kez i=1

If ¢ > 0 satisfies the hypothesis of Lemma 2 and w, = £/2, then there exists
a deformation n whose properties imply that v(z) := n(2e, (1)) satisfies (a) and
®b). O

Proof of Lemma 4. By a compactness argument we infer that there exists an
integer / and 2/ real numbers 0 < ] < 1? <t <f <... < <1 <1 such
that if we denote by & the union of the connected components of ~, ([0, 1D N
Jy_o,, which intersect J,, we have



638 G. Arioli et al.

i
U i

that is, the path -, ., enters and exits / times the set | J; Z/(k*) and ¢/, tjo are the
values assumed by the parameter on 9% (k').

By the variational characterization of & and by the properties of the path
Y. we also infer that there exists i € (1,...,1) such that J, N Z, (k') dis-
connects %, (k') (denote by By and B the disconnected parts) and there exists
j € (1,...,1) such that v, ,(t/) € By and ,,.,(1°) € By. It is not restrictive to
assume k' = 0 and we satisfy easily points (a), (b) and (c) by defining #y = th
and 11 = tjo. O

Proof of Lemma 5. For allm € {—k/2—1,...,—2}and n € {2,...,k/2+1}
we define a map Py, : B — [0,34r?F by Pou(q) = (Fn(q) + Fmsi(q), Falq) +
F,,1(g)). Choose any -y € I'* and let

@21 Amn =7~ (PH10,6872 k)]

by (13) the collection {A,,} is a finite open cover of Q; let A, (1) € H be
defined for all 7 € Q by

itig{m,...,nYor7¢&Am

(A (D)) = T
1y — £ fy ¥(r)i(0)dr  otherwise.

We first prove that there exists A > 0 such that for all couples (m,n) and for all
T € Apn we have J(1(7)) > J (v (1) — Apn(7)) — A/k; by the definition of 4,,,
it suffices to prove that

Diem f 48 = iem foT Di(qi — qi+1)
> _‘fo m— l(Qm | Qm) - f(,T ¢n(qn - Q'nﬂ)
i=m ‘/;) @ (ql 671'+1) - A/k ’

where for all i we set §; = + fOT qi.
By the convexity of —®; for small values of its argument (recall that |jg; —
gi+1llco < ) and by Jensens’ inequality we have

n—1 .r n-—1 n—1 .1
- Z/ Di(qi — qin) 2 =T Y BiGi — Gimt) = — Z/ (g — Gi+1)
i=m V0 i=m i=m 70

and finally by (21)
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tfor Qm»l(‘]m~l - Qm) + for dsn(‘_ln - qn+l)
- fOT Dy 1(Gm—1 — qm) — IOT D (gn — Gn+1)
T = \2 T, 2 T 2 T 2
<o [fo Gn-1 = @)’ + [y Gn — Gns1)* + Jo @m—1 ~ @)+ f§ (Gn = Gns1) ]
<20 [ [ (gm — @n? + Jy @n = @0 +2 [y @t = @ P +2 [ (@ = @a1)?)
< c(Fn(@) + Fns1(q) + Fu(q) + Frui(q)) < A/k

where we used the embedding H' C 2.

To complete the proof choose any partition of the unity {p..} subjected to
{Amn} and let A(T) = 3, Pmun(7) Ay (7). Finally define /(1) = (1) — A(7):
properties (a) and (b) are straightforward (taking into account that fOT godt =0
for all g € H), while property (c) is deduced from the fact that in a neighborhood
of zero the functional is convex, and therefore

JOUT) = 5 e P L (7)) = T PrunDIAT) = D))
< o P (DI (YT = D) £ 5 Prnd (YN + £ =T (TN + £

O

Proof of Lemma 6. Let T = (11, ) € 8Q. By (8) and (9) ~, and -, have disjoint
support; by (10), (11) and the definition of ¥ we have

3 5
TG = n(m)+7(m) =T () + (ra(m2)) < <b - 5“’) * (b + Z‘“) :

O

Proof of Lemma 7. To prove the lower estimate, choose k > 64/w; we have to
prove that max,eg J (v (7)) > 2b — w/6 for all v € I'?: take any such ~ and
consider the functions v* and v~ defined in (15) and (16). Let ¢; € C({0,11,0)
be such that ¢,(j) € {j} x [0,1], j = 0,1, then v*(¢1(-)) € I'"; hence, by (7)
+
>b.
(22) fé}%,’?lj [V (e tN] > b
We also define Qp, = {T € Q, J(v*(7)) > b}; by (22) we know that O, separates

{1} x [0, 1] and {0} x [0, 1]. Let Q* denote the connected component of Q \ O
containing {0} x [0, 1] and let

d(r,Q) if T € Q*
—d(r,Qp) if T€ Q\ Q" ;

o|(T) =

obviously oy € C(Q,RR), o1 >0 on {0} x [0,1] and 6y <0 on {1} x [0,1]. In
a similar way we define (o, instead of ¢y, and o in a dual way.
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By a theorem of Miranda [9], we know that 37 = (71,72) € Q such that
o1(F) = 02(F) = 0. By (22) and (14) we have

w

rTnEEng V() =T (VD) = Ty (i + I [y (p2(m2))) — % >2b - 3

The upper estimate can be obtained using (11):
5
8 < max J(3(r)) = max J (y1(71) + 12(m)) = 2max J (3 (1)) < 2b + sw .
TEQ TEQ 1 2
O

Proof of Lemma 8. Given any point ¢ € B \ B, we split it into the sum g* + g~
such that at least one between ¢* and g~ is in 7 (k,r/2,ry) for a certain k;
then by Lemma 1 we get [J/(g%)|| > ps.

More precisely, let F; be as in (12); choose k so large that

r2
23) MmaX,e(—ky« Zi>—k/2 Fi(q) < 15 »

2
maxycre s Dick2 Fil@) < 15
and k > 1227’2.
i ~
Let ¢ € B\ B and set G;(q) = Fi_1(q) + F;(q) + F;+1(q): by (13) there exists
an integer j, |j| < k/2, such that
24) Gi(q) < 51r%/k < —2£ .

Define g* by
g ifi>j
g = _
q]' if i S]
if j <0 and by
. q,' — ‘71 . lfl >j
g9 =
0 ifi <j
if j > 0. Then define g~ = ¢ — ¢*; this cumbersome definition is necessary
because we need to have g*, g~ € H and therefore we need to have fOT q5 =

fOT gy = 0. For all p € (—k)* F +k » F define p* and p~ in the same way
as g* and ¢ ~; for such ¢ and p we have

2r<lg—pl=lg+q™ —p" =p I <llg" =Pl +llga” —pP7I,

therefore either ||g* — p*|| > r or |lg~ — p~|| > r. Assume the first inequality
holds; by our choice of p there exist p! € (k) * % and p? € k x F such
that p = p' +p% by (23) |p~ — p'|| < r/2 and |p* — p?|| < r/2. Then
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q* € 7 (k,r/2,ro) and by Lemma 1 |[J'(g")|| > pz > 0, which implies that for
all e >0 3p° € H, ||p?|| = 1 such that

@s) gt > g — e

Assume that j < 0 (if j > O the same result can be obtained with slight modi-
fications). By the definition of J' it is not restrictive to assume p; = p; for all
i < j: therefore

I @"p =T (@) < ‘ Jo %@ ~ 4)Pf — P
(26) +|fo &gt — a)FFy ~ )
+ {fOT éj{(Qj - qj+l)(17j€ - pﬁq)

By Holder inequality, the embedding H! C L?, (24) and (26) we get [J'(g)[p°]—
J(Ppel < i;l; by the arbitrariness of ¢ and (25) we infer the result. [

Proof of Lemma 9. Let g satisfy the hypothesis. By Theorem 1 there exists k;

such that
!

g™ => kixq'|—0,
i=1
where ¢' are critical points for J. The assertion follows because ry < A/2 (see

Proof of Lemma 1), and because B is a neighborhood of radius ry of a compact
set. [

Proof of Lemma 10. The proof is standard (see e.g. [8] Lemma 6.5), except for
an important detail: the Palais-Smale condition (which is needed in order to give
a lower estimate of }|J’||) does not hold in the whole space but only in B, then
we have to ensure that the deformation does not bring any point in B out of B;
this information is provided by Lemma 8, which yields a Jower estimate for ||J /||
in B \ B according to which any point traveling from B to 8B along the flow
associated to —J' must decrease its level (as assigned by J) of at least 3w. O
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