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Devwudfw

D jhqhudo wkhru| iru wkh vwxg| ri idplolhv ri surfhvvhv lq wkh zhdn wrsrorj| ri vrph Edqdfk
vsdfh lv vxjjhvwhg= vx�flhqw frqglwlrqv iru wkh h{lvwhqfh dqg frqqhfwhgqhvv ri dwwudfwruv duh
suryhg1 Wkh uhvxowv dsso| wr +qrqolqhdu, qrqdxwrqrprxv hyroxwlrq sduwldo gl�huhqwldo htxdwlrqv
iru zklfk wkh ehkdylru ri wkh fruuhvsrqglqj surfhvvhv lv ehwwhu ghvfulehg zkhq wkh skdvh vsdfh
lv hqgrzhg zlwk lwv zhdn wrsrorj|1
DPV Vxemhfw Fodvvl�fdwlrq= 7:K53/ 68E73/ 68N881
Nh|zrugv= surfhvvhv/ frpsdfwl�fdwlrq dw lq�qlw|1

� W?|hL_�U|�L?

Wkh vwxg| ri surfhvvhv rq frpsohwh phwulf vsdfhv vwduwhg zlwk wkh slrqhhulqj sdshuv e| Vhoo ^56`/
Gdihuprv ^</ 43` dqg Edoo ^7`= lw orrnv gl�fxow wr jlyh dq h{kdxvwlyh olvw ri wkh vxevhtxhqw uhvxowv
h{lvwlqj lq olwhudwxuh exw ohw xv mxvw phqwlrq wkh prqrjudskv ^49/ 4;` zkhuh ixuwkhu uhihuhqfhv
pd| eh irxqg1 Surfhvvhv duh sduwlfxoduo| xvhixo lq wkh vwxg| ri hyroxwlrq SGH*v> lw lv zhoo0nqrzq
^5/ 54/ 58` wkdw iru dxwrqrprxv SGH*v wkh orqj0wlph ehkdylru ri wkh vroxwlrq pd| eh ghvfulehg e| d
idplo| ri rshudwruv zklfk hqmr| wkh vhpljurxs surshuwlhv= surfhvvhv uhsuhvhqw wkh jhqhudol}dwlrq ri
vhpljurxsv wr wkh qrqdxwrqrprxv fdvh1 Lq wkh odvw ihz |hduv/ wkh dwwhqwlrq kdv wxuqhg wr idplolhv
ri surfhvvhv/ vhh ^9/ :/ ;`1
Lq rughu wr dsso| wkh wrrov lqyroyhg lq wkhvh wkhrulhv vrph frpsdfwqhvv surshuwlhv ri wkh surfhvv

+ru vhpljurxs, gh�qhg e| wkh htxdwlrq duh uhtxhvwhg> hyhq iru ixoo| qrqolqhdu SGH*v/ zkhq wkh
htxdwlrq lv glvvlsdwlyh/ vwdqgdug hqhuj| hvwlpdwhv xvxdoo| vxjjhvw wr vwxg| wkh orqj0wlph ehkdylrxu
ri wkh vroxwlrq lq wkh qrup wrsrorj| ri vrph Edqdfk vsdfh ru zlwk wkh phwulf ri vrph qrqolqhdu
vsdfh/ vhh h1j1 ^53/ 58` dqg uhihuhqfhv wkhuhlq1 Krzhyhu/ lq vrph fdvhv wkh qrqolqhdulw| lq wkh
htxdwlrq rqo| doorzv wr suryh qlfh frpsdfwqhvv surshuwlhv ri wkh fruuhvsrqglqj surfhvv lq wkh
zhdn wrsrorj|/ vhh h1j1 ^6/ 8/ 45/ 4:/ 4</ 57`1 D jhqhudo wkhru| zklfk dovr doorzv wr wuhdw idplolhv
ri surfhvvhv iru wkhvh htxdwlrqv vhhpv qrw wr eh nqrzq= lq wklv sdshu zh pdnh dq dwwhpsw lq
wklv gluhfwlrq1 Wr wklv hqg/ zh lqwurgxfh d vhoi0frqwdlqhg dqdo|vlv zklfk lv edvhg rq wkh qrwlrq
ri xqlirupo| frpsdfwli|lqj dw lq�qlw| +XFL lq wkh vhtxho, idplo| ri surfhvvhv> lq phwulf vsdfhv/
wklv frpsdfwqhvv dvvxpswlrq lv h{sorlwhg e| Durvlr ^4` lq wkh frqwh{w ri vhpljurxsv +vhh dovr ^54`,=
lw doorzv wr vwxg| wkh frpsdfwqhvv surshuwlhv ri wkh sureohp lq whupv ri vhtxhqfhv1 Rxu pdlq
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uhvxowv frqfhuq wkh fdvh ri zhdn wrsrorjlhv= dvvxplqj wkdw wkh idplo| ri surfhvvhv lv XFL/ zh uhdfk
vx�flhqw frqglwlrqv iru wkh h{lvwhqfh dqg frqqhfwhgqhvv ri dwwudfwruv zkhq wkh skdvh vsdfh lv vrph
uh�h{lyh vhsdudeoh Edqdfk vsdfh hqgrzhg zlwk lwv zhdn wrsrorj|1 Wkhvh uhvxowv jhqhudol}h lq vrph
vhqvh wr d gl�huhqw frqwh{w suhylrxv uhvxowv e| Fkhs|}kry0Ylvkln ^9/ :/ ;` dqg Jreelqr0Vdughood
^48`1 Lq olwhudwxuh/ wkh vwxg| ri hyroxwlrq htxdwlrqv lq wkh zhdn wrsrorj| lv xvxdoo| kdqgohg lq
d gl�huhqw zd|/ vhh h1j1 ^45/ 46` �= rqh �uvw suryhv wkh h{lvwhqfh ri dq devruelqj vhw zklfk lv
erxqghg lq wkh qrup wrsrorj| dqg khqfh/ uhodwlyho| frpsdfw lq wkh zhdn wrsrorj|> qh{w rqh xvhv
wkh phwulf lqgxfhg e| wkh zhdn wrsrorj| rq erxqghg vhwv1 Wkh dlp ri wklv sdshu lv wr lqvhuw wkhvh
sureohpv lqwr d pruh jhqhudo iudphzrun dqg wr dyrlg wkh xvh ri d phwulf= doo gh�qlwlrqv dqg surriv
duh vwdwhg lq d pruh wrsrorjlfdo idvklrq1 Lq Uhpdun 4 ehorz zh vkrz wkdw rxu dvvxpswlrqv duh
dfwxdoo| zhdnhu wkdq wkh h{lvwhqfh ri d erxqghg devruelqj vhw1
Wklv sdshu lv rujdql}hg dv iroorzv= lq Vhfwlrq 5 zh lqwurgxfh wkh edvlf wrrov iru wkh vwxg| ri

surfhvvhv lq zhdn wrsrorjlhv ri Edqdfk skdvh vsdfhv1 Lq Vhfwlrq 6 zh vwdwh rxu pdlq uhvxowv/
vx�flhqw frqglwlrqv iru wkh h{lvwhqfh dqg frqqhfwhgqhvv ri dwwudfwruv iru idplolhv ri surfhvvhv
dfwlqj lq wkh zhdn wrsrorj| ri vrph vhsdudeoh uh�h{lyh Edqdfk vsdfh> wkh surriv ri wkhvh uhvxowv
duh txrwhg lq Vhfwlrq 71 Ilqdoo|/ lq Vhfwlrq 8 zh dsso| rxu uhvxowv wr wkh vwxg| ri wkh orqj0wlph
ehkdylru ri wkh vroxwlrqv ri vrph qrqdxwrqrprxv sduderolf htxdwlrqv zkhq wkh iruflqj whup lv
iuhh wr uxq lq d vxlwdeoh erxqghg vxevhw ri d ixqfwlrqdo vsdfh= wkh htxdwlrqv frqvlghuhg duh wkh
prgl�hg Qdylhu0Vwrnhv htxdwlrqv lqwurgxfhg e| Surxvh ^55` dqg vrph jhqhudo sduderolf htxdwlrqv
zlwk d prqrwrqh sulqflsdo sduw1

2 �L|@|�L?t @?_ _i�?�|�L?t

Wkurxjkrxw wklv sdshu zh dvvxph wkdw [ lv d uh�h{lyh vhsdudeoh Edqdfk vsdfh= zh zloo hvvhqwldoo|
ghdo zlwk wkh fdvh zkhuh [ lv hqgrzhg zlwk lwv zhdn wrsrorj| dqg/ zkhq zh zlvk wr kljkoljkw wklv
idfw/ zh zloo ghqrwh wkh vsdfh e| [�> wr vd| wkdw d vhtxhqfh i{?j � [ frqyhujhv zhdno| wr { zh
vlpso| ghqrwh {? $ {1 Zh ghqrwh e| E wkh vhw ri erxqghg vxevhwv ri [= lw lv zhoo0nqrzq wkdw li
E 5 E wkhq E lv uhodwlyho| frpsdfw lq [�1 Lq wkh vhtxho/ iru doo � 5 U zh vhw U� =@ ^�>.4,1
Vhyhudo voljkwo| gl�huhqw gh�qlwlrqv ri surfhvv duh jlyhq lq olwhudwxuh/ vhh h1j1 ^9/ 49/ 4;`> lq wklv

sdshu zh xvh wkh iroorzlqj

Gh�qlwlrq 4 D idplo| ri rshudwruv X+w> �, = [ $ [/ � 5 U/ w 5 U� lv d surfhvv rq [ li wkh
iroorzlqj wzr frqglwlrqv krog=
+l, X+�> �, @ L +lghqwlw| rq [, iru hyhu| � 5 U>
+ll, X+w> v,X+v> �, @ X+w> �, iru hyhu| w 5 U� 1

Frqvlghu qrz d idplo| ri surfhvvhv iXs +w> �,> i 5 Ij ghshqglqj rq d sdudphwhu i 5 I / zkhuh
I lv d wrsrorjlfdo vsdfh> wkh sdudphwhu i lv fdoohg wkh v|pero ri wkh surfhvv Xs 1 Lq rughu wr gh�qh
devruelqj vhwv wkh wrsrorj| lv qrw qhhghg= lq wkh iroorzlqj gh�qlwlrq/ zh vshfli| wkdw wkh devruelqj
vhwv zh frqvlghu duh xqlirup zlwk uhvshfw wr wkh v|pero i / qdpho|/ wkdw wkh| gr qrw ghshqg rq i 1

Gh�qlwlrq 5 D vhw Ef � [ lv vdlg wr eh xqlirupo| devruelqj +x0devruelqj, iru wkh idplo|
ri surfhvvhv iXs +w> �,> i 5 Ij li iru hyhu| E 5 E dqg hyhu| � 5 U wkhuh h{lvwv W @ W +�>E, 5 U�

vxfk wkdw ^
sM8

Xs +w> �,E � Ef ;w 5 UA =

�W? u@U|c |�i @||h@U|Lh uLh |�i k_V i^�@|�L?t uL�?_ �? d��o �t �? |�i ?Lh4 |LTL*L})c tii d�eo�
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Lw lv zhoo0nqrzq wkdw wkh qrwlrq ri dwwudfwlrq lv uhodwhg wr wkh wrsrorj| frqvlghuhg lq wkh skdvh
vsdfh [=

Gh�qlwlrq 6 D qrqhpsw| vhw D � [ lv vdlg wr eh z0x0dwwudfwlqj iru iXs +w> �,> i 5 Ij li hyhu|
rshq vhw R � [� vxfk wkdw R � D lv x0devruelqj1

Gh�qlwlrq 7 D frpsdfw vhw D � [� lv vdlg wr eh wkh plqlpdo z0x0dwwudfwru iru wkh idplo| ri
surfhvvhv iXs +w> �,> i 5 Ij li wkh iroorzlqj wzr frqglwlrqv rffxu=
+l, D lv z0x0dwwudfwlqj>
+ll, D lv frqwdlqhg lq dq| forvhg z0x0dwwudfwlqj vhw1

Wkh deryh surshuw| ri plqlpdolw| lv wkh qdwxudo jhqhudol}dwlrq ri wkh lqyduldqfh surshuw| lq wkh
gh�qlwlrq ri vhpljurxs*v dwwudfwruv1
Lq rughu wr vwxg| wkh surshuwlhv ri wkh idplo| ri surfhvvhv zh qhhg wr lqwurgxfh gl�huhqw nlqgv

ri frqwlqxlw|=

Gh�qlwlrq 8 D idplo| ri surfhvvhv iXs +w> �,> i 5 Ij dfwlqj rq wkh vsdfh [� lv=
+l, w0frqwlqxrxv li ;+{> i, 5 [ � I wkh pds +w> �, :$ Xs +w> �,{ lv frqwlqxrxv>
+ll, {0frqwlqxrxv li ;+�> w> i, 5 U�U� � I wkh pds { :$ Xs +w> �,{ lv frqwlqxrxv>
+lll, i{0frqwlqxrxv li ;+�> w, 5 U�U� wkh pds +{> i, :$ Xs +w> �,{ lv frqwlqxrxv1

Wkh h{lvwhqfh ri d plqlpdo z0dwwudfwru lv uhodwhg zlwk wkh frpsdfwqhvv surshuwlhv ri wkh idplo|
ri surfhvvhv= iru wklv uhdvrq/ zh lqwurgxfh wkh

Gh�qlwlrq 9 Wkh idplo| ri surfhvvhv iXs +w> �,> i 5 Ij lv vdlg wr eh xqlirupo| frpsdfwli|lqj

dw lq�qlw| +XFL, li iru doo � 5 U/ iru doo ii?j � I / iru doo iw?j � U� vxfk wkdw w? $ .4 dqg
iru doo i{?j 5 E wkh vhw iXs?+w?> �,{?j lv uhodwlyho| frpsdfw lq [�1

Ilqdoo|/ lq rughu wr suhvhqw d xvhixo fkdudfwhul}dwlrq ri wkh plqlpdo z0dwwudfwru/ zh lqwurgxfh
wkh qrwlrq ri frpsohwh wudmhfwru| ri d surfhvv=

Gh�qlwlrq : D fxuyh {+v,/ v 5 U lv vdlg wr eh d frpsohwh wudmhfwru| ri wkh surfhvv X+w> �,
li X+w> �,{+�, @ {+w, iru hyhu| � 5 U dqg w � � 1

� �@�? hit�*|t

Wkurxjkrxw wklv vhfwlrq zh dvvxph wkdw

[ lv d uh�h{lyh vhsdudeoh Edqdfk vsdfh +4,

dqg/ iru doo u A 3 zh vhw Eo =@ i{ 5 [> n{n � uj> pruhryhu/ zh dvvxph wkdw I lv d wrsrorjlfdo
vsdfh1
Iru doo � 5 U dqg E 5 E zh gh�qh wkh xqlirup $0olplw vhw

$� +E, =@
_
rD�

^
|Dr

^
sM8

Xs +w> �,E >

dv [� vdwlv�hv wkh �uvw d{lrp ri frxqwdelolw|/ lw lv qrw gl�fxow wr yhuli| wkdw dq htxlydohqw fkdu0
dfwhul}dwlrq lv wkh iroorzlqj

$� +E, @
q
{ 5 [ = <i{?j � E > <ii?j � I > <w? $ .4 v1w1 Xs?+w?> �,{? $ {

r
= +5,
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Rxu �uvw uhvxow frqvlvwv lq wzr qhfhvvdu| dqg vx�flhqw frqglwlrqv iru wkh h{lvwhqfh ri wkh plq0
lpdo xqlirup z0dwwudfwru= rqh ri wkhvh frqglwlrqv lv wkh zhdn wrsrorj| yhuvlrq ri wkh vwdqgdug
dvvxpswlrq ^:/ 4;` wkdw wkh idplo| ri surfhvvhv lv xqlirupo| dv|pswrwlfdoo| frpsdfw1

Wkhruhp 4 Dvvxph +4, dqg ohw I eh d wrsrorjlfdo vsdfh> dvvxph wkdw d idplo| ri surfhvvhv
iXs +w> �,> i 5 Ij lv gh�qhg rq [�1 Wkhq wkh iroorzlqj frqglwlrqv duh htxlydohqw=
+l, wkhuh h{lvwv d frpsdfw qrqhpsw| z0x0dwwudfwru D>
+ll, wkh iroorzlqj frqglwlrqv krog=
+d, iXs +w> � ,> i 5 Ij lv XFL>
+e,

V
�M+

V
?M� $� +E?, lv erxqghg>

+lll, wkhuh h{lvwv wkh plqlpdo z0x0dwwudfwru D dqg lw fdq eh fkdudfwhul}hg e|

D @
^
�M+

^
?M�

$� +E?,=

Uhpdun 4 Lq Wkhruhp 4 qr frqwlqxlw| dvvxpswlrqv rq wkh idplo| ri surfhvvhv duh qhhghg1 Qrwh
dovr wkdw wkh h{lvwhqfh ri d erxqghg x0devruelqj vhw lv d vx�flhqw frqglwlrq zklfk hqvxuhv wkdw
+lll, krogv> lw lv reylrxvo| qrw qhfhvvdu| dv vkrzv wkh iroorzlqj h{dpsoh1 Wdnh [ @ c2/ frqvlghu
wkh vkliw rshudwru � = c2 $ c2/ qdpho|

;+{�> {2> {�> ===, 5 c2 �+{�> {2> {�> ===, @ +3> {�> {2> ===, >

dqg wkh glvfuhwh +{0frqwlqxrxv, g|qdplfdo v|vwhp i�?j= wkhq/ i3j lv wkh plqlpdo z0dwwudfwru exw
i�?j grhv qrw dgplw d erxqghg devruelqj vhw1 �

Dvvxph qrz wkdw rq wkh vsdfh I lw lv gh�qhg d vhpljurxs ri rshudwruv iV|> w � 3j zklfk
vdwlv�hv wkh iroorzlqj wudqvodwlrq uhodwlrqv +vhh ^9`,=

V|I @ I ;w � 3 > X7rs +w> �, @ Xs +w. v> � . v, ;v � 3> i 5 I> � 5 U> w 5 U� = +6,

Zlwk wklv dvvxpswlrq zh suryh wkdw wkh xqlirup $0olplw grhv qrw ghshqg rq � =

Sursrvlwlrq 4 Li +6, krogv/ wkhq iru doo ��> �2 5 U dqg doo E 5 E zh kdyh $��+E, @ $�2+E,1

Wkhuhiruh/ iurp qrz rq/ zkhq +6, krogv zh vlpso| ghqrwh e| $+E, wkh xqlirup $0olplw vhw ri
E 5 E> lq wklv fdvh/ xqghu wkh dvvxpswlrqv ri Wkhruhp 4/ e| Sursrvlwlrq 4 zh rewdlq gluhfwo| wkh
iroorzlqj fkdudfwhul}dwlrq ri wkh plqlpdo z0x0dwwudfwru=

D @
^
?M�

$+E?, =

Krzhyhu/ zkhq +6, krogv dqg I lv frpsdfw zh fdq jlyh d pruh suhflvh fkdudfwhul}dwlrq ri D e|
dgdswlqj wkh dssurdfk ri ^9` wr rxu frqwh{w= rq wkh vsdfh [ � I gh�qh wkh idplo| ri rshudwruv
iW|j +w 5 Un, e|

;+{> i, 5 [ � I ;w � 3 W|+{> i, =@
�
Xs +w> 3,{> V|i

�
= +7,

Zh uhfdoo wkdw d vhw D � [�I lv lqyduldqw zlwk uhvshfw wr wkh idplo| ri rshudwruv iW|j li W|D @ D

iru doo w � 31 Zh suryh
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Wkhruhp 5 Dvvxph +4, dqg ohw I eh d frpsdfw vsdfh1 Dvvxph wkdw d idplo| ri surfhvvhv
iXs +w> �,> i 5 Ij lv gh�qhg rq [� dqg wkdw d vhpljurxs ri rshudwruv iV|> w � 3j lv gh�qhg
rq I dqg vdwlv�hv +6,1 Dvvxph pruhryhu wkdw=
+l, iXs +w> �,> i 5 Ij srvvhvvhv wkh plqlpdo z0x0dwwudfwru D>
+ll, iXs +w> �,> i 5 Ij lv i{0frqwlqxrxv1
Wkhq wkh idplo| ri rshudwruv iW|j gh�qhg lq +7, lv d vhpljurxs zklfk srvvhvvhv wkh plqlpdo z0
dwwudfwru W � [ � I zklfk lv lqyduldqw zlwk uhvshfw wr wkh vhpljurxs iW|j1 Pruhryhu/ D lv wkh
surmhfwlrq ri W rqwr [ dqg fdq eh fkdudfwhul}hg e|

D @
q
{+3,

��� {+w, lv dq duelwudu| frpsohwh wudmhfwru| ri Xs +w> �, iru vrph i 5 I
r
=

Ohw xv xqghuolqh wkh idfw wkdw dvvxpswlrq +l, ri Wkhruhp 5 pd| eh uhsodfhg e| hlwkhu +l, ru
+ll, ri Wkhruhp 41 Ilqdoo|/ zh duh lqwhuhvwhg lq vx�flhqw frqglwlrqv iru wkh frqqhfwhgqhvv ri wkh
plqlpdo z0x0dwwudfwru +zkhq lw h{lvwv, uhodwhg wr d idplo| ri surfhvvhv=

Wkhruhp 6 Ohw [ vdwlvi| +4, dqg ohw I eh d frqqhfwhg wrsrorjlfdo vsdfh> ohw iXs +w> �,> i 5 Ij eh d
idplo| ri w0frqwlqxrxv dqg i{0frqwlqxrxv surfhvvhv rq [�1 Li wkhuh h{lvwv wkh plqlpdo z0x0dwwudfwru
D/ wkhq D lv frqqhfwhg1

e �hLLut Lu |�i 4@�? hit�*|t

Wkh surri ri Wkhruhp 4 uhtxluhv wzr ohppdv=

Ohppd 4 Pdnh wkh dvvxpswlrqv ri Wkhruhp 41 Li wkh idplo| ri surfhvvhv lv XFL dqg E lv d
+qrqhpsw|, erxqghg vhw wkhq $� +E, lv qrqhpsw|1

Surri1 Ohw � 5 U/ { 5 E/ i 5 I dqg frqvlghu w? =@ q+m� m. 4, +q 5 Q,1 Dv wkh idplo| ri surfhvvhv
lv XFL/ zh lqihu wkdw wkh vhtxhqfh iXs +w?> �,{j lv uhodwlyho| frpsdfw lq [�> khqfh/ wkhuh h{lvwv
�{ 5 [ vxfk wkdw Xs +w?> �,{$ �{/ xs wr d vxevhtxhqfh= e| +5, zh lqihu wkdw �{ 5 $� +E,1 Wklv suryhv
wkdw $� +E, 9@ >1 �

Ohppd 5 Ohw D>E 5 E> li D z0x0dwwudfwv E wkhq $� +E, � �D iru doo � 5 U1
Dvvxph dovr wkdw iXs +w> �,> i 5 Ij lv XFL> li $� +E, � D iru doo � 5 U/ wkhq D z0x0dwwudfwv E1

Surri1 Dvvxph wkdw D z0x0dwwudfwv E= zh fodlp wkdw $� +E, � �D iru doo � 1 Il{ � 5 U dqg ohw
{ 5 $� +E,= e| +5, zh nqrz wkdw

<i{?j � E > <ii?j � I > <w? $ .4 v1w1 Xs?+w?> �,{? $ { >

khqfh/ iru doo rshq vhw R 6 { wkhuh h{lvwv q+R, vxfk wkdw

Xs?+w?> �,{? 5 R ;q � q+R, = +8,

E| frqwudglfwlrq/ dvvxph wkdw { 95 �D> dv [� lv d Kdxvgru� vsdfh dqg �D lv z0frpsdfw/ wkhuh h{lvw
wzr rshq vhwv R% 6 { dqg R� � �D vxfk wkdw R% _ R� @ >1 E| +8,/ zh kdyh Xs?+w?> �,{? 5 R%

iru vx�flhqwo| odujh q> khqfh/ Xs?+w?> �,{? 95 R� iru odujh q= wklv frqwudglfwv wkh idfw wkdw D lv
z0x0dwwudfwlqj E1
Wr suryh wkh vhfrqg vwdwhphqw/ zh dovr dujxh e| frqwudglfwlrq1 Dvvxph wkdw $� +E, � D iru doo

� > e| frqwudglfwlrq/ dvvxph dovr wkdw wkhuh h{lvw � 5 U dqg dq rshq vhw R � D vxfk wkdw iru doo
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w 5 U� wkhuh h{lvw �w � w dqg �i 5 I vxfk wkdw X 7s +�w> �,E 9� R= wkhq/ wkhuh h{lvw wkuhh vhtxhqfhv
iw?j � U� vdwlvi|lqj w? $ .4/ i{?j � E dqg ii?j � I vxfk wkdw

Xs?+w?> �,{? 95 R = +9,

Dv wkh surfhvv lv XFL/ wkhuh h{lvwv �{ 5 [ vxfk wkdw

Xs?+w?> �,{? $ �{ > +:,

xs wr d vxevhtxhqfh> e| +5,/ zh kdyh �{ 5 $� +E, dqg wkhuhiruh/ �{ 5 D � R/ zklfk frqwudglfwv
+9,0+:,1 �

Uhpdun 5 E| Ohppdv 4 dqg 5/ zh lqihu wkdw iru doo qrqhpsw| E 5 E wkh vhw $� +E, lv qrqhpsw|
dqg z0frpsdfw iru doo � 5 U1 �

Zh duh qrz uhdg| wr jlyh wkh

Surri ri Wkhruhp 41 Zh suryh wkdw +l,, +ll,, +lll,, +l,=
+lll,, +l,= wulyldo1
+l,, +ll,= zh �uvw suryh wkdw iXs +w> �,> i 5 Ij lv XFL1 Il{ � 5 U/ ii?j � I / iw?j � U� vxfk

wkdw w? $ .4 dqg i{?j 5 E= zh fodlp wkdw wkh vhw N =@ iXs?+w?> �,{?> q 5 Qj lv uhodwlyho|
frpsdfw lq[�> wr wklv hqg/ lw lv hqrxjk wr suryh wkdw !+N, lv erxqghg iru hyhu| ! lq wkh gxdo vsdfh
[ � ri [1 Vr/ ohw ! 5 [ � dqg �{ % A 3= gxh wr wkh frpsdfwqhvv ri D/ wkhuh h{lvwv d �qlwh vxevhw
id�> ===> d6j ri D vxfk wkdw wkh vhw R =@

V
�i| 5 [ = m!+| � d�,m ? %j lv dq rshq qhljkerxukrrg ri

D1 Vlqfh i{?j 5 E dqg D lv d z0x0dwwudfwru/ wkhuh h{lvwv n 5 Q vxfk wkdw Xs?+w?> �,{? 5 R iru
hdfk q � n1 Khqfh/ iru hyhu| q � n wkhuh h{lvwv l @ 4> ===>p vxfk wkdw

m!+Xs?+w?> �,{? � d�,m ? % =

Qrz/ ohw f A 3 eh vxfk wkdw m!+d,m ? f iru doo d 5 D dqg m!+Xs?+w?> �,{?,m ? f iru doo q ? n1 Lw
iroorzv wkdw

m!+Xs?+w?> �,{?,m ? f. % ;q 5 Q >

zklfk suryhv wkh fodlp1 Lq rughu wr suryh +ll, +e,/ zh mxvw revhuyh wkdw/ gxh wr +l, dqg Ohppd 5/
rqh kdv $� +E?, � D iru doo q 5 Q dqg � 5 U1
+ll,, +lll,= ohw D eh dv lq wkh vwdwhphqw +lll,/ wkhq D lv frpsdfw e| +ll, +e,1 Pruhryhu/ e|

Ohppd 4 zh kdyh $� +E?, 9@ > iru doo q> � = wklv suryhv wkdw D 9@ >1 Wdnh E 5 E/ wkhq wkhuh h{lvwv
q 5 Q vxfk wkdw E � E?> khqfh/ $� +E, � $� +E?, iru doo � 1 Wkhuhiruh/ $� +E, � D iru doo � /
dqg/ e| Ohppd 5 zh lqihu wkdw D z0x0dwwudfwv E= e| duelwudulqhvv ri E/ wklv suryhv wkdw D lv
z0x0dwwudfwlqj1 Ilqdoo|/ ohw D� eh dqrwkhu forvhg z0x0dwwudfwlqj vhw/ wkhq e| Ohppd 5 zh lqihu
wkdw $� +E?, � D� iru doo �> q= khqfh/

V
�

V
? $� +E?, � D� dqg/ vlqfh D� lv forvhg/ D � D�> wklv

suryhv wkdw D lv plqlpdo1 �

Surri ri Sursrvlwlrq 41 Ohw E 5 E/ dvvxph wkdw �2 A �� dqg ohw �� @ �2� ��> e| +6,/ iru doo w 5 U�2

zh kdyh ^
sM8

Xs +w> �2,E @
^
sM8

X77�s +w� �� > ��,E @
^
sM8

Xs +w� �� > ��,E =

Wkhuhiruh/ iru doo v 5 U�2 zh lqihu^
|Dr

^
sM8

Xs +w> �2,E @
^
|Dr

^
sM8

Xs +w� �� > ��,E @
^

|Dr37�

^
sM8

Xs +w> ��,E >
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�qdoo|/ e| wdnlqj wkh forvxuh dqg lqwhuvhfwlqj iru v � �2 zh jhw_
rD�2

^
|Dr

^
sM8

Xs +w> �2,E @
_

r37�D��

^
|Dr37�

^
sM8

Xs +w> ��,E >

wkdw lv/ wkh uhvxow1 �

Lq rughu wr suryh Wkhruhp 5/ frqvlghu wkh vsdfh [� � I hqgrzhg zlwk wkh surgxfw wrsrorj|
dqg qrwh wkdw e| Sursrvlwlrq 614 lq ^9` wkh idplo| ri rshudwruv iW|j lv d vhpljurxs1 Zh vd| wkdw
d vxevhw \ � [ � I lv erxqghg lq [� � I li lwv surmhfwlrq �f+\ , rq wkh vsdfh [ lv erxqghg1
H{whqglqj Gh�qlwlrq 6 zh vd| wkdw d vhw D � [ � I z0dwwudfwv d erxqghg vhw E li iru hdfk rshq
vhw R � D ri [� �I wkhuh h{lvwv �w vxfk wkdw W|+E, � R iru doo w � �w1 Wkh plqlpdo z0dwwudfwru W
+li lw h{lvwv, lv d frpsdfw lqyduldqw vhw zklfk dwwudfwv hyhu| erxqghg vxevhw ri [� �I 1 Iru hyhu|
erxqghg vhw E/ zh gh�qh $+E, =@

W
rDf

V
|Dr W|+E,1

Ohppd 6 Pdnh wkh dvvxpswlrqv ri Wkhruhp 5> wkhq/ iru hdfk qrqhpsw| erxqghg vhw E � [��I
$+E, lv d +qrqhpsw|, lqyduldqw vhw1 Pruhryhu/ iru doo frpsdfw vhw D dqg doo erxqghg vhw E rqh
kdv wkdw D dwwudfwv E li dqg rqo| li $+E, � D1

Surri1 Wkh idfw wkdw $+E, lv lqyduldqw iroorzv iurp wkh gh�qlwlrq ehfdxvh iW|j lv d vhpljurxs1
E| Wkhruhp 4/ wkh frpsdfwqhvv ri I dqg dvvxpswlrq +l, ri Wkhruhp 5/ rqh uhdglo| vkrzv wkdw

wkh g|qdplfdo v|vwhp iW|j vdwlv�hv wkh iroorzlqj surshuw|= iru hdfk erxqghg vhtxhqfh i+{?> i?,j �
[� � I dqg hyhu| w? $ .4 wkh vhw iW|?+{?> i?,> q 5 Qj lv uhodwlyho| frpsdfw lq [� � I 1 Wkhq
wkh surri iroorzv vlploduo| wr wkh rqhv ri Ohppdv 4 dqg 51 �

Wkh �uvw sduw ri Wkhruhp 5 lv suryhg e| phdqv ri

Ohppd 7 Xqghu wkh k|srwkhvhv ri Wkhruhp 5/ wkhuh h{lvwv wkh plqlpdo z0dwwudfwru W ri wkh
g|qdplfdo v|vwhp +7,1

Surri1 Ghqrwh e| 	 wkh vhw ri frpsdfw z0dwwudfwruv ri [ �I = zh kdyh 	 9@ > ehfdxvh D�I 5 	>
khqfh/ zh fdq gh�qh 	f =@

W
�MPD1 Iurp Ohppd 6 lw iroorzv wkdw $+E, � 	f iru hdfk erxqghg vhw

E � [ � I 1 Wkhuhiruh/ 	f lv d +qrqhpsw|, frpsdfw z0dwwudfwru> pruhryhu/ vlqfh 	f lv erxqghg/
rqh kdv $+	f, � 	f1 Rq wkh rwkhu kdqg/ e| Ohppd 6/ iru doo erxqghg vhw E � [ � I dqg doo
D 5 	 zh kdyh $+E, � D> khqfh/ $+E, � 	f1 Wkhq/ dv $+E, lv lqyduldqw e| Ohppd 6/ zh jhw

$+E, @ $2+E, � $+	f, =

djdlq e| Ohppd 6 wklv lpsolhv wkdw $+	f, 5 	> wklv suryhv wkdw 	f � $+	f,/ wkdw lv/ 	f @ $+	f,1
Lw iroorzv wkdw W =@ 	f lv lqyduldqw dqg/ e| lwv gh�qlwlrq/ lw lv dovr wkh plqlpdo z0dwwudfwru ri
iW|j1 �

Ohw xv qrz frpsohwh wkh

Surri ri Wkhruhp 51 Ohw W ghqrwh wkh plqlpdo z0dwwudfwru ri +7, irxqg lq Ohppd 7 dqg vhw
X =@ �f+W ,1 Reylrxvo|/ X lv d qrqhpsw| z0frpsdfw vxevhw ri [> zh suryh wkdw X lv d z0x0
dwwudfwlqj vhw1 Vlqfh I lv frpsdfw/ iru hdfk � 5 U dqg hyhu| erxqghg vxevhw E ri [/ rqh kdv
wkdw W dwwudfwv E � I = wkhq/ e| +7,/ iru doo rshq vhw R � [� vdwlvi|lqj R � X wkhuh h{lvwv �w � 3
vxfk wkdw Xs +w> 3,E � R iru doo w � �w dqg doo i 5 I > e| +6, wklv lpsolhv wkdw iru doo � 5 U wkhuh
h{lvwv W @ W +�>E, 5 U� vxfk wkdw ^

sM8

Xs +w> �,E � R >

:



wkdw lv/ X lv d frpsdfw z0x0dwwudfwlqj vhw1 E| gh�qlwlrq ri D/ wklv suryhv wkdw D � X 1
Lq rughu wr suryh wkh frqyhuvh uhodwlrq/ qrwh wkdw wkh vwhsv xvhg wr rewdlq +6146, lq wkh surri ri

Fruroodu| 614 lq ^9` gr qrw ghshqg rq wkh wrsrorj| lqyroyhg dqg khqfh/ zh kdyh=

X @
q
{+3,

��� {+w, lv dq duelwudu| erxqghg frpsohwh wudmhfwru| ri Xs +w> �, iru vrph i 5 �t +W ,
r
=

Vr/ �{ �{ 5 X > wkhq/ wkhuh h{lvwv if 5 I dqg d frpsohwh erxqghg wudmhfwru| {+w, ri Xsf+w> �, vxfk
wkdw {+3, @ �{1 Dv I lv lqyduldqw/ iru doo q 5 Q wkhuh h{lvwv i? 5 I vxfk wkdw V?i

? @ if> wkhq/ e|
+6,/ iru doo q 5Q zh kdyh

�{ @ {+3, @ Xsf+3>�q,{+�q, @ X7?s?+3>�q,{+�q, @ Xs?+q> 3,{+�q, =

Vlqfh Ef =@ i{+�q, = q 5 Qj lv erxqghg/ e| +5, zh kdyh �{ 5 $+Ef,> wkhq/ e| Ohppd 5/ zh jhw
�{ 5 D/ zklfk suryhv wkdw X � D1 �

Surri ri Wkhruhp 61 E| frqwudglfwlrq/ dvvxph wkdw D lv qrw frqqhfwhg dqg ohw D @ D�^D2/ zkhuh
D� dqg D2 duh qrqhpsw|/ glvmrlqw/ frpsdfw vxevhwv ri [�> vlqfh [� lv d Kdxvgru� vsdfh/ wkhuh
h{lvw wzr rshq vhwv R� dqg R2 vxfk wkdw R� � D�/ R2 � D2 dqg R� _R2 @ >1
Wdnh � 5 U/ wkhq/ dv D lv z0x0dwwudfwlqj/ iru doo q 5 Q wkhuh h{lvwv w? 5 U� vxfk wkdw^

sM8

Xs +w> �,E? � R� ^R2 ;w � w? > +;,

vlqfh I �E? lv frqqhfwhg dqg e| i{0frqwlqxlw|/ wkh vhw ^sM8Xs +w> �,E? lv dovr frqqhfwhg iru doo
w1 Wkhuhiruh/ +;, lpsolhv wkdw iru doo w � w? wkhuh h{lvwv l @ l+w, 5 i4> 5j vxfk wkdw^

sM8

Xs +w> �,E? � R� =

e| w0frqwlqxlw| zh lqihu wkdw l grhv qrw ghshqg rq w> khqfh/ wkhuh h{lvwv l 5 i4> 5j vxfk wkdw^
sM8

Xs +w> �,E? � R� ;w � w? =

E| uhshdwlqj wkh deryh dujxphqwv iru E?n� zh lqihu wkdw wkhuh h{lvwv m 5 i4> 5j vxfk wkdw^
sM8

Xs +w> �,E?n� � R� ;w � w?n� =

vlqfh E? � E?n� zh lqihu wkdw l @ m1 Wkhuhiruh/ wkhuh h{lvwv l 5 i4> 5j vxfk wkdw iru doo E 5 E zh
kdyh ^

sM8

Xs +w> �,E � R� iru doo w odujh hqrxjk>

wklv lpsolhv wkdw D � R� dqg frqwudglfwv wkh dvvxpswlrq wkdw D lv qrw frqqhfwhg1 �

D 5L4i @TT*�U@|�L?t

Lq wklv vhfwlrq zh dsso| wkh uhvxowv ri Vhfwlrq 6 wr suryh wkh h{lvwhqfh dqg frqqhfwhgqhvv ri
dwwudfwruv ri surfhvvhv dvvrfldwhg wr vrph gl�huhqwldo htxdwlrqv> wr wklv hqg/ zh lqwurgxfh vrph
ixqfwlrqdo vsdfhv1 Ohw 
 � U? eh dq rshq erxqghg vhw zlwk vprrwk erxqgdu|> zh ghqrwh e| OR

;



wkh vsdfh ri s|� srzhu devroxwho| lqwhjudeoh ixqfwlrqv/ e| Z6cR wkh Vrerohy vsdfhv ri ixqfwlrqv lq
OR zlwk wkhlu �uvw p jhqhudol}hg ghulydwlyhv lq OR/ e| K6 @Z6c2 wkh Kloehuwldq Vrerohy vsdfhv/
e| K6

f wkh K60forvxuh ri wkh vsdfh ri vprrwk ixqfwlrqv zlwk frpsdfw vxssruw lq 
 dqg e| �? wkh
qrupdo wudfh rshudwru1 Wr vlpsoli| qrwdwlrqv zh ghohwh wkh grpdlq ri gh�qlwlrq 
 dqg zh ghqrwh
C| @

Y
Y| / C� @

Y
Y%�

+l @ 4> ===q,1
Wr ghvfuleh wkh orqj0wlph ehkdylru ri wkh vroxwlrqv ri d gl�huhqwldo htxdwlrq zh qhhg wr gh�qh

vrph rwkhu vsdfhv1 Li s 5 ^4>.4, dqg [ lv d Edqdfk vsdfh zh ghqrwh e| OR+�> w>[, wkh vsdfh ri
ixqfwlrqv gh�qhg rq ^�> w` zlwk ydoxhv lq [ iru zklfk wkh s|� srzhu ri wkh [0qrup lv lqwhjudeoh
rq ^�> w`> e| O"+�> w>[, zh ghqrwh wkh vsdfh ri ixqfwlrqv zkrvh [0qrup lv hvvhqwldoo| erxqghg rq
^�> w`1 Iru doo s 5 ^4>.4, zh gh�qh wkh Edqdfk vsdfh ri OR

,JS0wudqvodwlrq erxqghg +w1e1, ixqfwlrqv
rq U wdnlqj ydoxhv lq d Edqdfk vsdfh [=

O
R
|K+U>[, =@

+
i 5 O

R
,JS+U>[, = vxs

rM+

] rn�

r
ni+w,nRfgw ?4

,

hqgrzhg zlwk wkh qrup

ninuR

|K
Ef� @ vxs

rM+

�] rn�

r
ni+w,nRfgw

��*R
=

D�� � 4L_��i_ �@��ih�5|L!it i^�@|�L?

Zh frqvlghu wkh prgl�fdwlrq ri wkh Qdylhu0Vwrnhv htxdwlrqv iru lqfrpsuhvvleoh �xlgv vxjjhvwhg
e| Surxvh ^55`= khuh x dqg s ghqrwh uhvshfwlyho| wkh yhorflw| yhfwru dqg wkh suhvvxuh ri wkh �xlg1
Wkh prgl�hg Qdylhu0Vwrnhv htxdwlrqv vxemhfw wr dq h{whuqdo irufh i uhdg dv iroorzv=;AAAAAAA?

AAAAAAA=

C|x��*+x, . +x � u,x.us�u+u � *+x,, @ i lq 
� ^�> W `

u � x @ 3 lq 
� ^�> W `

x @ 3 rq C
� ^�> W `

x+{> �, @ xf+{, li { 5 


+<,

zkhuh � 5 U dqg W A � > zh uhihu wr ^55` iru sk|vlfdo prwlydwlrqv ri +<,1 Zh frqvlghu wkh Kloehuw
vsdfhv

K =@ ix 5 O2> u � x @ 3 dqg �?x @ 3j Y =@ ix 5 K�
f > u � x @ 3j

dqg wkh gxdo vsdfh Y W ri Y 1 Zh dvvxph wkdw wkh ixqfwlrq * lq +<, vdwlv�hv;AAAAAAA?
AAAAAAA=

*+x, @ �+mxm,x

� 5 F�+Un,> �+�, � � A 3> ��+�, � 3 ;� 5 Un

li q � 6 <v � q. 4> <�>�> �f A 3 vxfk wkdw ��r3� � �+�, � ��r3� ;� � �f

li q @ 5 <v � 4> <�>�> �f A 3 vxfk wkdw ��r3� � �+�, � ��r3� ;� � �f=

+43,

Ohw i 5 O�+�> W >K, . O2+�> W >Y W, dqg xf 5 K> zh vd| wkdw x vroyhv +<, li;AAAAAAA?
AAAAAAA=

x 5 O2+�> W >Y , _ O"+�> W >K, _ Orn�+�> W >Orn�,

kC|x��*+x, . +x � u,x� i> kl @ 3

;k 5 O2+�> W >Y , _ O"+�> W >K, _ Orn�+�> W >Z 2crn�,

x+{> �, @ xf+{, =

<



H{whqglqj suhylrxv uhvxowv ri ^44/ 55`/ lq ^45` d idplo| ri surfhvvhv dvvrfldwhg wr +<, kdv ehhq
vwxglhg lqghshqghqwo| ri wkh glphqvlrq q � 51 E| wdnlqj lqwr dffrxqw wkh uhvxowv ri ^45` dqg ri
wkh suhylrxv vhfwlrqv zh rewdlq

Sursrvlwlrq 5 Ohw * eh dv lq +43,/ dvvxph wkdw i 5 O�+�> W >K,.O2+�> W >Y W, dqg xf 5 K> wkhq
wkhuh h{lvwv d xqltxh vroxwlrq x ri +<, dqg x lv frqwlqxrxv lq ^�> W ` lq wkh K�0wrsrorj|1
Pruhryhu/ li I lv dq| erxqghg vxevhw ri O2

|K+Y
W,/ wkhq wkh idplo| ri surfhvvhv iXs +w> �,> i 5 Ij

dvvrfldwhg wr +<, srvvhvvhv d plqlpdo frqqhfwhg K�0x0dwwudfwru D1

Surri1 H{lvwhqfh/ xqltxhqhvv dqg frqwlqxlw| ri wkh vroxwlrq ri +<, duh suryhg lq Wkhruhp 515 lq
^45`1
Ohw I eh d erxqghg vxevhw ri O2

|K+Y
W,/ wkhq I lv z0frpsdfw lq O2

,JS+U>Y W,/ vhh ^;`= Wkhruhp 719
lq ^45`/ Wkhruhpv 4 dqg 5 |lhog wkh h{lvwhqfh +dqg fkdudfwhul}dwlrq, ri d plqlpdo K�0x0dwwudfwru
D iru wkh idplo| ri surfhvvhv iXs +w> �,> i 5 Ij> e| Sursrvlwlrq 71; lq ^45`/ doo wkh dvvxpswlrqv ri
Wkhruhp 6 duh vdwlv�hg= khqfh/ wkh z0x0dwwudfwru D lv frqqhfwhg1 �

Uhpdun 6 Wkh h{lvwhqfh ri d z0x0dwwudfwru iru +<, lv suryhg lq ^45` xqghu pruh uhvwulfwlyh dvvxps0
wlrqv> pruh suhflvho|/ i lv uhtxluhg wr eh wudqvodwlrq frpsdfw +w1f1, lq O�

,JS+U>K, . O2
,JS+U>Y W,/

wkdw lv/ lw lv dvvxphg wkdw wkh kxoo ri i / gh�qhg e|

K+i, =@
q
i+�. v, = v 5 U

ru�

,JS
E+(M�nu2

,JS
E+(T W�

>

lv frpsdfw lq O�
,JS+U>K, .O2

,JS+U>Y W,= zh ghqrwh e| O�
|S+K, .O2

|S+Y
W, wkh vhw ri vxfk ixqfwlrqv1

Ohw i 5 O�
|S+K,.O2

|S+Y
W,/ wdnh [ @ K dqg I @ K+i,/ wkhq doo wkh dvvxpswlrqv ri Wkhruhp 6 duh

vdwlv�hg= khqfh/ wkh dwwudfwru D gh�qhg lq Wkhruhp 516 lq ^45` lv frqqhfwhg1
Ilqdoo|/ iru doo i 5 O2

|K+Y
W,/ rqh pd| dsso| Wkhruhpv 406 e| ohwwlqj I eh wkh zhdn kxoo ri i +vhh

^;`,/ qdpho| wkh zhdn O2
,JS+U>Y W,0forvxuh ri wkh vhw ii+�. v, = v 5 Uj1 �

D�2 Bi?ih@* T@h@ML*�U i^�@|�L?t ��|� @ 4L?L|L?i Th�?U�T@* T@h|

Lq wklv vhfwlrq zh frqvlghu d fodvv ri ghjhqhudwh sduderolf htxdwlrqv zklfk kdyh ehhq vwxglhg lq
wkh dxwrqrprxv fdvh e| Edelq0Ylvkln ^5` dqg rwkhu dxwkruv1
Frqvlghu q ixqfwlrqv d� +l @ 4> ===> q, vdwlvi|lqj d� 5 F2 _Z �c"+U?>U, dqg

?[
�c�'�

Cd�

C��
+�,���� � 3 ;�> � 5 U?

<�f> �� A 3 v1w1 ��+4 . m�m2, �
?[

�'�

d�+�,�� � �fm�m
2 ;� 5 U? =

Frqvlghu dovr q2 ixqfwlrqv e�� +l> m @ 4> ===> q, vdwlvi|lqj e�� 5 O"+
, dqg

e�� � e��

?[
�c�'�

e��+{,���� � 3 ;� 5 U?> ;{ 5 
 =

43



Ilqdoo|/ frqvlghu d ixqfwlrq e 5 O"+
, dqg q ixqfwlrqv e� +l @ 4> ===> q, vdwlvi|lqj e� 5 F�+�
,1
Xqghu wkhvh dvvxpswlrqv zh vwxg| wkh sureohp

;AAAAAA?
AAAAAA=

C|x�
?[

�c�'�

C�^e��+{,C�x` .
?[

�'�

e�+{,C�x�
?[

�'�

C�^d�+ux,` . x� . e+{,x @ i lq 
� ^�> W `

x @ 3 rq C
� ^�> W `

x+{> �, @ xf+{, li { 5 
 =

+44,

Wkh iroorzlqj uhvxow krogv=

Sursrvlwlrq 6 Dvvxph wkdw xf 5 O2+
, dqg i 5 O2+U>O2,> wkhq/ xqghu wkh deryh dvvxpswlrqv/
+44, dgplwv d xqltxh vroxwlrq

x 5 O"+�> W >O2, _ O2+�> W >K�
f , _ O

e+�> W >Oe, _ F+�> W >O2
�, =

Pruhryhu/ li I @ ij 5 O2+U>O2,> njnu2E+(u2� � Uj iru vrph U A 3/ wkhq wkh idplo| ri surfhvvhv
iXs +�> w,> i 5 Ij dgplwv d plqlpdo frqqhfwhg O2

�0x0dwwudfwru D1

Surri1 Lq wkh dxwrqrprxv fdvh/ wkh surri ri h{lvwhqfh lv shuiruphg e| wkh vwdqgdug Jdohunlq
phwkrg/ vhh h1j1 Wkhruhp 41614 lq ^5`= zkhq i ghshqgv rq w lw vx�fhv wr uhpdun wkdw wkh hvwlpdwhv
ri vwhs 5 ss1 73074 lq ^5` vwloo krog1 Xqltxhqhvv iroorzv e| dujxlqj e| frqwudglfwlrq1
Lq rughu wr dsso| rxu devwudfw uhvxowv wr +44,/ ohw xv �uvw gudz dq hqhuj| hvwlpdwh1 E| uhdvrqlqj

dv lq wkh surri ri Wkhruhp 41614 lq ^5`/ l1h1 e| pxowlso|lqj +44, e| x+w, lq O2 dqg e| wdnlqj lqwr
dffrxqw Sursrvlwlrq 41614 lq ^5` zh duulyh dw

g

gw
nx+w,n22 . nx+w,n22 � ni+w,n22 .N

zkhuh N lv d srvlwlyh frqvwdqw ghshqglqj rqo| rq wkh ixqfwlrqv d�/ e�� / e dqg e�> wkhuhiruh/ zh
rewdlq

g

gw

�
nx+w,n22h

|

�
�
�
ni+w,n22 .N

�
h| >

dqg �qdoo|/ e| lqwhjudwlqj ryhu ^�> w`/ zh jhw

nx+w,n22 � nxfn
2
2h

�3| . nin2u2E+(u2� .N+4� h�3|, = +45,

Wdnh [ @ O2/ I @ ij 5 O2+U>O2,> njnu2E+(u2� � Uj iru vrph U A 3 vr wkdw I lv z0frpsdfw
lq O2+U>O2,> wkhq/ +45, lpsolhv wkdw wkh vhw D =@ iy 5 O2> nyn22 � N . 4 . U2j lv d erxqghg
x0devruelqj vhw1 Wkhruhpv 4 dqg 5 wkhq |lhog wkh h{lvwhqfh +dqg fkdudfwhul}dwlrq, ri d plqlpdo
dwwudfwru D1 Pruhryhu/ wkh idplo| ri surfhvvhv lv iw{0frqwlqxrxv= khqfh/ Wkhruhp 6 lpsolhv wkdw
D lv frqqhfwhg1 �

Uhpdun 7 Wkh suhylrxv uhvxow pd| dovr eh vwdwhg iru d zlghu fodvv ri iruflqj whupv i dqg zkhq
lq +44, wkh whup x� lv uhsodfhg e| d pruh jhqhudo ixqfwlrq j+x,1 �
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^4` D1 Durvlr/ D vlpsoh suhvhqwdwlrq ri dwwudfwruv iru devwudfw g|qdplfdo v|vwhpv/ lq suhsdudwlrq

^5` D1Y1 Edelq/ P1L1 Ylvkln/ Dwwudfwruv ri hyroxwlrq htxdwlrqv/ Qruwk0Kroodqg/ Dpvwhugdp/ 4<<5

^6` M1P1 Edoo/ Vwdelolw| wkhru| iru dq h{whqvleoh ehdp/ M1 Gl�1 Ht1 47/ 4<:6/ 6<<074;

^7` M1P1 Edoo/ Rq wkh dv|pswrwlf ehkdylru ri jhqhudol}hg surfhvvhv/ zlwk dssolfdwlrqv wr qrqolqhdu hyroxwlrq

htxdwlrqv/ M1 Gl�1 Ht1 5:/ 4<:;/ 5570598

^8` M1P1 Edoo/ P1 Vohpurg/ Ihhgedfn vwdelol}dwlrq ri glvwulexwhg vhplolqhdu frqwuro v|vwhpv/ Dsso1 Pdwk1
Rswlp1 8/ 4<:</ 49<04:<

^9` Y1Y1 Fkhs|}kry/ P1L1 Ylvkln/ Qrqdxwrqrprxv hyroxwlrq htxdwlrqv dqg wkhlu dwwudfwruv/ Uxvvldq M1
Pdwk1 Sk|v1 4/ 4<<6/ 49804<3

^:` Y1Y1 Fkhs|}kry/ P1L1 Ylvkln/ Dwwudfwruv ri qrq0dxwrqrprxv g|qdplfdo v|vwhpv dqg wkhlu glphqvlrq/
M1 Pdwk1 Sxuhv Dsso1 :6/ 4<<7/ 5:<0666

^;` Y1Y1 Fkhs|}kry/ P1L1 Ylvkln/ Qrq0dxwrqrprxv hyroxwlrqdu| htxdwlrqv zlwk wudqvodwlrq frpsdfw v|p0

erov dqg wkhlu dwwudfwruv/ F1 U1 Dfdg1 Vfl1 Sdulv V�hu1 L Pdwk1 654/ 4<<8/ 486048;

^<` F1P1 Gdihuprv/ Dq lqyduldqfh sulqflsoh iru frpsdfw surfhvvhv/ M1 Gl�1 Ht1 </ 4<:4/ 5680585

^43` F1P1 Gdihuprv/ Dssolfdwlrqv ri wkh lqyduldqfh sulqflsoh iru frpsdfw surfhvvhv1 L1 Dv|pswrwlfdoo| g|0

qdplfdo v|vwhpv/ M1 Gl�1 Ht1 </ 4<:4/ 5<405<<

^44` I1 Jd}}rod/ Dq dwwudfwru iru d 6G Qdylhu0Vwrnhv w|sh htxdwlrq/ ]hlw1 Dqdo1 Dqzhqg1 47/ 4<<8/ 83<0855

^45` I1 Jd}}rod/ Y1 Sdwd/ D xqlirup dwwudfwru iru d qrqdxwrqrprxv jhqhudol}hg Qdylhu0Vwrnhv htxdwlrq/
]hlw1 Dqdo1 Dqzhqg1 49/ 4<<:/ 768077<

^46` M1P1 Jklgdjold/ Zhdno| gdpshg irufhg Nruwhzhj0gh Yulhv htxdwlrqv ehkdyh dv d �qlwh glphqvlrqdo

g|qdplfdo v|vwhp lq wkh orqj wlph/ M1 Gl�1 Ht1 :7/ 4<;;/ 69<06<3

^47` M1P1 Jklgdjold/ D qrwh rq wkh vwurqj frqyhujhqfh wrzdugv dwwudfwruv ri gdpshg irufhg NgY htxdwlrqv/
M1 Gl�1 Ht1 443/ 4<<7/ 689068<

^48` P1 Jreelqr/ P1 Vdughood/ Rq wkh frqqhfwhgqhvv ri dwwudfwruv iru g|qdplfdo v|vwhpv/ M1 Gl�1 Ht1 466/
4<<:/ 4047

^49` M1N1 Kdoh/ Dv|pswrwlf ehkdylru ri glvvlsdwlyh v|vwhpv/ Pdwk1 Vxuy1 Prqrjudskv 58/ DPV/ 4<;;

^4:` M1N1 Kdoh/ Q1 Vwdyudndnlv/ Frpsdfw dwwudfwruv iru zhdn g|qdplfdo v|vwhpv/ Dsso1 Dqdo1 59/ 4<;;/
5:405;:

^4;` D1 Kdudx{/ V|vw�hphv g|qdpltxhv glvvlsdwliv hw dssolfdwlrqv/ Pdvvrq/ Sdulv/ 4<<4

^4<` Mlq Oldqj/ Tlq Wlhkx/ Dv|pswrwlf ehkdylrxu ri zhdn vroxwlrqv wr d erxqgdu| ydoxh sureohp iru g|qdplf

ylvfrhodvwlf htxdwlrqv zlwk phpru|/ Surf1 Ur|1 Vrf1 Hglqexujk 458D/ 4<<8/ 4860497

^53` R1D1 Odg|}khqvnd|d/ Dwwudfwruv iru ixoo| qrqolqhdu sduderolf htxdwlrqv ri vhfrqg rughu/ Uhqg1 Pdw1
Vhulh YLL/ 43/ 4<<3/ :7<0:89

^54` R1D1 Odg|}khqvnd|d/ Dwwudfwruv iru vhpljurxsv dqg hyroxwlrq htxdwlrqv/ Oh}lrql Olqfhh/ Dff1 Qd}1
Olqfhl/ Fdpeulgjh Xqlyhuvlw| Suhvv/ 4<<4
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^55` J1 Surxvh/ Rq d Qdylhu0Vwrnhv w|sh htxdwlrq/ Qrqolqhdu dqdo|vlv= d wulexwh lq krqrxu ri Jlrydqql
Surgl +D1 Dpeurvhwwl/ D1 Pdulqr/ Hglwruv,/ Txdghuql Vf1 Qrup1 Vxs1 Slvd 4<<4/ 5;<0638

^56` J1U1 Vhoo/ Qrqdxwrqrprxv gl�huhqwldo htxdwlrqv dqg wrsrorjlfdo g|qdplfv L/ LL/ Wudqv1 Dp1 Pdwk1 Vrf1
45:/ 4<9:/ 5740595/ 59605;6

^57` P1 Vohpurg/ Dv|pswrwlf ehkdylru ri d fodvv ri devwudfw g|qdplfdo v|vwhpv/ M1 Gl�1 Ht1 :/ 4<:3/ 8;70933

^58` U1 Whpdp/ Lq�qlwh glphqvlrqdo g|qdplfdo v|vwhpv lq phfkdqlfv dqg sk|vlfv/ Vsulqjhu0Yhuodj/ Qhz
\run/ 4<;;

H0pdlo dgguhvvhv= jd}}rodCpiq1do1xqlspq1lw vdughoodCfdoylqr1srolwr1lw
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