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Devwudfw

Zh suryh wkh h{lvwhqfh ri shulrglf prwlrqv ri dq lq�qlwh odwwlfh ri sduwlfohv> wkh surri
lqyroyhv wkh vwxg| ri shulrglf prwlrqv iru �qlwh odwwlfhv e| d olqnlqj whfkqltxh dqg wkh
sdvvdjh wr wkh olplw e| phdqv ri Olrqv* frqfhqwudwlrq0frpsdfwqhvv sulqflsoh1 Zh dovr jlyh d
qxphulfdo slfwxuh ri wkh prwlrq ri vrph �qlwh odwwlfhv dqg ri wkh zd| wkh vroxwlrqv iru �qlwh
odwwlfhv dssurdfk wkh vroxwlrq iru wkh lq�qlwh odwwlfh e| d whfkqltxh ghyhorshg e| Fkrl dqg
PfNhqqd ^9`1

� W?|hL_�U|�L? @?_ �@h�@|�L?@* ti||�?}

Lq wklv sdshu zh suryh wkdw dq dxwrqrprxv g|qdplfdo v|vwhp zlwk lq�qlwh ghjuhhv ri iuhhgrp

frqvlvwlqj ri d 40glphqvlrqdo odwwlfh ri sduwlfohv/ hdfk lqwhudfwlqj zlwk lwv qhduhvw qhljkeruv e|

phdqv ri d irufh ehorqjlqj wr d fhuwdlq fodvv/ dgplwv d qrqwulyldo shulrglf prwlrq ri �qlwh hqhuj|

iru dq| dvvljqhg shulrg W 1

Wkh vwdwh ri wkh odwwlfh dw wlph w lv uhsuhvhqwhg e| d vhtxhqfh t+w, @ it�+w,j/ l 5 ]]/ zkhuh t�+w,

lv wkh vwdwh ri wkh l0wk sduwlfoh> wkh htxdwlrq jryhuqlqj t�+w, uhdgv

�t� @ ���3�+t�3� � t�,����+t� � t�n�, = +4,

Zh gh�qh wkh srwhqwldo � ri wkh v|vwhp e|

� = LU~ $ LU �+t, =@
[
�M~

��+t� � t�n�, >

WAL @TTi@h L? ~���
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vr wkdw wkh lq�qlwh htxdwlrqv +4, fdq eh zulwwhq lq yhfwruldo irup=

�t @ ���+t, = +5,

Iru doo l 5 ]] zh dvvxph wkh srwhqwldo �� wr vdwlvi|

��+{, @ ���{
2 . Y�+{,

zkhuh �� � 3 dqg

+S ,

;AAAAAAA?
AAAAAAA=

<� A 3 vxfk wkdw Y �
� +{,{ � +5 . �,Y�+{, � 3/ ;{ 5 LU

Y�+{, @ 3+, { @ 3

Y� 5 F
�c�
,JS

<p 5 LQ vxfk wkdw ��n6 � �� =

Qrwh wkdw wkh deryh frqglwlrqv lpso| wkdw ;l 5 ]] ��+3, @ 3/ Y� lv vxshutxdgudwlf erwk dw wkh

ruljlq dqg dw lq�qlw| dqg wkdw �� kdv hlwkhu d vwulfw orfdo pd{lpxp +li �� A 3, ru d vwulfw joredo

plqlpxp +li �� @ 3, lq 31

Lq d suhylrxv sdshu ^5` wkh dxwkruv suryhg wkdw li �� lv vwulfwo| srvlwlyh iru doo l 5 ]] dqg wkh

shulrg W lv odujh/ wkhq wkh v|vwhp dgplwv d qrqwulyldo vroxwlrq/ zklfk lv rewdlqhg dv d fulwlfdo

srlqw ri prxqwdlq sdvv w|sh +vhh ^4`, iru d vxlwdeoh ixqfwlrqdo> wkh k|srwkhvlv �� A 3 lpsolhv

wkdw wkh lqwhusduwlfoh irufhv duh uhsxovlyh0dwwudfwlyh/ l1h1 uhsxovlyh iru vpdoo glvsodfhphqwv dqg

dwwudfwlyh iru odujh glvsodfhphqwv1

E| doorzlqj wkh sdudphwhuv �� wr eh 3/ zh frqvlghu khuh sxuho| dwwudfwlyh irufhv dv zhoo1 Wkh

h{lvwhqfh ri d qrqwulyldo shulrglf vroxwlrq ri �qlwh hqhuj| iru wklv v|vwhp pd| eh vxusulvlqj/

lqghhg rqh frxog h{shfw wkdw dq lq�qlwh odwwlfh ri sduwlfohv lqwhudfwlqj zlwk vwurqjo| qrqolqhdu

frqvhuydwlyh irufhv lv kljko| hujrglf/ l1h1 lw whqgv wr glvwulexwh wkh hqhuj| dprqj wkh sduwlfohv/

zkloh wkh h{lvwhqfh ri d shulrglf prwlrq ri �qlwh hqhuj| vxjjhvwv odfn ri hujrglflw|1 Wklv sk|vlfdo

lqwhusuhwdwlrq zrxog eh pxfk pruh lqwhuhvwlqj dqg phdqlqjixo li vrph nlqg ri vwdelolw| uhvxowv

zhuh dydlodeoh/ exw wkh rqo| uhvxowv ri vxfk w|sh nqrzq wr wkh dxwkruv +vhh ^7`, fdqqrw eh dssolhg

wr wklv sureohp1 Iru ixuwkhu sk|vlfdo lqwhusuhwdwlrq ri wkh sureohp vhh ^43/ 45`1

Iurp wkh dqdo|wlfdo srlqw ri ylhz wkh sureohp zh vwxg| khuh lv txlwh gl�huhqw wr wkh rqh lq

^5`/ lqghhg wkh prxqwdlq sdvv jhrphwu| lv uhsodfhg e| d olqnlqj ^<`> vxfk olqnlqj lv lq�qlwh

glphqvlrqdo dqg wkh whfkqltxh ghyhorshg e| Ehqfl dqg Udelqrzlw} lq ^8` wr kdqgoh wklv nlqg

ri sureohpv fdqqrw eh dssolhg/ gxh wr wkh odfn ri frpsdfwqhvv ri wkh ixqfwlrqdo1 Wkhuhiruh zh
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dgguhvv wkh sureohp e| surylqj wkh h{lvwhqfh ri vroxwlrqv iru �qlwh odwwlfhv dqg wdnlqj wkh olplw1

Dqrwkhu h{dpsoh ri d vwurqjo| lqgh�qlwh yduldwlrqdo sureohp zlwk odfn ri frpsdfwqhvv lv vwxglhg

lq ^44`1

Wkh dssur{lpdwlrq ri wkh shulrglf prwlrq lq wkh lq�qlwh odwwlfh e| prwlrqv ri �qlwh odwwlfhv

lv dovr lqwhuhvwlqj iru qxphulfdo dssolfdwlrqv/ lqghhg hyhq li wkh surfhgxuh dgrswhg lq ^5` ohdgv

pruh gluhfwo| wr wkh uhvxow ri h{lvwhqfh zkhq frpsduhg wr wkh phwkrg dgrswhg khuh/ lw fdqqrw

eh xvhg iru wkh qxphulfdo vwxg| ri wkh sureohp1

Wkh iroorzlqj wkhruhp vxppdul}hv rxu uhvxowv=

Wkhruhp 4 Dvvxph +S,> wkhq ;W A 3 v|vwhp +5, dgplwv d qrq}hur W0shulrglf vroxwlrq ri �qlwh

hqhuj|1

Ixuwkhupruh li �� @ 3 ;l wklv vroxwlrq lv qrqfrqvwdqw ;W A 3/ rwkhuzlvh < �W A 3 vxfk wkdw li

W A �W wkh vroxwlrq lv qrqfrqvwdqw1

Ohw V� @ ^3> W `@i3> Wj> rxu iudphzrun lv wkh iroorzlqj Kloehuw vsdfh=

K =@

;?
=t 5 K�+V�> LU,~>

] A

f
tf+w,gw @ 3>

[
�M~

] A

f

k
+ bt�+w,,

2 . +t�+w,� t�n�+w,,
2
l
gw ?4

<@
>

hqgrzhg zlwk wkh vfdodu surgxfw

+t> s, =@
[
�M~

] A

f
bt�+w, bs�+w,gw.

[
�M~

] A

f
+t�+w,� t�n�+w,,+s�+w,� s�n�+w,,gw = +6,

Lw lv qhfhvvdu| wr lpsrvh
U A
f tf+w,gw @ 3 ru dq htxlydohqw frqglwlrq lq rughu wr kdyh +6, gh�qlqj d

vfdodu surgxfw> lw fdq eh fkhfnhg wkdw vxfk d frqglwlrq grhv qrw d�hfw wkh qdwxuh ri wkh fulwlfdo

srlqwv ri wkh ixqfwlrqdo zh frqvlghu/ wkdw lv M = K $ LU gh�qhg e|

M+t, =@
4

5

] A

f
m bt+w,m2gw�

] A

f
�+t+w,,gw =

Wkh surshuwlhv ri wkh srwhqwldo lpso| wkdw M lv zhoo gh�qhg rq K dqg wkdw M 5 F�+K> LU, +vhh

Sursrvlwlrq 4 lq ^5`,1 Zh suryh Wkhruhp 4 e| vkrzlqj wkdw wkh ixqfwlrqdo M dgplwv d fulwlfdo

srlqw> qrwh wkdw gxh wr lwv wudqvodwlrq lqyduldqfh/ wkh ixqfwlrqdo grhv qrw vdwlvi| wkh Sdodlv0Vpdoh

frqglwlrq1

Wklv sdshu lv rujdql}hg dv iroorzv= lq vhfwlrq 5 zh suryh wkh h{lvwhqfh ri fulwlfdo srlqwv tE?�

iru wkh ixqfwlrqdo fruuhvsrqglqj wr shulrglf �qlwh odwwlfhv dqg zh jlyh xqlirup hvwlpdwhv ri wkh

fulwlfdo ohyhov dqg ri wkh qrupv ri tE?� zkhq vxlwdeo| hpehgghg lq wkh lq�qlwh v|vwhp1 Lq vhfwlrq
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6 zh xvh Olrqv* frqfhqwudwlrq0frpsdfwqhvv whfkqltxh ^;` dqg wkh uhvxowv ri vhfwlrq 5 wr wdnh

wkh olplw dqg suryh wkh h{lvwhqfh ri d fulwlfdo srlqw iru M 1 Lq vhfwlrqv 7 dqg 8 zh ghvfuleh wkh

dssolfdwlrq ri dq dojrulwkp ghyhorshg e| Fkrl dqg PfNhqqd ^9` wr frpsxwh wkh vroxwlrqv iru

�qlwh odwwlfhv lq wkh fdvh ri uhsxovlyh0dwwudfwlyh lqwhudfwlrqv> wkh qxphulfdo uhvxowv zh rewdlq

ghvfuleh wkh surfhvv ri dssur{lpdwlrq ri wkh vroxwlrq iru wkh lq�qlwh odwwlfhv dgrswhg lq rxu

surri1

2 �ih�L_�U 4L|�L?t Lu |�i �?�|i t)t|i4

Zh �uvw frqvlghu iru doo q @ np +p dv lq +S,/ n 5 LQ, wkh v|vwhp +V?, frqvlvwlqj lq d shulrglf

odwwlfh ri 5q sduwlfohv/ zkrvh prwlrq lv ghvfulehg e| +4, iru l 5 i�q> = = = > q� 4j +dqg wr vlpsoli|

wkh qrwdwlrq zh zloo frqvlghu t? � t3?,1 Wr vwxg| wklv �qlwh sureohp zh xvh wkh vhw ri ixqfwlrqv

K? =@

+
t 5 K�+V�> LU,2?>

] A

f
tf @ 3

,

zklfk lv d Kloehuw vsdfh zkhq hqgrzhg e| wkh vfdodu surgxfw

+t> s, =@
?3�[
�'3?

] A

f
^ bt�+w, bs�+w, . +t�+w,� t�n�+w,,+s�+w,� s�n�+w,,`gw >

gh�qh dovr O2
? =@ O2+V�> LU,2?1 Zh fdq frqwlqxrxvo| hpehg K? lqwr K e| phdqv ri wkh iroorzlqj

rshudwru


? = K? $ K

t :$ T
zkhuh T�+w, @

;AAAA?
AAAA=

�
A

U A
f t?3�+w,gw li l A q� 4

t�+w, li l 5 ^�q> q� 4`

�
A

U A
f t3?+w,gw li l ? �q =

Frqvlghu wkh ixqfwlrqdo

M?+t, =@
?3�[
�'3?

] A

f

�
4

5
+ bt�+w,,

2 ���+t�+w,� t�n�+w,,

�
gw >

d shulrglf vroxwlrq ri v|vwhp +V?, lv d fulwlfdo srlqw ri M?1 Qrwh wkdw wkh ixqfwlrqdov M? fruuh0

vsrqglqj wr �qlwh odwwlfhv gr vdwlvi| wkh Sdodlv0Vpdoh frqglwlrq=

Ohppd 4 Dvvxph +S,> wkhq M? vdwlv�hv wkh Sdodlv0Vpdoh frqglwlrq iru doo q 5 LQ1

Surri1 Ohw tE&� eh d Sdodlv0Vpdoh vhtxhqfh/ wkhq +f� ghqrwh srvlwlyh frqvwdqwv dqg %& $ 3,

f�+4 . %&nt
E&�n, � 5M?+tE&�,� M �?+t

E&�,^tE&�`

� �
U A
f

S
� Y�+t

E&�
� � t

E&�
�n�,gw � f2�

S
�

U A
f +t

E&�
� � t

E&�
�n�,

2nBgw� f� >
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khqfh [
�

] A

f
+t

E&�
� � t

E&�
�n�,

2gw � fe+4 . %&nt
E&�n,>

] A

f
m btE&�m2gw � fD+4 . %&nt

E&�n,

dv M?+t
E&�, lv erxqghg/ dqg ntE&�n lv erxqghg dv zhoo1

E| wkh frpsdfw hpehgglqj K? � O2
? zh lqihu wkdw wkhuh h{lvwv t 5 K? vxfk wkdw/ xs wr d

vxevhtxhqfh/ tE&� - t lq K? dqg tE&� $ t lq O2
?> vlqfh nM

�
?+t

E&�,n $ 3 zh dovr kdyh btE&� $ bt lq

O2
? dqg wkh dvvhuwlrq iroorzv1 �

Qh{w zh suryh wkdw wkh jhrphwulfdo uhtxluhphqwv ri wkh olqnlqj wkhruhp duh vdwlv�hg=

Ohppd 5 Dvvxph +S,> wkhq iru doo q 5 LQ wkhuh h{lvwv d �qlwh glphqvlrqdo vxevsdfh Y? ri K?

dqg d vxevsdfh Z? vxfk wkdw=

+l, Y? �Z? @ K?1

+ll, <�> u A 3 vxfk wkdw M? � � rq CEo _Z?1

+lll, <U? A u> <z 5 Z? vxfk wkdw nzn A u dqg li G-? @ + �E-? _ Y?, � ^3> z` wkhq M? � 3 rq

CG-? 1

Pruhryhu wkh frqvwdqwv �/ u dqg wkh yhfwru z duh lqghshqghqw ri q1

Surri1 Zh �uvw frqvlghu wkh fdvh zkhuh �� @ 3 ;l1

+l, Ohw Y? eh wkh vxevsdfh ri wkh frqvwdqw ixqfwlrqv dqg Z? @ Y z? > wkhq glpY? @ 5q1

+ll, Ohw Y eh wkh lq�qlwh glphqvlrqdo vxevsdfh ri K vsdqqhg e| wkh frqvwdqwv dqg ohw Z @ Y z1

Wkhuh h{lvw wzr frqvwdqwv �> u A 3 vxfk wkdw M+t, � � iru doo t vxfk wkdw t 5 CEo _Z / ehfdxvhS
� nt� � t�n�n

2
" � fntn2 +vhh ^5`, dqg Y� lv vxshutxdgudwlf lq 3> wkh dvvhuwlrq iroorzv vlqfh

Z? �Z e| wkh rshudwru 
?1

+lll, Wkh vxshutxdgudwlf ehkdylrxu ri Y� dw lq�qlw| lpsolhv wkdw iru doo t 5 K? wkhuh h{lvwv � A 3

vxfk wkdw M?+�t, ? 3/ khqfh zh fdq fkrrvh z 5Z� vxfk wkdw wkh dvvhuwlrq krogv ;q1

Li �� A 3 iru vrph l wkh surri lv vlplodu= lq wklv fdvh Y? fdq eh wdnhq wr eh d vxevsdfh ri wkh

vsdfh ri frqvwdqwv> li �� A 3 ;l zh kdyh Y? @ i3j dqg wkh olqnlqj lv lq idfw d prxqwdlq sdvv1 �

Qrz zh fdq suryh wkh h{lvwhqfh ri fulwlfdo srlqwv iru M? dqg zh fdq xqlirupo| hvwlpdwh wkhlu

qrupv dqg fulwlfdo ohyhov> zh qhhg vxfk hvwlpdwhv zkhq zh wdnh wkh olplw iru q$41
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Wkhruhp 5 Dvvxph +S, dqg ohw �/ U? dqg G-? eh dv lq Ohppd 5/ wkhq wkh ixqfwlrqdo M? kdv

d srvlwlyh fulwlfdo ydoxh

e? @ lqi
�MK?

pd{
^M(-?

M?+k+t,, >

zkhuh �? @ ik 5 F+G-? >K?,> k+t, @ t ;t 5 CG-?j1

Ixuwkhupruh <e> ��> �2 A 3 +lqghshqghqw ri q, vxfk wkdw wkh iroorzlqj hvwlpdwhv krog=

3 ? � � e? � e > 3 ? �� � ntE?�n � �2 +7,

zkhuh tE?� lv d fulwlfdo srlqw dw ohyho e?1

Surri1 E| Ohppd 4 M? vdwlv�hv wkh Sdodlv0Vpdoh frqglwlrq> wkh idfw wkdw e? lv d fulwlfdo ohyho

iroorzv iurp Ohppd 5 dqg iurp wkh olqnlqj wkhruhp +vhh ^<`,1

Wkh hvwlpdwh e? � � A 3 iroorzv iurp Ohppd 5 +ll,> ohw tE?� eh d fulwlfdo srlqw dw ohyho e?/ wkh

hvwlpdwh ntE?�n � �� A 3 iroorzv iurp wkh lqhtxdolw| fntE?�n2 � M?+t
E?�, � �1

Qh{w/ qrwlfh wkdw iru doo lqwhjhuv q wkh lghqwlw| lv lq �? dqg wkhuhiruh

e? � pd{iM?+t,> t 5 G-?j >

lw fdq eh hdvlo| vhhq wkdw wkhuh h{lvwv e A 3 vxfk wkdw pd{iM?+t,> t 5 G-?j � e/ ;q1

Ohw L =@ il 5 ]]> �� @ 3j/ iru hdfk q ohw L? =@ L_i�q> = = = > q�4j dqg ghqrwh e| g
E?�
� @ t

E?�
� �t

E?�
�n�>

wkh hvwlpdwh ntE?�n � �2 iroorzv li zh suryh wkdw wkhuh h{lvw wkuhh srvlwlyh frqvwdqwv f� +l @ 4> 5> 6,

vxfk wkdw

f� �
[
�M~

n bt
E?�
� n22 f2 �

[
��MU?

ng
E?�
� n22 f� �

[
�MU?

ng
E?�
� n22 =

Qrwh wkdw

5e � 5e? @ 5M?+t
E?�,� M �?+t

E?�,^tE?�`

@
?3�[
�'3?

] A

f

k
Y �� +g

E?�
� ,+g

E?�
� ,� 5Y�+g

E?�
� ,

l
� �

?3�[
�'3?

] A

f
Y�+g

E?�
� , >

dqg vlqfh M?+t
E?�, � e zh jhw

<f�> f2 A 3 vxfk wkdw f� �
[
�M~

n bt
E?�
� n22 dqg f2 �

[
��MU

ng
E?�
� n22 > +8,

e| wkh hpehgglqj K� � O" zh dovr jhw

fe �
[
��MU

ng
E?�
� n2" =

9



Li �� A 3 iru doo l wkh surri lv frpsohwh/ rwkhuzlvh qrwh wkdw e| lqwhjudwlqj htxdwlrqv +4, zh lqihu

wkdw wkhuh h{lvwv �nE?� vxfk wkdw

4

W

] A

f
���+g

E?�
� , @ �nE?� ;l 5 i�q> = = = > q�4j dqg wkhuhiruh

4

W

] A

f
Y �� +g

E?�
� , @ �nE?� ;l 5 L? = +9,

Qrwh wkdw �nE?� $ 3 iru q$ .4= lqghhg li m�nE?�m � � A 3 +dvvxph h1j1 wkdw �nE?� � � A 3,/ wkhq

wkhuh h{lvwv �� A 3 vxfk wkdw wkh vhwv N
E?�
� =@ iw 5 ^3> W `> g

E?�
� +w, � ��j kdyh vwulfwo| srvlwlyh

phdvxuh xqlirupo| zlwk uhvshfw wr l> q> dv
S

�MU?

U A
f Y�+g

E?�
� , lv erxqghg/ zh jhw d frqwudglfwlrq1

E| dvvxpswlrq +S, zh fdq fkrrvh q vr odujh wkdw iru doo l 5 L? wkhuh h{lvwv d xqltxh n
E?�
� vxfk

wkdw Y �� +n
E?�
� , @ �nE?� dqg pruhryhu iru d jlyhq q wkh qxpehuv n

E?�
� doo kdyh wkh vdph vljq +dvvxph

zlwk qr uhvwulfwlrq wkdw wkh| duh doo srvlwlyh/ rwkhuzlvh wkh surri krogv zlwk plqru fkdqjhv, dqg

n
E?�
�n6 @ n

E?�
� 1 E| +9, dqg wkh frqwlqxlw| ri Y �� / iru doo l 5 L? wkhuh h{lvwv w� 5 ^3> W ` vxfk wkdw

g
E?�
� +w�, @ n

E?�
� > ixuwkhupruh/ e| Vrerohy hpehgglqj n bg

E?�
� n2 � fmg

E?�
� +w,� �g

E?�
� m iru doo w 5 ^3> W `/

zkhuh �g
E?�
� @ �

A

U A
f g

E?�
� +w,/ khqfh n bg

E?�
� n2 � 5fmg

E?�
� +w,� n

E?�
� m/ wkdw lv

n
E?�
� � fn bg

E?�
� n2 � g

E?�
� +w, � n

E?�
� . fn bg

E?�
� n2 = +:,

Dgglqj wkh suhylrxv lqhtxdolwlhv +uhfdoo wkdw q @ np, zh jhw

[
�MU?

n
E?�
� @

q

p

[
�MU?Kd�c6o

n
E?�
� �

[
�MU?

k
fn bg

E?�
� n2 . g

E?�
� +w,

l
+;,

dqg iru doo w 5 ^3> W `/ dv
?3�[
�'3?

g
E?�
� +w, @ 3/ zh kdyh

������
[
�MU?

g
E?�
� +w,

������ @
������
[
��MU?

g
E?�
� +w,

������ �
[
��MU?

ng
E?�
� n" =

Wdnlqj wkh vtxduh ri +;, zh rewdlq

?2

62

kS
�MU?Kd�c6o n

E?�
�

l2
�
k
f
S

�MU? n
bg
E?�
� n2 .

S
��MU? ng

E?�
� n"

l2
� qf�

�S
�MU? n

bg
E?�
� n22 .

S
��MU? ng

E?�
� n2"

�
� qf�� >

�qdoo| +:, jlyhv mg
E?�
� +w,m � n

E?�
� . fn bg

E?�
� n2/ khqfh

[
�MU?

ng
E?�
� n2" � f

5
7[
�M~

n bg
E?�
� n22 . q

[
�MU?Kd�c6o

+n
E?�
� ,2

6
8 � f�

dqg
S

�MU? ng
E?�
� n22 lv erxqghg1 �

:



� �ih�L_�U 4L|�L?t Lu |�i �?�?�|i t)t|i4

Lq vhfwlrq 5 zh suryhg wkh h{lvwhqfh ri shulrglf prwlrqv lq shulrglf �qlwh odwwlfhv zlwk 5q

sduwlfohv vdwlvi|lqj hvwlpdwhv +7,> zh zloo rewdlq d shulrglf prwlrq iru wkh lq�qlwh odwwlfh e|

frqvlghulqj wkh olplw iru q$41

E| wkh rshudwruv 
? zh exlog d erxqghg Sdodlv0Vpdoh vhtxhqfh iru M > dv douhdg| phqwlrqhg wkh

Sdodlv0Vpdoh frqglwlrq grhv qrw krog iru M gxh wr lwv wudqvodwlrq lqyduldqfh1 Wr pdqdjh wklv

odfn ri frpsdfwqhvv/ zh pdnh xvh ri Olrqv* frqfhqwudwlrq0frpsdfwqhvv Ohppd ^;` lq d yhuvlrq

dgdswhg wr rxu qhhgv +vhh ^5` iru wkh surri,1

Ohppd 6 +frqfhqwudwlrq0frpsdfwqhvv,

Ohw ixE?�j?M� eh d vhtxhqfh ri vhtxhqfhv/ xE?� @ ix
E?�
� j�M~/ x

E?�
� � 3/ ;l 5 ]] dqg ;q 5 LQ/ vxfk

wkdw
S

� x
E?�
� @ �/ � A 3/ ;q 5 LQ1 Wkhq wkhuh h{lvwv d vxevhtxhqfh +vwloo ghqrwhg e| ixE?�j, vxfk

wkdw rqh ri wkh iroorzlqj surshuwlhv rffxuv=

d, Frqfhqwudwlrq1

Wkhuh h{lvwv d vhtxhqfh iP?j?M� ri lqwhjhuv +zklfk fdq eh fkrvhq wr eh pxowlsohv ri p, vxfk

wkdw ;% A 3 wkhuh h{lvwv Q0 5 LQ vxfk wkdw ;q 5 LQ zh kdyh

�?n�0[
�'�?3�0

x
E?�
� � �� %

e, Ydqlvklqj1

olp
?<"

%
vxs
�M~

x
E?�
�

&
@ 3

f, Glfkrwrp|1

Wkhuh h{lvw � 5 +3> �, dqg d vhtxhqfh iP?j?M� ri lqwhjhuv +zklfk fdq eh fkrvhq wr eh pxowlsohv

ri p, vxfk wkdw ;% A 3 wkhuh h{lvw wzr lqwhjhuv Q0 dqg Q �
0 vxfk wkdw ;q 5 LQ zh kdyh=

������
[

��3�?�$�0

x
E?�
� � �

������ ? % /

������
[

��3�?�:� �

0

x
E?�
� � +�� �,

������ ? %

dqg Q �
0 �Q0 $ .4 zkhq %$ 31

Zh dsso| Ohppd 6 wr wkh vhtxhqfh ri vhtxhqfhv ix
E?�
� j?M�/ zkhuh

x
E?�
� @

;A?
A=
U A
f + bt

E?�
� +w,,2gw.

U A
f +t

E?�
� +w,� t

E?�
�n�+w,,

2gw li mlm � q

3 li mlm A q
+<,

;



dqg tE?� 5 K? lv wkh fulwlfdo srlqw rewdlqhg e| Wkhruhp 51

4, Ydqlvklqj fdqqrw rffxu1

Ohppd 7 Ohw tE?� 5 K? eh wkh fulwlfdo srlqw rewdlqhg e| Wkhruhp 5/ wkhq wkh vhtxhqfh ix
E?�
� j

gh�qhg e| +<, grhv qrw dgplw d ydqlvklqj vxevhtxhqfh1

Surri1 Vxssrvh wkh frqyhuvh> wkhq rq wkh ydqlvklqj vxevhtxhqfh zh nqrz wkdw ;% A 3 <q 5 LQ

vxfk wkdw ;l 5 i�q> = = = > qj zh kdyh

nt
E?�
� � t

E?�
�n�n" ? % +43,

dqg e| wkh vxshutxdgudwlflw| ri Y� zh kdyh

mY �� +t
E?�
� � t

E?�
�n�,m � �0mt

E?�
� � t

E?�
�n�m zlwk �0 $ 3 dv %$ 3 =

Wkhq/ e| Wkhruhp 5 zh kdyh

3 ? 5� � 5M?+t
E?�, � M �?+t

E?�,^tE?�` .
S

�

U A
f Y �

� +t
E?�
� � t

E?�
�n�,+t

E?�
� � t

E?�
�n�,

@
S

�

U A
f Y �� +t

E?�
� � t

E?�
�n�,+t

E?�
� � t

E?�
�n�, � �0

S
�

U A
f +t

E?�
� � t

E?�
�n�,

2 � �0 � �2

dqg iru % vpdoo hqrxjk +l1h1 �0 vpdoo hqrxjk, zh jhw d frqwudglfwlrq1 �

5, H{lvwhqfh ri expsv iru wkh glfkrwrp| dqg frqfhqwudwlrq fdvhv1

Dv zh h{foxghg wkh ydqlvklqj fdvh/ hlwkhu frpsdfwqhvv ru glfkrwrp| krogv> wklv phdqv wkdw

iru doo q prvw ri wkh qrup ri tE?� +lq fdvh ri frqfhqwudwlrq, ru d �{hg sduw ri lw +lq fdvh ri

glfkrwrp|, lv _frqfhqwudwhg% durxqg wkh sduwlfoh odehohg e| P? +P? lv dv lq Ohppd 6,1 Zh

fdoo _exps% wklv frqfhqwudwhg sduw1 Lq erwk fdvhv zh dfklhyh d vhtxhqfh ri ixqfwlrqv tE?� zkrvh

exps lv lq d �qlwh sduw ri wkh odwwlfh1 Gxh wr wkh wudqvodwlrq lqyduldqfh ri wkh ixqfwlrqdo/ zlwk

qr uhvwulfwlrq zh fdq dvvxph wkdw P? � 3 lq Ohppd 61 Rxu dlp qrz lv wr exlog d Sdodlv0Vpdoh

vhtxhqfh iru erwk wkh frqfhqwudwlrq dqg wkh glfkrwrp| fdvh1

6, Frqfhqwudwlrq lpsolhv vwurqj frqyhujhqfh1

Zh frqvlghu wkh fdvh zkhuh wkh vhtxhqfh tE?� dgplwv d frqfhqwudwhg vxevhtxhqfh +zklfk zh vwloo

ghqrwh e| tE?�,1

Ohppd 8 Vxssrvh wkdw frqfhqwudwlrq krogv iru wkh vhtxhqfh ix
E?�
� j gh�qhg lq +<,1 Wkhq

i
?tE?�j lv d erxqghg Sdodlv0Vpdoh vhtxhqfh iru M lq K1

<



Surri1 Iluvw qrwh wkdw

M+
?t
E?�, @ M?+t

E?�,�
] A

f
�3?3�+�t

E?�
3?�t

E?�
3?,�

] A

f
�?+t

E?�
? � �tE?�? ,.

] A

f
�?3�+t

E?�
?3��t

E?�
3?, +44,

dqg iru doo s 5 K/ nsn @ 4/

M �+
?t
E?�,^s` @

?3�[
�'3?

] A

f
bt
E?�
� bs� �

?32[
�'3?

] A

f
���+t

E?�
� � t

E?�
�n�,+s� � s�n�,

�
] A

f
��3?3�+�t

E?�
3? � t

E?�
3?,+s3?3� � s3?,�

] A

f
��?3�+t

E?�
?3� � �t

E?�
?3�,+s?3� � s?,

+45,

zkhuh �t
E?�
� @ �

A

U A
f t

E?�
� +w,gw1 Wkh odvw wzr whupv ydqlvk iru q$4 ehfdxvh n�t

E?�
3? � t

E?�
3?n" $ 3/

ns3?3� � s3?n2 � 4 dqg vlploduo| wkh rwkhu whup1

Wkh vhtxhqfh i
?t
E?�j lv erxqghg lq K e| Wkhruhp 51 Dv zh duh lq wkh frqfhqwudwlrq fdvh/ e|

+44, lw iroorzv wkdw <��> e� A 3 vxfk wkdw �� � M+
?t
E?�, � e�1

Iru doo s 5 K? vxfk wkdw nsn @ 4 zh kdyh

3 @ M �?+t
E?�,^s` @

S?3�
�'3?

U A
f bt

E?�
� bs� �

S?32
�'3?

U A
f ���+t

E?�
� � t

E?�
�n�,+s� � s�n�,

�
U A
f ��?3�+t

E?�
?3� � t

E?�
3?,+s?3� � s3?,

dqg xvlqj djdlq wkh idfw wkdw frqfhqwudwlrq krogv/ wkh odvw whup jrhv wr }hur dv q lqfuhdvhv/ e|

wkh vdph uhdvrq ri wkh odvw vwhs1 Ilqdoo| xvlqj +45, zh lqihu vxs8R8'� M
�+
?t

E?�,^s`$ 3/ wkdw lv


?t
E?� lv d Sdodlv0Vpdoh vhtxhqfh1 �

Dv wkh vhtxhqfh 
?t
E?� lv erxqghg lq K/ xs wr d vxevhtxhqfh lw frqyhujhv zhdno| wr d ixqfwlrq

t 5 K= wkh frqyhujhqfh lv lq idfw vwurqj/ dv vwdwhg e| wkh iroorzlqj Ohppd zkrvh surri iroorzv

wkh vdph olqhv dv Ohppd 6 lq ^5`1

Ohppd 9 Li frqfhqwudwlrq krogv iru ix
E?�
� j/ wkhq 
?tE?� $ t vwurqjo| lq K/ khqfh t lv d

qrqwulyldo fulwlfdo srlqw ri M lq K1

Wkh suhylrxv uhvxow vwdwhv wkdw li wkh vhtxhqfh 
?t
E?� lv frqfhqwudwhg +l1h1 ix

E?�
� j lv frqfhqwudwhg,

zh rewdlq d qrq}hur vroxwlrq t ri sureohp +5,> li <l vxfk wkdw �� A 3 wkh srwhqwldo �� kdv qrq}hur

vwdwlrqdu| srlqwv/ wkhuhiruh wkh vroxwlrq zh �qg frxog eh dq htxloleulxp srlqw iru wkh srwhqwldo

�> zh fdq h{foxgh wklv iru odujh shulrg W e| surylqj wkdw xqghu vxfk frqglwlrq wkh fulwlfdo

ohyho ri wkh ixqfwlrqdo M lv orzhu wkdq wkh plqlpxp ohyho ri d qrq}hur htxloleulxp srlqw +vhh

Sursrvlwlrq 5 lq ^5`,1
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7, Glfkrwrp| dqg wuxqfdwlrq lpso| vwurqj frqyhujhqfh1

Ilqdoo| zh frqvlghu wkh glfkrwrp| fdvh iru wkh vhtxhqfh ix
E?�
� j= e| Ohppd 6 zh nqrz wkdw

<� 5 +3> �, vxfk wkdw/ xs wr d vxlwdeoh wudqvodwlrq/ ;% A 3 <Q0>Q
�
0 5 LQ vxfk wkdw������

[
���$�0

x
E?�
� � �

������ ? % dqg

������
[

�0	���	� �

0

x
E?�
�

������ ? % =

Ohw %? eh dq| srvlwlyh vhtxhqfh frqyhujlqj wr 3 dqg ;q 5 LQ frqvlghu TE?� 5 K gh�qhg e|

T
E?�
� +w, @

;AAAA?
AAAA=

�
A

U A
f t

E?�
�0?

+w,gw li l A Q0?

t
E?�
� +w, li mlm � Q0?

�
A

U A
f t

E?�
3�0?

+w,gw li l ? �Q0? =

+46,

E| vlplodu dujxphqwv wr wkrvh ri Ohppd 8 zh lqihu wkdw iTE?�j lv d erxqghg Sdodlv0Vpdoh

vhtxhqfh iru M lq K dqg wkhuhiruh <t 5 K vxfk wkdw TE?� - t/ xs wr d vxevhtxhqfh> surfhhglqj

dv lq Ohppd 7 lq ^5` rqh fdq suryh

Ohppd : Li glfkrwrp| rffxuv iru ix
E?�
� j dqg li TE?� lv dv lq +46, wkhq=

d, nTE?�n $ �

e, TE?� $ t lq K +wkhuhiruh ntn @ �,

f, M �+t, @ 3 +wkhuhiruh t lv d qrqwulyldo vroxwlrq ri +5,,

Wkh surri ri Wkhruhp 4 qrz iroorzv dv lq ^5`1

Uhpdun1 Wkh frqfhqwudwlrq0frpsdfwqhvv ohppd kdv ehhq xvhg iru krprjhqhlw| zlwk rxu suh0

ylrxv sdshu ^5`/ zkhuh wklv whfkqltxh lv xvhg wr suryh d uhsuhvhqwdwlrq wkhruhp iru Sdodlv0Vpdoh

vhtxhqfhv> vxfk uhvxow lv xvhg lq ^6` dv d vwduwlqj srlqw wr exlog pxowlexps vroxwlrqv1 Glvuhjdug0

lqj vxfk srvvleoh dssolfdwlrqv rqh frxog dfklhyh wkh surri ri Wkhruhp 4 pruh gluhfwo|1

e A�i ?�4ih�U@* @*}Lh�|�4

Lq wklv vhfwlrq zh ghvfuleh wkh dojrulwkp wkdw zh kdyh xvhg wr rewdlq qxphulfdo dssur{lpdwlrqv

ri wkh shulrglf prwlrqv lq �qlwh odwwlfhv> zh rqo| frqvlghu wkh fdvh zkhq �� A 3 l1h1 zkhq

wkh olqnlqj jhrphwu| dfwxdoo| uhgxfhv wr d prxqwdlq sdvv/ dowkrxjk wkh dxwkruv ihho wkdw dq

h{whqvlrq wr wkh jhqhudo fdvh vkrxog qrw eh wrr gl�fxow wr dfklhyh1

Wkhruhp 5 vwdwhv wkdw d qrq}hur vroxwlrq iru wkh v|vwhp ri 5q sduwlfohv fdq eh rewdlqhg dv d

prxqwdlq sdvv srlqw iru wkh ixqfwlrqdo M?> zh xvh dq dojrulwkp ghyhorshg e| Fkrl dqg PfNhqqd
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^9` wr dssur{lpdwh qxphulfdoo| vxfk prxqwdlq sdvv srlqw iru gl�huhqw ydoxhv ri q/ dqg zh vkrz

krz wkh olplw iru dq lqfuhdvlqj qxpehu ri sduwlfohv vhhpv wr dsshdu1

Zh jlyh d eulhi ghvfulswlrq ri wkh dojrulwkp/ dqg zh uhihu wr ^9` iru dq h{kdxvwlyh wuhdwphqw1

Ohw xv �uvw uhfdoo wkh jhrphwulf od|rxw ri wkh prxqwdlq sdvv wkhruhp= rqh kdv wzr srlqwv lq

d ixqfwlrqdo vsdfh zklfk duh glylghg e| d prxqwdlq fkdlq zkrvh orzhvw _sdvv0srlqw% lv dw d

kljkhu ohyho wkdq wkh wzr srlqwv> wkhq/ xqghu vxlwdeoh frpsdfwqhvv frqglwlrqv +wkh Sdodlv0Vpdoh

frqglwlrq ru/ iru lqvwdqfh/ wkh frqfhqwudwlrq fdvh ri Ohppd 6,/ wkhuh h{lvwv d sdwk zkrvh kljkhvw

srlqw lv plqlpdo/ dprqj doo wkh sdwkv frqqhfwlqj wkh wzr srlqwv1 Lw fdq eh suryhg wkdw wklv

srlqw lv d fulwlfdo srlqw ri wkh ixqfwlrqdo1

Zh fdqqrw frqvlghu doo srvvleoh sdwkv/ exw zh fdq fkrrvh d sdwk/ iru lqvwdqfh wkh olqhdu rqh/

dqg wkhq sxoo lw grzq dorqj wkh vwhhshvw ghvfhqw gluhfwlrq xqwlo wklv lv qrw srvvleoh dq|pruh1

Vxssrvh wkdw wkh iroorzlqj frqvwdqwv duh fkrvhq=

L / wkh qxpehu ri sduwlfohv

P / wkh qxpehu ri vwhsv wr glvfuhwl}h wkh sdwk

O/ wkh qxpehu ri phvk srlqwv wr glvfuhwl}h hdfk ixqfwlrq t�1

Wkh vwhsv ri wkh dojrulwkp duh wkh iroorzlqj=

d, Zh fkrrvh 3/ zklfk lv d orfdo plqlpxp iru M dv vwduwlqj srlqw ri wkh sdwkv/ zkloh wkh hqglqj

srlqw zloo eh z +vhh Ohppd 5,1 Wkh qxphulfdo surfhgxuh vwduwv e| gh�qlqj dq P � L �O duud|

it6�, j +p @ 3> = = = >P � 4> o @ 3> = = = > O� 4> l @ 3> = = = > L � 4, zklfk uhsuhvhqwv wkh sdwk zh duh

ghdolqj zlwk> p lv wkh glvfuhwl}hg sdwk sdudphwul}dwlrq/ q lv wkh sduwlfoh qxpehu dqg o lv wkh

glvfuhwl}hg wlph1 Wkh �uvw sdwk lv vhw wr eh wkh vhjphqw frqqhfwlqj 3 zlwk z1

e, Zh orrn iru wkh pd{lpxp ri wkh ixqfwlrqdo dorqj wklv sdwk= e| frqvwuxfwlrq/ li wkh sdwk

phvk lv �qh hqrxjk/ wklv lv dfklhyhg iru p @ �p zlwk 3 ? �p ?P 1

f, Zh lpsuryh wkh dssur{lpdwlrq ri wklv pd{lpxp e| d ixuwkhu vxeglylvlrq ri wkh sdwk ehwzhhq

�p� 4 dqg �p. 41

g, Zh frpsxwh wkh vwhhshvw ghvfhqw gluhfwlrq dw srlqw t 761 Dv zh duh ghdolqj zlwk dq lq�qlwh

glphqvlrqdo ixqfwlrqdo vsdfh zkhuh gl�huhqw qrupv duh qrw htxlydohqw/ d gh�qlwlrq ri vxfk d

gluhfwlrq pxvw eh jlyhq= zh fdoo vwhhshvw ghvfhqw gluhfwlrq dw srlqw t wkh gluhfwlrq srlqwhg e|

wkh yhfwru s 5 K/ nsn @ 4/ iru zklfk M �+t,^s` dfklhyhv lwv plqlpxp1 Lq rughu wr frpsxwh s/

gh�qh wkh ixqfwlrqdo

L^+s, @ M �+t,^s` . �nsn2
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zkhuh � lv d Odjudqjh pxowlsolhu1 Zh uhtxluh L �^+s, @ 3/ l1h1 zh uhtxluh wkh frpsrqhqwv ri s wr

eh W�shulrglf vroxwlrqv ri wkh htxdwlrqv

5�^�s� . s�n� � 5s� . s�3�` @ ��t� ���

�+t� � t�n�, . ��

�3�+t�3� � t�, l @ 3> = = = > L � 4 = +47,

Htxdwlrqv +47, fdq eh glvfuhwl}hg dqg zulwwhq lq wkh irup

�Ds @ i+t, >

zkhuh D lv d pdwul{ zklfk rqo| ghshqgv rq wkh qxpehu ri sduwlfohv L/ wkh qxpehu ri phvk

srlqwv O dqg wkh shulrg W > i+t, lv d L � O duud| zklfk ghshqgv rq t dqg s lv wkh xqnqrzq

L � O duud|1 Wkh Odjudqjh pxowlsolhu � fdq eh frpsxwhg d srvwhulrul lq rughu wr fkrrvh wkh

dssursuldwh ydoxh iru nsn1

Qrwlfh wkdw iru d odujh qxpehu ri sduwlfohv dqg iru d vx�flhqwo| �qh glvfuhwl}dwlrq zh kdyh wr

vroyh d olqhdu v|vwhp ri d uhpdundeoh qxpehu ri htxdwlrqv +fd1 483 lq rxu fdvh,/ exw wklv grhv

qrw vorz grzq wrr pxfk wkh dojrulwkp ehfdxvh wkh pdwul{ D3� fdq eh frpsxwhg rqfh iru doo/

dqg wkhq xvhg wr fkhfn gl�huhqw srwhqwldov ru gl�huhqw vwduwlqj sdwkv1

h, Rqfh wkh vwhhshvw ghvfhqw gluhfwlrq kdv ehhq irxqg/ zh pryh wkh pd{lpxp srlqw dorqj lw/

wkxv orzhulqj wkh ixqfwlrqdo1 Dwwhqwlrq pxvw eh sdlg lq rughu qrw wr jr wrr idu dzd| iurp wkh

sdvv srlqw> wr wklv sxusrvh zh vhw d olplw iru erwk wkh pd{lpxp qrup ri wkh glvsodfhphqw dqg

wkh pd{lpxp ghfuhdvh ri wkh ixqfwlrqdo1

i, Zh uhshdw vwhsv e, dqg f, dqg zh hvwlpdwh nM �+t,n/ zkhuh t lv wkh qhz pd{lpxp srlqw= li

zh duh ehorz d vhohfwhg wkuhvkrog zh duh grqh> rwkhuzlvh zh frph edfn wr srlqw g,1

Wkh frqyhujhqfh ri wklv dojrulwkp lv txlwh gholfdwh> lqghhg li wkh glvsodfhphqw dorqj wkh vwhhshvw

ghvfhqw gluhfwlrq lv wrr vpdoo lw fdq kdsshq wkdw vwhsv e, dqg f, kdyh wkh rssrvlwh h�hfw ri vwhsv

g, dqg h, dqg wkh dojrulwkp hqwhuv d orrs1 Rq wkh rwkhu kdqg/ li wkh glvsodfhphqw lv wrr odujh

lw lv srvvleoh wr plvv wkh prxqwdlq sdvv srlqw dqg lq wklv fdvh wkh dojrulwkp frqyhujhv wr wkh

}hur vroxwlrq1

Wr lpsuryh wkh shuirupdqfh ri wkh dojrulwkp/ zh fkhfn dw hdfk vwhs wkh glvwdqfh +lq wkh K0

qrup, ehwzhhq wkh srlqw ri pd{lpxp dqg lwv qhduhvw qhljkeruv/ dqg li vxfk d glvwdqfh ehfrphv

wrr odujh zh dffxpxodwh vrph phvk srlqw durxqg wkh pd{lpxp1

Zh lqvlvw rq uhpdunlqj wkdw rxu ghvfulswlrq ri wkh dojrulwkp lv sxuho| pdgh wr ohw wkh uhdghu

wdvwh lw= lqghhg wkh fkrlfh ri wkh ydulrxv wkuhvkrogv lv yhu| gholfdwh dqg ixuwkhu dwwhqwlrq pxvw

eh sdlg wr dyrlg wkh surfhgxuh wr idlo +vhh ^9` iru pruh ghwdlov,1
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Zh wulhg ydulrxv frq�jxudwlrqv zlwk gl�huhqw qxpehu ri sduwlfohv dqg srwhqwldov> wr vlpsoli| wkh

vwuxfwxuh ri wkh surjudp zh fkrvh doo wkh lqwhusduwlfoh srwhqwldov wr eh htxdo +�� � �,1 Iljxuhv

4 dqg 5 uhsuhvhqw rxu uhvxowv iru v|vwhpv ri uhvshfwlyho| ; dqg 47 sduwlfohv zlwk wkh iroorzlqj

fkrlfh ri wkh srwhqwldov=

�+{, @ �{2 . {e =

Dv d pdwwhu ri idfw zh glg qrw vkrz wkh prwlrq ri sduwlfohv 0:/ 09 dqg 9 lq wkh vhfrqg v|vwhp/

dv lw lv qhjoljleoh1

Zh uhpdun wkh iroorzlqj idfwv=

4, Lq erwk fdvhv wkh sduwlfoh lq wkh plggoh ri wkh odwwlfh xqghujrhv wkh rvfloodwlrq ri pd{lpxp

dpsolwxgh1

5, Lq erwk fdvhv rqo| wkh qhduhvw dqg vhfrqg qhduhvw qhljkeru sduwlfohv xqghujr dq rvfloodwlrq

ri zlgh dpsolwxgh> wkh dpsolwxgh ghfuhdvhv txlfno| zkhq jhwwlqj iduwkhu dzd| iurp wkh plggoh

sduwlfoh1

6, Wkh uhvxowv iru wkh v|vwhpv duh txlwh vlplodu/ zklfk shuplwv wr frqmhfwxuh wkdw iru dq lqfuhdvlqj

qxpehu ri sduwlfohv lw zrxog qrw fkdqjh1

7, Wklv dojrulwkp surgxfhv lq idfw d Sdodlv0Vpdoh vhtxhqfh zklfk uhpdlqv frqfhqwudwhg durxqg

wkh sduwlfoh lq wkh plggoh ri wkh odwwlfh1

Zh dovr whvwhg rwkhu nlqgv ri srwhqwldov vdwlvi|lqj rxu dvvxpswlrqv dqg zh rewdlqhg vlplodu uh0

vxowv/ dowkrxjk vrph fkrlfhv ri srwhqwldo udlvhg vrph gl�fxowlhv ri frqyhujhqfh ri wkh dojrulwkp1

Zh fdq wkhuhiruh jxhvv wkh vkdsh ri wkh prwlrq ri dq lq�qlwh odwwlfh> lw vhhpv uhdvrqdeoh wr

wklqn wkdw vxfk d prwlrq lv zhoo uhsuhvhqwhg e| prwlrqv ri �qlwh odwwlfhv/ wkh rwkhu sduwlfohv*

prwlrq ehlqj qhjoljleoh1

+iuihi?Uit

^4` D1 Dpeurvhwwl/ S1K1 Udelqrzlw}/ Gxdo yduldwlrqdo phwkrgv lq fulwlfdo srlqw wkhru| dqg dssolfdwlrqv/
M1 Ixqfw1 Dqdo1 47 +4<:6, 67<06;4

^5` J1 Dulrol/ I1 Jd}}rod/ Shulrglf prwlrqv ri dq lq�qlwh odwwlfh ri sduwlfohv zlwk qhduhvw qhljkeru lqwhu0

dfwlrq/ wr dsshdu rq Qrqolqhdu Dqdo|vlv WPD

^6` J1 Dulrol/ I1 Jd}}rod/ V1 Whuudflql/ Pxowlexps shulrglf prwlrqv ri dq lq�qlwh odwwlfh ri sduwlfohv/ wr
dsshdu rq Pdwkhpdwlvfkh ]hlwvfkuliw
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^7` Y1 Ehqfl/ J1I1 Ghoo*Dqwrqlr/ E1 G*Rqriulr/ Lqgh{ wkhru| dqg vwdelolw| ri shulrglf vroxwlrqv ri Od0

judqjldq v|vwhpv/ F1 U1 Dfdg1 Vfl1 Sdulv Vhu1 L0Pdwk 648/ 8 +4<<5, 8;608;;

^8` Y1 Ehqfl/ S1K1 Udelqrzlw}/ Fulwlfdo srlqwv wkhruhpv iru lqgh�qlwh ixqfwlrqdov/ Lqy1 Pdwk1 85 +4<:<,
57405:6

^9` \1V1 Fkrl/ M1 PfNhqqd/ D prxqwdlq sdvv phwkrg iru wkh qxphulfdo vroxwlrq ri vhplolqhdu hoolswlf

sureohpv/ Qrqolqhdu Dqdo|vlv WPD 53/ 7 +4<<6, 74:076:

^:` Y1 Frwl ]hodwl/ S1K1 Udelqrzlw}/ Krprfolqlf ruelwv iru vhfrqg rughu Kdplowrqldq v|vwhpv srvvhvvlqj

vxshutxdgudwlf srwhqwldov/ M1 ri wkh DPV 7 +4<<4, 9<60:5:

^;` S1O1 Olrqv/ Wkh frqfhqwudwlrq0frpsdfwqhvv sulqflsoh lq wkh fdofxoxv ri yduldwlrqv1 Wkh orfdoo| frp0

sdfw fdvh/ Sduw 4/ Dqq1 Lqvw1 K1 Srlqfdu�h +D1Q1O1, Yro14 Q15 +4<;7, 43<0478

^<` S1K1 Udelqrzlw}/ Vrph fulwlfdo srlqw wkhruhpv dqg dssolfdwlrqv wr vhplolqhdu hoolswlf sduwldo gl�hu0

hqwldo htxdwlrqv/ Dqq1 Vf1 Qrup1 Vxs1 Slvd 7/ 8 +4<:;, 5480556

^43` E1 Uxi/ S1Q1 Vulndqwk/ Rq shulrglf prwlrqv ri odwwlfhv ri Wrgd w|sh yld fulwlfdo srlqw wkhru|/ Dufk1
Udw1 Phfk1 Dqdo1 459 +4<<7, 69<06;8

^44` N1 Wdqdnd/ Krprfolqlf ruelwv lq d �uvw rughu vxshutxdgudwlf kdplowrqldq v|vwhp= frqyhujhqfh ri

vxekduprqlf ruelwv/ M1 Gl�1 Ht1 <7 +4<<4, 648066<

^45` P1 Wrgd/ Wkhru| ri qrqolqhdu odwwlfhv/ Vsulqjhu Yhuodj/ 4<;<
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