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Devwudfw

Htxdwlrqv lqyroylqj wkh s0Odsodfldq zlwk d whup lq wkh fulwlfdo jurzwk udqjh duh frqvlghuhg= h{lv0
whqfh uhvxowv duh rewdlqhg xqghu plqlpdo dvvxpswlrqv rq wkh orzhu rughu shuwxuedwlrq1 Wkh sureohp
lv vwxglhg e| phdqv ri yduldwlrqdo phwkrgv= lq sduwlfxodu/ d sureohp zlwk olqnlqj jhrphwu| lv wuhdwhg
wkdqnv wr wkh ruwkrjrqdol}dwlrq whfkqltxh lqwurgxfhg lq ^46`1

DPV vxemhfw fodvvl�fdwlrq= 68M53/ 68M:3

� W?|hL_�U|�L?

Lq wklv sdshu zh vwxg| wkh iroorzlqj s0Odsodfldq ghjhqhudwh hoolswlf htxdwlrq=

;A?
A=

��Rx @ j+{> x, . mxmR
W
32x lq 

x @ 3 rq C
+4,

zkhuh �Rx @ gly+muxmR32ux,/  � LU? lv dq rshq erxqghg grpdlq zlwk vprrwk erxqgdu| C/ sW @ ?R
?3R

lv wkh fulwlfdo Vrerohy h{srqhqw ri wkh lpehgglqj Z �cR
f

+, � ORW+, dqg j+�> v, lv d vxefulwlfdo whup1 Zh

frqvlghu wkh fdvh 4 ? s ? q> zkhq q @ s wkh Vrerohy lpehgglqj lv lqwr Ruolf} vsdfhv ^54` dqg uhodwhg

uhvxowv pd| eh irxqg lq ^4`1

Uhfhqwo|/ pxfk lqwhuhvw kdv jurzq rq sureohpv lqyroylqj fulwlfdo h{srqhqwv/ vwduwlqj iurp wkh fhoheudwhg

sdshu e| Euh}lv dqg Qluhqehuj ^8`/ zkhuh wkh fdvh s @ 5 lv frqvlghuhg1 Iru duelwudu| ydoxhv ri s A 4/ zh

uhfdoo lq sduwlfxodu wkh uhvxowv rewdlqhg lq ^43/ 44`/ zkhuh wkh h{lvwhqfh ri d qrqwulyldo vroxwlrq lv suryhg

iru htxdwlrqv zlwk d krprjhqhrxv vxefulwlfdo whup dqg frqvwdqw frh�flhqw/ l1h1 j+{> x, @ �mxm^32x iru

vrph t dqg � 5 LU> pruh jhqhudo uhvxowv zlwk qrqfrqvwdqw frh�flhqw duh rewdlqhg lq ^7/ </ 47/ 48`1

Zh frqvlghu wkh Edqdfk vsdfh Z =@Z
�cR
f +,/ qruphg e|

nxn @

�]
l

muxmR
��*R

>

zh ghqrwh e| n � nR wkh OR qrup1 Ohw �� eh wkh �uvw jhqhudol}hg hljhqydoxh ri ��R uhodwlyh wr wkh
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krprjhqhrxv Glulfkohw sureohp lq / l1h1 wkh vpdoohvw ydoxh ri � iru zklfk wkh sureohp

;A?
A=
��Rx @ �mxmR32x lq 

x @ 3 rq C

dgplwv d qrqwulyldo vroxwlrq1 Lw lv zhoo0nqrzq ^5/ 49` wkdw �� lv srvlwlyh dqg vlpsoh/ dqg wkh fruuhvsrqg0

lqj hljhqixqfwlrq grhv qrw fkdqjh vljq> pruhryhu/ wkh rshudwru ��R dgplwv d vhtxhqfh ri hljhqydoxhv

glyhujlqj wr .4/ vhh ^43`1

Gh�qh wkh ixqfwlrqdo M =Z $ LU e|

M+x, @
4

s

]
l

muxmRg{�
]
l

J+{> x,g{�
4

sW

]
l

mxmR
W

g{ >

zkhuhJ+{> v, @
U r
f
j+{> w,gw> li j lv frqwlqxrxv/ wkhq M 5 F�+Z> LU, dqg wkh fulwlfdo srlqwv ri wkh ixqfwlrqdo

M fruuhvsrqg wr zhdn vroxwlrqv ri htxdwlrq +4,1 Krzhyhu/ vwdqgdug yduldwlrqdo dujxphqwv gr qrw dsso|

ehfdxvh wkh lpehgglqjZ � ORW+, lv qrw frpsdfw dqg wkh ixqfwlrqdo M grhv qrw vdwlvi| wkh Sdodlv0Vpdoh

frqglwlrq +SV frqglwlrq,1 Dqg lqghhg/ iru htxdwlrqv zlwk fulwlfdo jurzwk/ qrqwulyldo vroxwlrqv pd| qrw

h{lvw> li  lv vwduvkdshg dqg � � 3/ wkhq wkh iroorzlqj htxdwlrq dgplwv lq Z rqo| wkh wulyldo vroxwlrq

x � 3/ vhh ^47/ 4;`= ;A?
A=
��Rx @ �mxmR32x. mxmR

W
32x lq 

x @ 3 rq C =

+5,

Zkhq s @ 5 rqh revhuyhv d vwurqj ghshqghqfh ri wkh uhvxowv rq wkh glphqvlrq q ri wkh vsdfh/ lq sduwlfxodu

gl�huhqw h{lvwhqfh uhvxowv krog iru q @ 6/ q @ 7 dqg q � 8/ vhh ^8/ 9/ 46`1 E| doorzlqj s wr ydu| lq +4>.4,

dqg kdylqj wkhuhiruh dqrwkhu sdudphwhu wr ghdo zlwk/ rqh fdq wu| wr ghvfuleh wklv _vwudqjh% ehkdylrxu1

Iljxuhv 4 dqg 5 jlyh d slfwxuh ri wkh skhqrphqrq zh idfh zlwk rxu phwkrg> zh gr qrw nqrz li vxfk

skhqrphqrq lv d frqvhtxhqfh ri d olplw ri rxu whfkqltxhv ru li lw lqghhg uh�hfwv dq lqwulqvlf surshuw| ri

wkh htxdwlrq vwxglhg1

Lq d uhfhqw sdshu ^46`/ dq ruwkrjrqdol}dwlrq whfkqltxh kdv ehhq ghyhorshg iru wkh vwxg| ri fulwlfdo jurzwk

sureohpv lq vhplolqhdu hoolswlf htxdwlrqv> vxfk whfkqltxh lv edvhg rq yduldwlrqdo phwkrgv1 Wr dvvxuh

wkdw wkh frqvlghuhg plqlpd{ ohyhov olh lq wkh udqjh ri frpsdfwqhvv/ vxlwdeoh fodvvhv ri dssur{lpdwlqj

ixqfwlrqv kdylqj glvmrqw vxssruw zlwk wkh Vrerohy frqfhqwudwlqj ixqfwlrqv duh frqvwuxfwhg1 Zh fdoo

Vrerohy frqfhqwudwlqj ixqfwlrqv vrph wuxqfdwlrq ri wkh srvlwlyh udgldo ixqfwlrqv zklfk dfklhyh wkh ehvw

frqvwdqw lq Vrerohy lqhtxdolwlhv lq LU?/ vhh ^55`1 Lq ^8` vxfk ixqfwlrqv kdyh ehhq irxqg uhvsrqvleoh iru wkh

orvv ri frpsdfwqhvv ri wkh sureohp/ vhh dovr ^:`1

Lq wklv sdshu/ zh suryh h{lvwhqfh uhvxowv iru +4, iru doo q A s A 4= rxu uhvxowv duh rewdlqhg xqghu plqlpdo

dvvxpswlrqv rq wkh vxefulwlfdo whup j+{> x,= lq sduwlfxodu zh gr qrw uhtxluh lw wr eh qhlwkhu krprjhqhrxv

zlwk uhvshfw wr x qru srvlwlyh1 Lq jhqhudo wkh dvvxpswlrqv rq j duh vwulfwhu lq orzhu glphqvlrqv1 Zh

frqvlghu wkh fdvhv zkhuh wkh ixqfwlrqdo M kdv d prxqwdlq sdvv jhrphwu| ru d olqnlqj vwuxfwxuh zlwk ru

zlwkrxw uhvrqdqfh= urxjko| vshdnlqj/ wkhvh wkuhh fdvhv fruuhvsrqg uhvshfwlyho| wr

3 � olp
r<fn

J+{> v,

vR
?

��

s
> olp

r<fn

J+{> v,

vR
@

��

s
>

��

s
? olp

r<fn

J+{> v,

vR
=

Wr rxu nqrzohgjh qr uhvxowv iru wkh s�Odsodfh htxdwlrq kdyh ehhq irxqg e| olqnlqj whfkqltxhv/ hyhq li

lq ^;` vrph uhvxowv rq wkh vxefulwlfdo fdvh duh rewdlqhg lq d uljkw qhljkerukrrg ri wkh �uvw hljhqydoxh yld
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d gl�huhqw phwkrg= dv qrwhg lq ^47`/ wkh olqnlqj vwuxfwxuh fdvh qhhgv d ghhshu nqrzohgjh ri wkh vshfwudo

surshuwlhv ri ��R> qhyhuwkhohvv/ zh suryh lq Vhfwlrq 616 wkh h{lvwhqfh ri d olqnlqj jhrphwu| lq d uljkw

qhljkerukrrg ri wkh �uvw hljhqydoxh1

Wkh surriv duh shuiruphg e| voljkw prgl�fdwlrqv ri wkh whfkqltxhv xvhg lq ^46` iru wkh vhplolqhdu fdvh/ vhh

dovr ^6/ 45`> lq sduwlfxodu/ zh xvh wkh ruwkrjrqdol}dwlrq whfkqltxh lqwurgxfhg wkhuh wr vwxg| wkh olqnlqj

fdvh1 Zlwk wklv whfkqltxh/ wkh prxqwdlq sdvv fdvh dqg wkh qrquhvrqdqw olqnlqj fdvh orrn vlplodu= iru

wkhvh fdvhv/ Iljxuh 4 vxppdul}hv wkh uhvxowv uhodwlyh wr +5,1 Lq Iljxuh 5 zh looxvwudwh wkh uhvxowv uhodwlyh

wr wkh pruh frpsolfdwhg fdvh ri uhvrqdqw olqnlqj/ wkdw lv/ wkh fdvh zkhuh � @ �� lq +5,1

2 5|@|i4i?| Lu |�i hit�*|t

Zh dvvxph wkdw wkh ixqfwlrq j lv vxefulwlfdo lq wkh iroorzlqj vhqvh=

;A?
A=

j = � LU$ LU lv d Fdudwk�hrgru| ixqfwlrq

;% A 3 <d0 5 O
?R

?ER3��nR vxfk wkdw mj+{> v,m � d0+{, . %mvm
?ER3��nR

?3R iru d1h1 { 5  > ;v 5 LU =

+6,

Rwkhu dvvxpswlrqv duh lpsrvhg rq wkh sulplwlyh J+{> v, @
U
r

f j+{> w,gw= wkh orzhu rughu shuwxuedwlrq

j+{> v, pd| fkdqjh vljq/ surylghg wkdw

J+{> v, � 3 iru d1h1 { 5  > ;v 5 LU = +7,

2�� A�i 4L�?|@�? T@tt U@ti

Dvvxph wkdw wkhuh h{lvw dq rshq vxevhw f �  dqg vrph frqvwdqwv �> �> � A 3 dqg e A d A 3 vxfk wkdw

J+{> v, �
4

s
+�� � �,mvmR iru d1h1 { 5  > ; mvm � � +8,

dqg

J+{> v, � � iru d1h1 { 5 f > ;v 5 ^d> e` = +9,

Xqghu wkhvh dvvxpswlrqv zh suryh wkh iroorzlqj=

Wkhruhp 4 Dvvxph +6,/ +7,/ +8, dqg +9,1

Li 4 ? s2 ? q/ wkhq htxdwlrq +4, dgplwv d srvlwlyh qrqwulyldo vroxwlrq1

Li q @ s2 dqg � lq +9, lv odujh hqrxjk/ wkhq htxdwlrq +4, dgplwv d srvlwlyh qrqwulyldo vroxwlrq1

Lq sduwlfxodu/ zh rewdlq d uhvxow ri ^43`=

Fruroodu| 4 Ohw 4 ? s2 � q1 Wkhq htxdwlrq +5, dgplwv d srvlwlyh qrqwulyldo vroxwlrq iru doo � 5 +3> ��,1

Li s ? q ? s2 zh duh lq wkh fdvh ri wkh fulwlfdo glphqvlrqv ri Sxffl0Vhuulq ^4<`1 Lq wklv fdvh dvvxpswlrq

+9, lv qr orqjhu hqrxjk dqg zh qhhg d vxlwdeoh ehkdylru ri J dw lq�qlw|= pruh suhflvho|/ zh uhtxluh wkh

h{lvwhqfh ri d qrqhpsw| rshq vhw f �  vxfk wkdw

olp
r<n"

J+{> v,

vk?R
@ .4 xqlirupo| lq f > +:,

zkhuh �?R @
RE?RnR32?�
ER3��E?3R� 1 Wkhq zh suryh
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Wkhruhp 5 Ohw 4 ? s ? q ? s2/ dvvxph +6,/ +7,/ +8, dqg +:,1 Wkhq htxdwlrq +4, dgplwv d srvlwlyh

qrqwulyldo vroxwlrq1

Zh uhpdun wkdw Wkhruhpv 4 dqg 5 jhqhudol}h Wkhruhp 616 lq ^44`1

Ohw V eh wkh ehvw frqvwdqw ri wkh Vrerohy lpehgglqj Z � OR
W

/ vhh ^55`1 Lq wkh fdvh ri wkh fulwlfdo

glphqvlrqv/ zh dovr suryh d uhvxow derxw +5,=

Wkhruhp 6 Ohw � @ Vmm3R*?/ dvvxph 4 ? s ? q ? s2 dqg � 5 +����> ��,1 Wkhq +5, dgplwv d srvlwlyh

qrqwulyldo vroxwlrq1

Iljxuh 4

a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
aa

!

�

aa

s

q

3

4

4 5

��

Qrwh wkdw wkh qxpehu ri fulwlfdo glphqvlrqv lqfuhdvhv zlwk s dqg whqgv wr lq�qlw| dv s $ .41 Wklv

lv looxvwudwhg e| Iljxuh 4/ zkhuh �� lv wkh fxuyh ri htxdwlrq q @ s2 dqg wkh uhjlrq ehorz wkh fxuyh

fruuhvsrqgv wr wkh fulwlfdo glphqvlrqv1
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2�2 A�i *�?!�?} U@ti

Wkh �uvw hljhqydoxh ri ��R fdq eh rewdlqhg dv

�� @ plq
�M`�cR

f
K��

nxnR > +;,

zkhuh E� @ ix 5Z
�cR
f

> nxnR @ 4j1 Qrz ohw z 5Z3�cR� / ghqrwh e| Hz� wkh vxevsdfh ri Z ruwkrjrqdo wr

z/ l1h1 Hz� @ ix 5Z m+z> x, @ 3j zkhuh + / , lv wkh gxdolw| surgxfw ehwzhhq Z3�cR� dqg Z > ohw

� @ vxs
�M`3�cR�

lqi
�M.z

�
K��

nxnR =

Lw lv hdv| wr revhuyh wkdw � � �2/ zkhuh �2 lv wkh vhfrqg hljhqydoxh1 Li s @ 5 wkhq � @ �2> li s 9@ 5 lw lv

qrw fohdu zkhwkhu wkh htxdolw| krogv ru qrw/ exw lq Ohppd 5 ehorz lw lv suryhg wkdw � A ��1

Zh �uvw ghdo zlwk wkh fdvh ri qrq0uhvrqdqfh qhdu wkh ruljlq= dvvxph wkdw wkhuh h{lvw �> � A 3 vxfk wkdw

4

s
+�� . �,mvmR � J+{> v, �

4

s
+�� �,mvmR iru d1h1 { 5  > ; mvm � �

J+{> v, �
4

s
+�� . �,mvmR �

4

sW
mvmR

W

iru d1h1 { 5  > ; v 9@ 3 =
+<,

Qrwh wkdw erwk +8, dqg +<, lpso| j+{> 3, @ 3 iru d1h1 { 5  dqg x � 3 lv d vroxwlrq ri +4,1

Zlwk wkh deryh dvvxpswlrqv zh zloo suryh

Wkhruhp 7 Li 4 ? s2 � q/ dvvxph +6,/ +7, dqg +<,> li 4 ? s ? q ? s2/ dvvxph +6,/ +7,/ +:, dqg +<,1

Wkhq htxdwlrq +4, dgplwv d qrqwulyldo vroxwlrq1

Ilqdoo|/ zh ghdo zlwk wkh pruh gholfdwh fdvh ri uhvrqdqfh qhdu wkh ruljlq= dvvxph wkdw wkhuh h{lvw � A 3

dqg � 5 +3> 4@sW, vxfk wkdw

4

s
��mvm

R � J+{> v, �
4

s
+�� �,mvmR iru d1h1 { 5  > ; mvm � �

J+{> v, �
4

s
��mvm

R � +
4

sW
� �,mvmR

W

iru d1h1 { 5  ; v 5 LU =
+43,

Pruhryhu/ zh qhhg d frqglwlrq dw lq�qlw| rq J iru doo q= pruh suhflvho|/ zh uhtxluh wkh h{lvwhqfh ri dq

rshq qrqhpsw| vhw f �  vxfk wkdw

olp
r<n"

J+{> v,

vq?R
@ .4 xqlirupo| lq f > +44,

zkhuh �?R =@
?RE?Rn2R32?�
E?3R�E?RnR3?� 1 Zh zloo suryh wkh iroorzlqj

Wkhruhp 8 Ohw q A s A 4 dqg dvvxph +6,/ +7,/ +43,/ +44,1 Wkhq +4, dgplwv d qrqwulyldo vroxwlrq1

Qrwh wkdw �?R ? sW iru doo q A s A 4 dqg wkdw �?R A 3 li s A 2?
?n2 1 Dv d vwudljkwiruzdug frqvhtxhqfh ri

Wkhruhp 8 zh kdyh=

Fruroodu| 5 Ohw s A 4 dqg ohw q vdwlvi| ?2

?n� A s2= wkhq +5, dgplwv d qrwulyldo vroxwlrq iru � @ ��1
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Iljxuh 5 vxppdul}hv wkh uhvrqdqw fdvh uhvxowv= wkh fxuyhv �2 dqg �� kdyh htxdwlrqv uhvshfwlyho| s @ 2?
?n2

dqg ?2

?n� @ s21 Lq wkh zkroh uhjlrq 4 ? s ? q zh rewdlq wkh h{lvwhqfh ri d qrqwulyldo vroxwlrq iru htxdwlrq

+4, lq wkh uhvrqdqw fdvh e| dvvxplqj +44,1 Lq wkh uhjlrq deryh wkh fxuyh �2 wkh vxefulwlfdo shuwxuedwlrq

J grhv qrw qhhg wr eorz xs dw lq�qlw|/ dqg vlqfh 4 ? s ? 5 wkh Odsodfldq lv qrw frqfhuqhg1 Deryh wkh

fxuyh �� zh kdyh vroxwlrqv iru htxdwlrq +5, zkhq � @ ��1 Qrwh wkdw lq wkh Odsodfldq fdvh wkh h{lvwhqfh

ri d vroxwlrq lv jxdudqwhhg rqo| zlwk q � 8 dqg qrw iru q @ 7 dv vwdwhg lq ^9`/ vhh wkh uhpdun lq ^46`1

Iljxuh 5

a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
a
aa
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s

q

3
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4 5
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B

B
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Ohw L 5 F�+Z> LU,> zh uhfdoo wkdw d vhtxhqfh ix&j �Z lv fdoohg d Sdodlv0Vpdoh vhtxhqfh +SV iru euhylw|,

iru L dw ohyho f li L+x&, $ f dqg L �+x&, $ 3 lq Z3�cR� / s� @ R
R3�

1 Wkh ixqfwlrqdo L lv vdlg wr vdwlvi| wkh

SV frqglwlrq dw ohyho f/ li hyhu| SV vhtxhqfh dw ohyho f lv suhfrpsdfw1

Wkh ixqfwlrqdo M khuh frqvlghuhg pd| qrw vdwlvi| wkh SV frqglwlrq> krzhyhu/ zh vwdwh d fuxfldo uhvxow

zklfk jhqhudol}hv Ohppd 516 lq ^44` dqg |lhogv d vx�flhqw frqglwlrq iru wkh h{lvwhqfh ri d qrqwulyldo

vroxwlrq ri +4,1

Ohppd 4 Dvvxph +6, dqg wkdw wkhuh h{lvwv d SV vhtxhqfh ix&j �Z iru M dw ohyho f 5 +3> 7
?*R

?
,1 Wkhq

wkhuh h{lvwv x 5Z q i3j vxfk wkdw x& - x xs wr d vxevhtxhqfh dqg M �+x, @ 31

Surri1 Ohw i+{> v, @ j+{> v, . mvmR
W
32v dqg I +{> v, @

U r
f
i+{> w,gw> vlqfh +6, krogv/ zh kdyh

<& 5 +3>
4

s
, <�v A 3 vxfk wkdw I +{> v, � &i+{> v,v iru d1h1 { 5  ;mvm � �v =

wkhq ix&j lv erxqghg +vhh ^53`, dqg wkhuh h{lvwv x vxfk wkdw x& - x/ xs wr d vxevhtxhqfh1 Ixuwkhupruh/

M �+x, @ 3 e| zhdn frqwlqxlw| ri M �1

Dvvxph e| frqwudglfwlrq wkdw x @ 3> dv wkh whup j+{> x&,x& lv vxefulwlfdo/ zh lqihu iurp M �+x&,^x&` @ r+4,

wkdw

nx&n
R � nx&n

RW

RW @ r+4, = +45,

E| wkh gh�qlwlrq ri V/ iru doo x 5Z zh kdyh nxnR � V nxnRRW / khqfh

r+4, � nx&n
R+4� V3RW*Rnx&n

RW3R, =

Qrz nx&n 9$ 3 ehfdxvh f A 3> wkhuhiruh/ wkh odvw lqhtxdolw| lpsolhv nx&n
R � V?*R . r+4, dqg e| +45, zh

jhw

M+x&, @
4

q
nx&n

R .
4

sW
+nx&n

R � nx&n
RW

RW, . r+4, �
4

q
V?*R . r+4,

zklfk frqwudglfwv wkh dvvxpswlrq f ? �
?V

?*R1 �

E| Ohppd 4 zh fdq suryh Wkhruhpv 408 e| exloglqj d SV vhtxhqfh iru M dw d ohyho f 5
�
3> 7

?*R

?

�
> iru

wklv uhdvrq zh fdoo 7?*R

? wkh qrqwulyldo wkuhvkrog1 Zh wuhdw wkh prxqwdlq sdvv fdvh dqg wkh olqnlqj fdvh

vhsdudwho|1

��2 A�i 4L�?|@�? T@tt U@ti

Frqvlghu wkh frqh ri srvlwlyh ixqfwlrqv

F =@ ix 5Z > x+{, � 3 iru d1h1 { 5 j >

dvvxph wkdw wkhuh h{lvwv y 5 F vxfk wkdw pd{|Df M+wy, ?
7?*R

? dqg qrwh wkdw/ dv wkh fulwlfdo whup lv wkh

ohdglqj whup dw .4/ wkhuh h{lvwv �� A 3 vxfk wkdw M+��y, ? 31 Frqvlghu wkh fodvv

�� =@ i� 5 F+^3> 4`> Z ,> �+3, @ 3> �+4, @ ��yj

:



dqg wkh lqipd{ ydoxh

� =@ lqi
�MK�

pd{
|Mdfc�o

M+�+w,, =

Li vxfk y h{lvwv/ zh rewdlq d SV vhtxhqfh ri prxqwdlq0sdvv w|sh iru M dw ohyho � 5 +3> 7
?*R

? , e| vwdqgdug

yduldwlrqdo phwkrgv/ vhh ^53`> e| zhoo0nqrzq dujxphqwv zh fdq dvvxph wkdw wkh SV vhtxhqfh lv lq F1

Wkhuhiruh/ Wkhruhpv 4/ 5 dqg 6 duh suryhg li zh �qg d ixqfwlrq y 5 F vdwlvi|lqj wkh deryh vwdwhg

uhtxluhphqw= d gl�huhqw fkrlfh ri wkh ixqfwlrq y lv qhhghg lq Wkhruhpv 4/ 5 dqg 61

��� A�i *�?!�?} U@ti

Wkh iroorzlqj ohppd |lhogv d vx�flhqw frqglwlrq iru wkh olqnlqj jhrphwu| wr krog=

Ohppd 5 Iru doo z 5 Z3�cR�

vdwlvi|lqj +z> h�, 9@ 3 wkhuh h{lvwv �� A 3 vxfk wkdw li x 5 Hz� / wkhq

nxnR � ��nxnRR � ��nxnR> wkhuhiruh � A ��1

Surri1 Ohw z 5 Z3�cR�

/ +z> h�, 9@ 3 dqg H� @ vsdqih�j= zh kdyh Z @ H� �Hz� dqg wkhuh h{lvwv f A 3

vxfk wkdw nx � yn � f iru doo y 5 Hz� dqg iru doo x 5 H� _ E�1 Li wkh vwdwhphqw lv idovh/ wkhq wkhuh

h{lvwv ix&j � Hz� vxfk wkdw nx&n @ 4 dqg ��nx&n
R
R $ 4> e| uhvfdolqj dqg vhwwlqj y& @ x&nx&n

3R
R / zh

kdyh ny&n
R
R @ 4 dqg ny&n $ ��1 Wkhq iy&j lv d plqlpl}lqj vhtxhqfh iru +;,/ khqfh y& - y dqg y& $ y

lq OR iru vrph y1 Ilqdoo| y& $ y lq Z
�cR
f

dv zhoo ehfdxvh nyn � �� @ olp& ny&n1 Exw wklv ohdgv wr d

frqwudglfwlrq/ dv y 95 H� dqg wkh �uvw hljhqydoxh lv vlpsoh1 �

Ghqrwh e| h� wkh srvlwlyh hljhqyhfwru uhodwlyh wr �� dqg vxfk wkdw nh�nR @ 4> ohw f eh dv lq +:, ru +44,>

zlwkrxw uhvwulfwlrqv zh pd| dvvxph wkdw 3 5 f � 1 Ohw Eo ghqrwh wkh edoo lq LU? ri udglxv u fhqwhuhg

lq 31 Iru doo p 5 LQ vr odujh wkdw E2*6 � f/ zh gh�qh wkh ixqfwlrqv �6 = $ LU e|

�6+{, =@

;AAAAA?
AAAAA=

3 li { 5 E�*6

pm{m � 4 li { 5 D6 @ E2*6 qE�*6

4 li { 5  qE2*6 =

Ohw h6 =@ �6h� eh wkh _dssur{lpdwh �uvw hljhqixqfwlrq% dqg ohw H6 =@ vsdqih6j eh wkh fruuhvsrqglqj

dssur{lpdwh hljhqvsdfh1

Ohppd 6 Dv p$4 zh kdyh

h6 $ h� lq Z dqg nh6nR � �� . �pR3? >

iru d vxlwdeoh � A 31

Surri1 Zh kdyh

nh6 � h�n @ nh�u�6 . +�6 � 4,uh�nR � nh�u�6nR . n+�6 � 4,uh�nR � f+pR3? .p3?,$ 3 >

wkhuhiruh h6 $ h� dqg e| wkh gh�qlwlrq ri h6 zh dovr kdyh nh6nR � �� . �pR3?1 �

E| wkh gh�qlwlrq ri �/ iru doo � A 3 wkhuh h{lvwv z 5Z3�cR�

vxfk wkdw plq�M.z
�
K�� nxn � �� �> zh gh�qh

HzB =@ Hz� iru vxfk z1 Zh suryh wkdw li p lv odujh/ wkhq wkh ixqfwlrqdo M kdv d olqnlqj jhrphwu|=

;



Ohppd 7 Dvvxph +6,/ +7, dqg hlwkhu +<, ru +43,> wkhq wkhuh h{lvw �> �> � A 3 vxfk wkdw

M+x, � � ;x 5 CE4 _H
z

B =

Surri1 E| +6, dqg hlwkhu +<, ru +43, zh kdyh J+{> v, . �

RW
mvmR

W

� b3j
R
vR . fmvmR

W

/ iru doo v 5 LU> wkhuhiruh

li � lv vpdoo/ wkhq iru doo x 5 HzB zh kdyh

M+x, �
4

s

]
l

muxmR �
�� �

s

]
l

mxmR � f

]
l

mxmR
W

� f�nxn
R � f2nxn

RW

RW

dqg wkh uhvxow iroorzv e| fkrrvlqj � vpdoo hqrxjk1 �

Frqvlghu wkh idplo| ri ixqfwlrqv

xW0+{, =@
f?%

?3R

RER3��

+%
R

R3� . m{m
R

R3� ,
?3R

R

+% A 3, >

zklfk dfklhyh wkh ehvw Vrerohy frqvwdqw V lq wkh lpehgglqj Z �cR+LU?, � OR
W

+LU?, +vhh ^4:/ 55`,= wdnh d

srvlwlyh fxw0r� ixqfwlrq � 5 F"S +E�*6, vxfk wkdw � � 4 lq E�*26/ � � 4 lq E�*6 dqg nu�n" � 6p1 Iru

doo % A 3 ohw

x0+{, =@ �+{,xW0+{, > +46,

wkhq/ dv %p$ 3/ wkh iroorzlqj hvwlpdwhv krog +vhh ^43/ 44/ 46`,=

nx0n
R � V?*R . f+%p,

?3R

R3� > nx0n
RW

RW � V?*R � f+%p,
?

R3� = +47,

Qrwh wkdw iru doo % A 3 dqg p 5 LQ zh kdyh

vxss+x0, _ vxss+h6, @ > > +48,

frqvlghu wkh vhw T0
6 gh�qhg e|=

T0
6 @ ix 5Z m x @ dh6 . ex0> mdm � U> 3 � e � Uj =

Qrwh wkdw CT0
6 dqg CE4 _ Hz olqn +vhh ^53`, li U A �1 Ixuwkhupruh/ e| +48, dqg e| wkh gh�qlwlrq ri

h6 lw iroorzv wkdw li U dqg p duh odujh hqrxjk/ wkhq M+x, � 3 iru doo x 5 CT0
61 Khqfh wkh ixqfwlrqdo M

vdwlv�hv doo wkh dvvxpswlrqv ri wkh olqnlqj wkhruhp h{fhsw iru wkh SV frqglwlrq1

Ohw � =@ ik 5 F+T0
6>Z ,> k+x, @ x > ;x 5 CT0

6j> e| vwdqgdug phwkrgv zh rewdlq d SV vhtxhqfh iru M

dw ohyho

f @ lqi
�MK

pd{
�M'0

6

M+k+x,, =

Pruhryhu/ vlqfh wkh lghqwlw| pds Lg 5 �/ zh kdyh

f � pd{
�M'0

6

M+x, =

Zh zloo suryh Wkhruhpv 7 dqg 8 e| vkrzlqj wkdw wkh SV vhtxhqfh ixo�oov wkh dvvxpswlrqv ri Ohppd 4=

pruh suhflvho|/ zh suryh wkdw iru % vpdoo hqrxjk zh kdyh pd{�M'0
6
M+x, ? �

?V
?*R1

<



e �hLLu Lu A�iLhi4 �

Zh iroorz wkh lghdv ri ^8/ 44/ 46` dqg frqvlghu wkh idplo| ri ixqfwlrqv gh�qhg lq +46,= zh fodlp wkdw li %

lv vpdoo hqrxjk/ wkhq

pd{
|Df

M+wx0, ?
4

q
V?*R = +49,

Dujxlqj e| frqwudglfwlrq/ dvvxph wkdw iru doo % A 3 wkhuh h{lvwv w0 A 3 vxfk wkdw

M+w0x0, �
4

q
V?*R = +4:,

Dv % $ 3/ wkh vhtxhqfh iw0j lv xsshu dqg orzhu erxqghg e| wzr srvlwlyh frqvwdqwv dqg wkhuhiruh lw

frqyhujhv/ xs wr d vxevhtxhqfh> lqghhg e| +47,/ li w0 $ .4 wkhq M+w0x0, $ �4/ zkloh w0 $ 3 lpsolhv

M+w0x0,$ 3= lq erwk fdvhv zh frqwudglfw +4:,1

Djdlq e| +47,/ dv %$ 3 zh kdyh

nw0x0n
R

s
�
nw0x0n

RW

RW

sW
�
V?*R

q
.

�
wR0 � 4�

q� s

q
+wR

W

0 � 4,

�
V?*R

s
.R+%E?3R�*ER3��, �

V?*R

q
.R+%E?3R�*ER3��,

+4;,

wkh vhfrqg lqhtxdolw| iroorzlqj iurp pd{
%Df

�
{R � 4�

q� s

q
+{R

W

� 4,

�
@ 31

E| d gluhfw frpsxwdwlrq/ wkhuh h{lvw f2 A f� A 3 vxfk wkdw/ iru % vpdoo hqrxjk

f�%
�*R ? m{m ? f2%

�*R @, d ? w0x
W
0+{, ? e >

wkhuhiruh/ dv E0 � f iru vpdoo %/ e| +7, dqg +9, zh kdyh

]
l
J+{> w0x0, � f�

] S20�*R

S�0�*R
u?3� gu � f�%?*R = +4<,

Li q A s2/ zh lqihu wkdw wkhuh h{lvwv d ixqfwlrq � @ �+%, vxfk wkdw olp
0<f

�+%, @ .4 dqg vxfk wkdw iru %

vpdoo hqrxjk zh kdyh ]
l
J+{> w0x0, � �+%, � %E?3R�*ER3�� >

li q @ s2/ iurp +4;, zh rewdlq

M+w0x0, �
V?*R

q
.R+%R,� f�%R ?

V?*R

q

iru vxlwdeoh vpdoo % dqg odujh �1 Khqfh/ +4:, fdqqrw eh wuxh= li zh fkrrvh % vpdoo hqrxjk/ e| +4;, dqg

wkh hvwlpdwh ri
U
lJ+{> w0x0, zh kdyh

M+w0x0, ?
4

q
V?*R

iru doo q � s21 Khqfh/ +49, krogv dqg zh rewdlqhg d SV vhtxhqfh +lq F, iru M dw ohyho � 5
�
3> 7

?*R

?

�
= lwv

zhdn olplw lv srvlwlyh/ qrqwulyldo dqg lw vroyhv +4, e| Ohppd 41

43
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Wkh surri iroorzv wkh vdph vwhsv dv iru Wkhruhp 4/ h{fhsw iru wkh hvwlpdwh +4<,1 E| +:, wkhuh h{lvwv dq

lqfuhdvlqj ixqfwlrq � vxfk wkdw olp%<n" �+{, @ .4 vdwlvi|lqj J+{> v, � �+v, � vk?R iru d1h1 { 5 f dqg

iru doo v � 3> khqfh/
]
l
J+{> w0x0, � �+f%ER3?�*R,%k?RER3?�*R

] 0

f
u?3�gu � �+f%ER3?�*R,%E?3R�*ER3�� > +53,

zkhuh zh kdyh xvhg wkh idfw wkdw plq
�%�$0

w0x0+{, � f%ER3?�*R1

S �hLLu Lu A�iLhi4 �

Zh vkrz wkdw wkh SV vhtxhqfh rewdlqhg e| wkh prxqwdlq sdvv dujxphqw lv dw ohyho ehorz wkh qrqwulyldo

wkuhvkrog/ e| fkrrvlqj d gl�huhqw gluhfwlrq wkdq lq wkh suhylrxv surriv1 Zh iroorz dq lghd ri ^:`/ vhh

dovr ^6`= ohw h� eh wkh �uvw srvlwlyh hljhqixqfwlrq ri ��R lq  dqg ohw x @ wh� iru vrph w A 3> e| K�roghu

lqhtxdolw| zh rewdlq

M+x, @
�� � �

s
nxnRR �

q� s

qs
nxnR

W

RW �
�� � �

s
mmR*?nxnRRW �

q� s

qs
nxnR

W

RW �
+�� � �,?*R

q
mm >

wkh odvw lqhtxdolw| iroorzlqj iurp

;d> e A 3 pd{
%Df

+d{� e{?*E?3R�, @
ds

q

�
d+q� s,

qe

�E?3R�*R
=

Wkhq/ li � 5 +�� ��> ��,/ zh kdyh

pd{
|Df

M+wh�, ?
4

q
V?*R

dqg wkh h{lvwhqfh ri d vroxwlrq iroorzv dv iru Wkhruhp 41

. �hLLu Lu A�iLhi4 e

Zh �uvw frqvlghu wkh fdvh q � s2 A 41

Fkrrvh p odujh hqrxjk vr wkdw �pR3? ? �/ zkhuh � lv dv lq Ohppd 6 dqg � lv dv lq +<,1 Wkhq

;z 5 H6 M+z, � 3 = +54,

Zh fodlp wkdw wkhuh h{lvwv % A 3 vxfk wkdw

pd{
�M'06

M+x, ?
4

q
V?*R = +55,

e| frqwudglfwlrq dvvxph wkdw

;% A 3 pd{
�M'06

M+x, �
4

q
V?*R = +56,

Qrwh wkdw wkh vhw ix 5 T0
6> M+x, � 3j lv frpsdfw dqg wkh vxsuhpxp lq +56, lv dwwdlqhg1 Wkhuhiruh/ iru

doo % A 3 wkhuh h{lvw z0 5 H6 dqg w0 � 3 vxfk wkdw/ iru y0 =@ z0 . w0x0/ zh kdyh

M+y0, @ pd{
�M'06

M+x, �
4

q
V?*R >

44



wkdw lv
4

s
ny0n

R �

]
l
J+{> y0,�

4

sW
ny0n

RW

RW �
4

q
V?*R > ; % A 3 = +57,

Dv lq wkh surri ri Wkhruhp 4 zh lqihu wkdw w0 lv erxqghg ehwzhhq wzr srvlwlyh frqvwdqwv1 Zh hvwlpdwh

wkh orzhu rughu whup
U
lJ+{> w0x0,=

Ohppd 8 Wkhuh h{lvwv d ixqfwlrq � @ �+%, vxfk wkdw olp
0<f

�+%, @ .4 dqg vxfk wkdw iru % vpdoo hqrxjk

zh kdyh ]
l
J+{> w0x0, � �+%, � %E?3R�*ER3�� =

Surri1 Li % lv vpdoo hqrxjk/ wkhuh h{lvw f� A 3 vxfk wkdw w0x
W

0+{, 5 +3> �, iru doo { vdwlvi|lqj m{m �

f�%
ER3��*R2 > pruhryhu/ li { 5 E�*26/ wkhq x0+{, @ xW0+{,1 Ilqdoo|/ e| +<, dqg +46, zh rewdlq

]
l
J+{> w0x0, � f

] �*26

S�0�*R

%E?3R�*ER3��

^%R*ER3�� . uR*ER3��`E?3R�
u?3� gu

� f%E?3R�*ER3��
] �*26

S�0�*R
uER

2
3?3Rn��*ER3�� gu

dqg wkhuhiruh
]
l
J+{> w0x0, � f%E?3R�*ER3��

;A?
A=

%ER
2
3?�*ER3�� li q A s2

m orj %m li q @ s2

dqg wkh ixqfwlrq �+%, lv wkhq jlyhq1 �

Li +57, khog/ e| +48,/ +4;,/ +54, dqg Ohppd 8 zh zrxog jhw

M+y0, � M+w0x0, �
V?*R

q
. +f� �+%,,%E?3R�*ER3�� >

dqg fkrrvlqj % vpdoo zh zrxog frqwudglfw +57,1 Wkhuhiruh +55, krogv1

Wkh fdvh s ? q ? s2 iroorzv e| dujxlqj dv deryh dqg e| wdnlqj lqwr dffrxqw wkh hvwlpdwh +53,1

H �hLLu Lu A�iLhi4 D

Wkh surri ri Wkhruhp 8 iroorzv wkh vdph olqhv dv wkdw ri Wkhruhp 7/ dowkrxjk vrph prgl�fdwlrqv duh

qhfhvvdu| dqg zh qhhg wr wdnh p odujh hqrxjk1 Zh vhw

%+p, @p3E?3R3?R�*R +58,

dqg zh uhpdun wkdw %+p, @ r+4@p, dv p$4/ wkhuhiruh wkh hvwlpdwhv +47, vwloo krog1 Wr nhhs lq plqg

wkh ghshqghqfh ri % rq p zh ghqrwh y6> x6> z6 lqvwhdg ri y0> x0> z01

Dv iru Wkhruhp 7 zh vkrz wkdw +55, krogv iru vrph p 5 LQ= li qrw/ +56, lv wuxh dqg iru doo p odujh wkhuh

h{lvw y6 5 T6 +khuh zh rplw wkh vxshuvfulsw %,/ w6 � 3 dqg z6 5 H6 vxfk wkdw

4

s
ny6nR �

]
l
J+{> y6,�

4

sW
ny6nR

W

RW �
4

q
V?*R ; p 5P +59,

zkhuh y6 @ w6x
6 .z61 Li +59, krogv/ wkhq wkh vhtxhqfhv iz6j dqg iw6j vdwlvi| djdlq

f2 � w6 � f� A 3 dqg nz6n � f = +5:,
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Ohppd 9 Dvvxph +58, dqg ohw p$4> wkhq/ wkhuh h{lvwv d uhdo ixqfwlrq ! vxfk wkdw

olp
%<n"

!+{, @ .4 dqg

]
l
J+{> w6x

6, �p?ER3?�*R!+p, =

Surri1 E| +44, wkhuh h{lvwv dq lqfuhdvlqj ixqfwlrq � vxfk wkdw olp%<n" �+{, @ .4 vdwlvi|lqj J+{> v, �

�+v, � vq?R iru d1h1 { 5 f dqg iru doo v � 3> khqfh/

]
l
J+{> w6x

6, � �+f%ER3?�*R,%q?RER3?�*R
] 0

f
u?3�gu � �+f%ER3?�*R,%?E?3R�*E?RnR3?� @= p?ER3?�*R!+p, >

zkhuh zh kdyh xvhg +58, dqg wkh idfw wkdw olp
0<f

plq
�%�$0

w0x0+{,$ .41 �

E| +47,/ +58, dqg Ohppd 9 zh lqihu wkdw wkhuh h{lvwv d frqvwdqw F A 3 vxfk wkdw li p lv odujh hqrxjk

zh kdyh

M+w6x
6, �

4

q
V?*R �Fp?ER3?�*R#+p, > +5;,

zkhuh # vdwlv�hv olp%<" #+{, @ .41

E| +43,/ Ohppd 6 dqg wkh htxlydohqfh ri wkh qrupv lq H6 zh jhw/ iru odujh p/

M+z6, �
4

s
nz6nR �

��

s
nz6nRR � �nz6nR

W

RW � f�nz
6nRR �p

R3? � f2nz
6nR

W

R = +5<,

Frqvlghu wkh ixqfwlrq k+{, @ f�p
R3? � {R � f2 � {

?R*E?3R�= lwv ghulydwlyh ydqlvkhv iru { @ fp3E?3R�
2*R2

dqg wkhuhiruh/ vlqfh +5:, krogv/ zh kdyh k+nz6nR, � fp?ER3?�*R> wkhq e| +5<, zh rewdlq wkh h{lvwhqfh ri

d frqvwdqw F A 3 vxfk wkdw li p lv odujh hqrxjk zh kdyh

M+z6, � Fp?ER3?�*R =

Ilqdoo|/ wdnlqj lqwr dffrxqw +48, dqg +5;, zh rewdlq

M+y6, @ M+w6x
6, . M+z6, �

4

q
V?*R �Fp?ER3?�*R +#+p,� 4, ?

4

q
V?*R >

iru p vx�flhqwo| odujh= wklv frqwudglfwv +59, dqg wkh surri ri Wkhruhp 8 lv frpsohwh1

+iuihi?Uit

^4` Dglpxuwkl/ H{lvwhqfh ri srvlwlyh vroxwlrqv ri wkh vhplolqhdu Glulfkohw sureohp zlwk fulwlfdo jurzwk iru wkh

q0Odsodfldq/ Dqq1 Vf1 Qrup1 Vxs1 Slvd/ 4:/ 4<<3/ 6<60746

^5` D1 Dqdqh/ Vlpsolflw�h hw lvrodwlrq gh od suhpl�huh ydohxu sursuh gx s0Odsodflhq dyhf srlgv/ F1U1 Dfdg1 Vfl1 Sdulv
638/ 4<;:/ :580:5;

^6` J1 Dulrol/ I1 Jd}}rod/ Txdvlolqhdu hoolswlf htxdwlrqv dw fulwlfdo jurzwk/ wr dsshdu rq QrGHD

^7` D1N1 Ehq0Qdrxp/ F1 Wurhvwohu/ P1 Zloohp/ H{wuhpd sureohpv zlwk fulwlfdo Vrerohy h{srqhqwv rq xqerxqghg

grpdlqv/ Qrqolq1 Dqdo1 WPD 59/ 4<<9/ ;560;66

^8` K1 Euh}lv/ O1 Qluhqehuj/ Srvlwlyh vroxwlrqv ri qrqolqhdu hoolswlf htxdwlrqv lqyroylqj fulwlfdo Vrerohy h{srqhqwv/
Frpp1 Sxuh Dsso1 Pdwk1 69/ 4<;6/ 76:07::
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^9` D1 Fdsr}}l/ G1 Iruwxqdwr/ J1 Sdoplhul/ Dq h{lvwhqfh uhvxow iru qrqolqhdu hoolswlf sureohpv lqyroylqj fulwlfdo

Vrerohy h{srqhqw/ Dqq1 Lqvw1 K1 Srlqfdu�h D1Q1O1 5/ 9/ 4<;8/ 79607:3

^:` J1 Fhudpl/ G1 Iruwxqdwr/ P1 Vwuxzh/ Elixufdwlrq dqg pxowlsolflw| uhvxowv iru qrqolqhdu hoolswlf sureohpv

lqyroylqj fulwlfdo Vrerohy h{srqhqwv/ Dqq1 Lqvw1 K1 Srlqfdu�h D1Q1O1 4/ 8/ 4<;7/ 6740683

^;` S1 Gudehn/ V1L1 Srkr�}dhy/ Srvlwlyh vroxwlrqv iru wkh s�Odsodfldq= dssolfdwlrq ri wkh �ehulqj phwkrg/ wr dsshdu
rq Surf1 Hglqexujk Pdwk1 Vrf1

^<` K1 Hjqhoo/ H{lvwhqfh dqg qrqh{lvwhqfh uhvxowv iru p0Odsodfh htxdwlrqv lqyroylqj fulwlfdo Vrerohy h{srqhqwv/
Dufk1 Udw1 Phfk1 Dqdo1 437/ 4<;;/ 8:0::

^43` M1S1 Jduf��d D}ruhur/ L1 Shudo Dorqvr/ H{lvwhqfh dqg qrqxqltxhqhvv iru wkh s0Odsodfldq= qrqolqhdu hljhqydoxhv/
Frpp1 Sduw1 Gl�1 Ht1 45/ 4<;:/ 46;<04763

^44` M1S1 Jduf��d D}ruhur/ L1 Shudo Dorqvr/ Pxowlsolflw| ri vroxwlrqv iru hoolswlf sureohpv zlwk fulwlfdo h{srqhqw ru

zlwk d qrqv|pphwulf whup/ Wudqv1 Dp1 Pdwk1 Vrf1 656/ 5/ 4<<4/ ;::0;<8

^45` I1 Jd}}rod/ Fulwlfdo jurzwk sureohpv iru sro|kduprqlf rshudwruv/ wr dsshdu rq Surf1 Ur|1 Vrf1 Hglqexujk

^46` I1 Jd}}rod/ E1 Uxi/ Orzhu rughu shuwxuedwlrqv ri fulwlfdo jurzwk qrqolqhdulwlhv lq vhplolqhdu hoolswlf htxdwlrqv/
Dgy1 Gl�1 Ht1 5/ 4<<:/ 88808:5

^47` P1 Jxhggd/ O1 Yhurq/ Txdvlolqhdu hoolswlf htxdwlrqv lqyroylqj fulwlfdo Vrerohy h{srqhqwv/ Qrqolq1 Dqdo1 WPD
46/ ;/ 4<;</ ;:<0<35

^48` \1 Ndeh|d/ Rq vrph txdvlolqhdu hoolswlf sureohpv lqyroylqj fulwlfdo Vrerohy h{srqhqwv/ Ixqnf1 Hnydf1 69/ 4<<6/
6;80737

^49` S1 Olqgtylvw/ Rq wkh htxdwlrq gly+muxms�5ux, . �mxms�5x @ 3/ Surf1 Dphu1 Pdwk1 Vrf1 43</ 4<<3/ 48:0497

^4:` S1O1 Olrqv/ Wkh frqfhqwudwlrq0frpsdfwqhvv sulqflsoh lq wkh fdofxoxv ri yduldwlrqv1 Wkh olplw fdvh/ Sduw 4/ Uhy1
Pdw1 Lehurdphulfdqd 4/ 4<;8/ 4780534

^4;` S1 Sxffl/ M1 Vhuulq/ D jhqhudo yduldwlrqdo lghqwlw|/ Lqg1 Xqly1 Pdwk1 M1 68/ 4<;9/ 9;40:36

^4<` S1 Sxffl/ M1 Vhuulq/ Fulwlfdo h{srqhqwv dqg fulwlfdo glphqvlrqv iru sro|kduprqlf rshudwruv/ M1 Pdwk1 Sxuhv
Dsso1 9</ 4<<3/ 880;6

^53` S1K1 Udelqrzlw}/ Plqlpd{ phwkrgv lq fulwlfdo srlqw wkhru| zlwk dssolfdwlrqv wr gl�huhqwldo htxdwlrqv/ FEPV
Uhj1 Frqi1 Vhulhv Pdwk1 98/ Dphu1 Pdwk1 Vrf1/ Surylghqfh/ U1L1/ 4<;9

^54` P1 Vwuxzh/ Fulwlfdo srlqwv ri hpehgglqjv ri K
4>q

3
lqwr Ruolf} vsdfhv/ Dqq1 Lqvw1 K1 Srlqfdu�h D1Q1O1 8/ 8/ 4<;;/

7580797

^55` J1 Wdohqwl/ Ehvw frqvwdqw lq Vrerohy lqhtxdolw|/ Dqq1 Pdw1 Sxud Dsso1 443/ 4<:9/ 68606:5
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