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knowledge of their behaviour may however allow us to prove positivity results for solutions
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of the Cauchy problem. We establish further properties of these kernels, we prove some
Lorch-Szeg6-type monotonicity results and we give some hints on how to obtain similar
results for higher order polyharmonic parabolic problems.
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1. Introduction

Consider the following Cauchy problem for the biharmonic heat equation

{ut +A%u=0 inRT!:=R"x[0,00) )

u(x,0) = up(x) inR",

where n > 1and ug € C° N L™ (R"). It is well known (see [1] and the references therein) that (1) admits a unique global in
time solution explicitly given by

u(x, t) = ocnt’”/“/

R

4

Uo(x — Y)fa (t”“) dy, (x,t) e RY.

Here «, > 0 denotes a suitable normalization constant and

fom =" / e (19" Ja_22 (15)ds, @)
0

where J, denotes the vth Bessel function of the first kind.

Contrary to the second-order heat equation, no general positivity preserving property holds for (1), namely the positivity
of the initial datum uy may not imply positivity (in space and time) for the solution u = u(x, t) of (1). However, a careful
analysis of the kernels f; in (2) enables us to obtain some restricted and somehow hidden positivity, see [1,2]. This property
is called eventual local positivity and reflects the fact that, for suitable initial data, the solution of (1) becomes positive on
compact domains of R" for sufficiently large time t and the time depends on the compact set itself.

Let us also mention that positivity for (1) with a source term (namely u; + A?u = f) has been studied in [3] for linear
problems when f = f(x, t) and in [1] for nonlinear problems when f = |u|P~'u for p > 1 4 4/n (the so-called super-Fujita
case, see [4]). See also [5] for estimates, existence and decay of global solutions. We also refer [6,7] for related and blow-up
results in the case f = |u|P.

A better understanding of the behaviour of the kernels will certainly allow us to reach stronger results on positivity
of solutions to (1). This is precisely the first goal of the present paper. After recalling in Section 2 some known results, in
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Section 3 we establish some new features of the f,-functions. These features enable us to reach the second purpose of this
paper, namely Lorch-Szeg6-type monotonicity results for the f-functions, see Section 4. This means that the sequence of
moduli of certain weighted integrals of f;, between consecutive zeros of f,, is monotonically decreasing. Let us briefly explain
how such monotonicity results may be used in order to obtain eventual local positivity. If the initial datum ug is positive and
behaves like [x|# (0 < B < n) at co (see (9)), it was proved in [1] that one should know that

[ b nenlan = [ 2 aonian > o 3)
0 0

Itis this constant times t ~#/4 which locally gives the asymptotic behaviour for t — oo of the solution of the Cauchy problem.
Below we will prove a Lorch-Szeg6-type monotonicity result for n + nf,;(n), (n > 2), so that positivity of the above integral
is immediate for 8 € [(n — 2), n). In[1], inequality (3) (and more) was proved without referring explicitly to Lorch-Szego-
type results, but we think that our present approach gives a more natural interpretation of certain eventual local positivity
features.

Finally, in Section 5 we give hints on how to extend some properties of the kernels and their consequences to
polyharmonic heat equations.

2. Preliminaries and notations

Let us first recall that thanks to Galaktionov-PohoZaev [8], we know that the f-functions have exponential decay at
infinity. More precisely, for any integer n > 1 there exist K = K, > 0, u = i, > 0 such that

fa(m)| < K exp (—un*?) foralln > 0. (4)
Then, we recall some properties of the f-functions proved in [1]. Firstly, a recursion formula holds:
fa) = —nfas2(n) foralln > 1. (5)
Moreover, f, satisfies the following third-order differential equation (see [1, Theorem 6])
" n—1 n—1 n
fa' () + Tfn”(n) T fa() — an(n) =0, (6)
which we shall also exploit in the following equivalent form
n
(Af) () = an(n)- (7)
Thanks to (5) and (6), in [1] the following result was proved
o0
/ n""Pf.(n)dn > 0 forallinteger n > 1and all 8 € [0, n). (8)
0
In turn, (8) was used to prove the eventual local positivity property for (1) with initial data of the kind
Ug(x) = ————  where g € C°(R", R, ) satisfies lim @ =0 (9)
g(0) + [x|# Kl—oo |x|A

for some 8 € [0, n). By eventual local positivity we mean that the solution of (1) is (locally) positive on compact domains
of R" for (eventual) sufficiently large time t. The proof of (8) is quite lengthy and delicate.

It is also shown in [ 1, Theorem 7] that f,(n) changes sign infinitely many times as n — -+oc. For a fixed n, we denote by
{¢;} the sequence of all the zeroes of f,:

@) =0 0<&<f<---
In some situations, we need to distinguish between “ascending” zeroes (where f, > 0) and “descending” zeroes (where
fi < 0).To this end, we denote by Py (resp. Ni) the successive intervals, where f,, is positive (resp. negative) so that we have

oo

[0, 00) = [ J(PcUN) .

k=1
Moreover, we write

z" = sup Py = infNy, z, = supNy = infPyy; (k € N)
so that Uk{zki} = U;{¢;} are the zeroes of f,. Let

Mk € P, besuchthat f,(u) = r,f‘e%ff"(”)

my € Ny be such that f,(my) = mlivnfn(n).
neNk

In particular, f, (ux) = f, (my) = 0 and we know that

O=pi <z <mi<zy <pa<zf <mp<z, <---.
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3. Behaviour of the f-functions at some special points
3.1. Behaviour at zeroes

Proposition 1. Assume that n > 4. Then, for all j > 1 we have §f, ()| > &alf, (+1)]-
Proof. We use (7) and obtain, observing that f,(¢;) = fn(gj+1) = 0:

T 5 o 2 2¢1 2 1 [l 2¢r0.82Y
5 @@ =506 = = [ ot o

Gir1
- / (nfi ) + *f (), () dn
:

G+t 5 Gi+1 5
R R T / 25 () Afu(md
& &

i1 i1 Si+1
= (n—2) nf,(m)*dn + Zf nfa(n) Afa(n)dn + / () (Af) (n)dn
4] & &
G+t 5 i1 , 1 %+ 5 5
=m-4 nfy(m*dn +2(n —2) Ja(mfy(m)dn + 1 / n°fa(m-dn
9] 9] 9]
gj+ 5 1 [S%+1 s 5
= (-4 nfn(n) dn+1/ nfa(m)*dn > 0
g g

since we assume thatn > 4. O

In lower dimensions one has a slightly weaker statement:

Proposition 2. Forany n > 1and anyj > 1one has |f; ()| > If;(§+1)].

Proof. The differential equation (7) directly shows:

Si+1 n 5 Git1 Si+1
0 < / an(n) dn =/ Fo(Af) ()dn = —/ fom Afa(n)dn
g 9] 9]

i+
= - Lafy (mdn — (n— 1)

Gt fr(n)? d
g 5 n

1 1
n=< _Efr:(ngrl)z + ifr:(;])z
and the statement follows. O
3.2, Behaviour at critical points

We observe first that in successive local maxima and minima, the f-functions are decreasing and increasing, respectively.

Proposition 3. Foranyn > 1and k > 1 we have
faQu) > faCuie),  fa(me) < fo(Migq).

Proof. The statement follows directly from the Lorch-Szego6-type Theorem 1, which will be proved below, and integrating
the recurrence relation (5). O

Proposition 4. For alln > 2 and all k > 1 we have [f; (ui)| > If,/ (mi)| > If; (k+1)| > 0. Forall k > 1 we have f]’ (1) < 0
and f{' (my) > 0.

Proof. Assume first that n > 2. Since different f-functions are involved in the proof, we denote here uy, my and uj_ ; in
order to emphasize their dependence on n. In view of the recursion formula (5), we know that

Sor2 () = far2 (M) = fasa(gyq) = 0. (10)
Since n + 2 > 4, by Proposition 1 we then obtain

Hielfsa (D1 > milfy o ML > s o (g o)1 (11)
By differentiating (5), we get f,'(n) = —fu42(n) — nf, ., (1). This, combined with (10) and (11) gives

Uy (i) = mglfa (| > mglf o )| = 1 ()l > sy o (i )1 = U ()1
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The first two inequalities in the statement (for n > 2) are so proved. The last one holds since if we would have equality we
would violate |f" (k1) | > Ify (Mys1) |-
Now assume thatn = 1.Then (6)tells us thatf;" () < 0forn € (z, z, ) sothatthe mapn > f'(n) is strictly decreasing.

Clearly, f'(my) = 0; if f{’(my) = 0, then the just mentioned monotonicity would imply f{'(n) < 0forn € (my,z, ],
contradicting the fact that my is a relative minimum for f;. Similarly, one may proceed to show that f;'(1x) < 0. O

Proposition 5. Let n > 1and let 0 < o < B be two critical points for f,. Then the following two identities hold:

1 B
Z/ nfa(mdn = £ (B) — £, (@),

1 (f P “2pn _ap

Z/ " fu(ndn = —Z(H—Z)/ n"adn + B (B) — " (@)
o o

when n > 3, the second identity also holds if « = 0.

Proof. An integration by parts yields

B gy B g
/ 5 (n)dn:/ 0y,
o U a 7

The first identity then follows by integrating (6) over [«, B].
Next, notice that further integrations by parts yield

B B
f 2 Gidn = (2 = ) / 3 )+ BT (B) — o @),

B 5
/ n"f (dn = 3 —n) / n"4f (n)dn.

The second identity then follows by multiplying (6) by "2 and integrating. O

By combining Propositions 4 and 5 we immediately obtain

Corollary 1. Let n > 2. Then, for any k > 1, we have:

Mk+1
/ nfa(m)dn > 0.
)73

k
Another interesting property which holds on critical points is the following:
Proposition 6. Let n > 1and let 0 < o < B be two critical points for f,. Then
4, (B + 2 — mfa(B)* < 4 (@)? + 2 — mfi(@)’.
Proof. By using (7) and integrating by parts we find
[4F7(B)* + 2 = mfa(B)*] = [4f,(@)° + 2 — mfu(@)?]
= [44f(B)* + 2 — mf(B)?] — [44f(@)? + 2 — n)fa()?]

_ / " [48h07 + @ — mfur?]

-/ " [BARG (AR () + 2 — wfyfy ] dn
=2 " ) ) + @ — fu )] i
=2 f " [l ) + Rns ] dn

= Z/Qﬂ(nfﬁ(n))/fn(n)dn

B
_ / nf Y2y < 0.

This proves the statement. O
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Proposition 7. Let n > 1and let k > 1. Then,

Hk+1 ] Mi+1 1
/ n"" fa(mdn < 0, f n"" fa(n)dn > 0.
my

Hi+1

If n > 3, then the second inequality also holds when integrated over [1t1, m{] = [0, m].

Proof. Since the second inequality follows similarly, we only prove the first one.
Consider first the case n = 1. We have

M1 1 z, 1 Mkt
f fmdn = = [* aonoman+ 2 [ anman

k k Jmg k Yz
1 z, 1 Hk+1 1 Hk+1
<2 (" anapan+ L / nfi(n) dy = - / nfi(n)dn
K Jmyg Z Jyo K Jmy

4 4 4
— ( 1 (ks1) _f1 (mk)) <0,
Z

where we used Proposition 5 in the last equality and Proposition 4 for the last inequality.
Now consider the case n > 2. Because of Proposition 2 and (5) we have f; () > 0 for all n € (m, ui+1). Moreover, by

Proposition 4 we know that uj, 1f, (ik+1) < 0and myf”(my) > 0. Therefore, by Proposition 5 we get
1 He1 n—1 Hiet1 n—4g¢/ n—2g¢en n—2¢n
- " fa(pdn = —2(n — 2) " mdn + wiofy (i) — my”fy (my) < 0.

m

4 k mi

The first inequality is so proved also forn > 2. O

3.3. Behaviour of the second derivative

Proposition 8. For any n > 1and any k > 1, the following two facts hold:

fi(m) <0 and f"(n) >0 forallne (z,, pi+1ls
f'() >0 and f"(n) <0 foralln e (z, myl.

Proof. Fix k > 1and take n € (2, ur+1); then, fo(n) > 0and f, (n) > 0. Using (6) we then obtain

n—1_ _
') + Tf,{(n) >0 foralln € (z, prs1)- (12)

Since k41 is @ maximum point for f,, by Proposition 4 we infer that f;’ (ux+1) < 0. By continuity, there exists 7 < ftg+1
such that f;’(n) < 0 for all n € (7, ti41]. The first statement follows if we show that 7 < z,. For contradiction, assume
that 7 > z, . Then, we would have f,'() = 0 and f,”() < 0 since f, becomes negative for n > 7. This contradicts (12).
Therefore, f”(n) < 0forall n € (z, , (tr4+1)- By using (6) again, we then also infer that f”’(n) > Oforall n € (7, , pk+1]-

By reversing all the signs, we obtain similarly the statement in (z,:r ,mg. O

When n = 1 we have a more precise description of flex points:
Proposition 9. Forany k > 1 there exists a unique ny € [, mi] and a unique n* € [my, pis1] such that f' (nk) = {’(n") =0.
Moreover, n € (ur, zy 1and n* € (my, z 1.

Proof. Since the proofs of the two statements are similar, we only prove the first one. By Proposition 4 we have f;’ (1) < 0
andf;’(my) > 0.Therefore, the equation f;'() = 0has an odd number of solutions in (tx, my). By Proposition 8 the equation
'(n) = 0 has no solutions in (z;, m,]. Assume for contradiction that f;() = 0 has at least three solutions in [, z;' ].

Then, in a descending flex point n* € (1, z;") we have f{(n*) = 0 and f;"(n*) < 0. This contradicts (6) since f;(n*) > 0.
O

3.4. Integral properties on intervals containing 0

Proposition 10. Foralln > 1and all y > —1 the following implication holds:

/ 0 fo(pdn >0 foralla > 0 = [ n” fa(n)dn >0 foralla > 0.
0 0
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Proof. In order to prove the statement it suffices to show that if the first inequality is true, then

z
f nfa(n)dn >0 forallk > 1.
0

By integrating by parts and (5) we have

% Y 1 % y+1g/ 1 A y+2
n’ fa(m)ydn = —m ' f,(mdn = m N’ far2(m)dn > 0
0 0 0

and the statement follows. O
Proposition 11. Foralln > 1,allk > 1and all y > —1 the following identity holds:
1 (% y+4 % 1% —\v+3 - —\v+2¢/ (=
2 " hmdn = (y + Dy +3)(n—y —3) n"fa(mdn + ()" Afa(z) — (v + 3 () (Z)-
0 0

Proof. Using (7) and several integrations by parts yield

1 z, z:
- / C Gy = / “ AR (ndn
0 0

—(y + 3)/ ' 7 21 () + (n = D" (m]dn + (70)7 P Afu(z)
0

O+ D0+ 3=y =3) [ R+ GO ARG - 0+ 36 ).
0
This proves the statement. O

4. Lorch-Szego-type monotonicity results for the f-functions

Theorem 1. For any n > 1and k > 1 we have that

Zer1 1
[ anonan =0 and [ anan <o

k k
If additionally n > 2 then we also have that

/ 1 nfa(m)ydn > 0.
0

Proof. We first claim that for all k > 1 we have

Afa(z) <0,  Afy(z5) > 0. (13)
To this end, we remark that (7) shows that Af;, is strictly increasing on U,fil Py and strictly decreasing on U,ﬁ’i] Np. In the
local minima my, € Nj we have that Af,(m,) = f/(m) > 0 and so for z© = infNj we conclude that Af,(z) > 0.

Analogously, pis1 € Peyr, Afa(ttir1) = I (1ks1) < 0,2 = infPeiy, Afy(z) < 0. Hence, (13) is proved.
Next, we show that

Afa(z) < Afa(zy ) <O0. (14)
In order to prove (14), we multiply (7) by Af,. Then, by integrating over (z,, z,_, ;) we obtain:

[Afamy? ] =2 / " AR (Af) (mdn

e
k

1 (%
A

+1 n—1 [%+
nfy (fa(dn + —— /_ Safa(nydn
k Zk

2 .
—5/ nf,(m=dn < 0.
Z

So, Afy(z;)? > Afa(z,1)* Together with (13), this proves (14).



F. Gazzola, H.-Ch. Grunau / Nonlinear Analysis 70 (2009) 2965-297 3 2971

We may now obtain the first statement of Theorem 1 from the differential equation (7) by integration:

1

Z/ " g Gndn = / ARy mdn = (A ) — (ARG > 0,

Z

+

In the last step we made use of (14). The inequality fzzf“ nfa(n)dn < 0 may be proved similarly.
k

Now assuming n > 2 and integrating over (0, z; ) we obtain:

[Af (DI

2 / " AR GD(ARY (ndy
0

1 Z; 1 n—1 Z; /
5/ nfy Mfa(m)dn + T/ Fifa(ndn
0 0

1[5 -2 (7
= _5/ nf;(n)?dn + nT/ C Fanydn
0 0

1[5 n—2
—*/ nf,(n)*dn — ——f,(0)* < 0,
2 J, 4

so that
Af(0) < Afn(zf) < 0.
The last statement of Theorem 1 now follows with the same argument as above. O

When starting integration from 1 = 0, the following result holds:

Theorem 2. Let n > 3 and assume that h € C'(0, +00) satisfies h(n) > 0, h'(n) < 0 foralln > 0 and

/h(n)n(”‘”/zdn < 0.
0
Then, for any a > 0 we have

/ a h(nn™ V72 f,(n)dn > 0.

0

Proof. By making use of the definition of f,, we see that

a a o0
— _ _4
Io = / h(nn ™72 fu(ydn = / h(n)n' =72 / e (1) (n_2) 2 (ns)dsdn.
0 0 0

Therefore, the change of variables z = 7s yields
la = f “hpy P f e @)z,
0 0
In view of the integrability condition on # — h(57)n™~"/2, Fubini’s Theorem implies that
la = / " (Valonp@) 207 / R Ve e dyas.
0 0
Forallz > 0, let
g(z) 1= 2 V/2 /a h(n)n~ "t D2e=G/m" gy

0
Then, by differentiating and integrating by parts

’ =1 w3p ‘ —(+1)/2,—(/m* (n—1)/2 ‘ —(n+1)/2 4z —@z/m*
g@)=—-2 h(mn e dn—z h(mn e dn
0 0

a
— (1=3)/2 (/ K (n)n="/2e=@/D 4y — h(a) a(l—n)/ze—(z/a)“) )
0

Since ' < 0and h > 0, this shows that g is strictly decreasing. Since we assumed n > 3, the Lorch-Szegd Theorem [9] (see
also [10, Corollary 4.15.2]) applies and the proof is complete. O
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In the particular case of powers, we have the following statement

Theorem 3. Let n > 3. Then forany y € (—1, %] and any a > 0 we have

/ n” fa(mdn > 0.
0

Let n > 1. Then, for any k > 1 we have

z
/ n"! fa(mydn < 0.
0

Proof. The first statement is a direct consequence of Theorem 2.
By taking y = n — 3 in Proposition 11, we obtain

1 (% _ _ e
Z A 77“+1fn('7)d77 = (Zk )nAfn(Zk ) — Tl(Zk )" 1fn(zk ) <0,
where the inequality follows from (13) and from the fact that f;(z, ) > 0. O

Remark 1. In view of the discussion in the introduction, see (3), it would be interesting to prove Theorem 1 not only for
nfa(n) but also for n” f,(n) with y > 1 as large as possible. This is related to finding the largest value y, of y for which

a
/ n” fu(p)dn >0 foralla > 0.
0

Note that for any y € (—1, y,) the above integral is finite and strictly positive. By Theorem 3 we know that for any n > 1

we have y, < n+ 1. Moreover, if n > 3 then y,, > "2;1 see again Theorem 3. If n = 2, then y, > 1, see Theorem 1.1fn = 1,

by repeating the arguments in the proof of [ 1, Lemma A.4], we have that

f " fi(mdn > 0
0

which, combined with Theorem 1, yields y; > 0. By Proposition 10 we know that y,,,, < y, + 2. Although (8) holds for

B = 0, numerical experiments suggest that y, < n — 1, at least in high dimensions n. For instance, if n = 20, it seems that
16 <y < 17.

5. Extensions to polyharmonic heat kernels

In this section we briefly sketch some properties of higher order polyharmonic heat kernels. The proofs can be obtained
by slightly modifying the arguments in [1]. So, for m > 2 consider the following Cauchy problem for the polyharmonic heat
equation

{ut +(=A)"u=0 inR}"

. (15)
u(x,0) = up(x) inR",

where n > 1and ug € C° N L™ (R"). Then, (1) admits a unique global in time solution explicitly given by
- Iyl
u(x, t) = at~"/2m /Rn Uo(X — Y)fin.n (W dy (x,t) e R,
where o« = a; , > 0is a suitable normalization constant and

Jmn(m) = 771_11/ e (1)) (n—2),2(ns)ds.
0

By arguing as in [1] and using [10, Section 4.62], we find that (5) still holds, independently of m. Moreover, the following
(2m — 1)th-order differential equation generalizes (7):

m—1 ’ (=D"
[A™ fn] (M) = om Nfmn(n) foralln > 1. (16)
It is straightforward that (16) coincides with (7) if m = 2, whereas it reduces to f'(n) = —%ﬂf(ﬁ) whenever m = 1 (recall

that in the latter case, the kernel f is independent of n).
With these two identities, we can prove results similar to (8). We can show that

Cm,n g ::/ n”_]_ﬂfm,n(n)dn > 0 forallintegern > 1andall 8 € [0, n). (17)
0
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The proof of (17) follows the lines of [1], that is, we combine the use of Fubini's Theorem, Lorch-Szego’s Theorem, several
integration by parts and two crucial recurrence formulas based on (5) and (16), namely

Cm,n+2,ﬂ = (n - :B)Cm,n.ﬂ for all :B € (O, n)
m—1

Cmynp = 2m l_[ [@m+ B —=2))(n+2j —2m — B)] Cnng2,p42m forall e (0,n+ 2 —2m).
j=1

Clearly, we expect that (17) may enable one to prove eventual local positivity results for (15) when ug is as in (9).
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