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41 Lqwurgxfwlrq1 Iru dq| +vfdodu ru yhfwru0ydoxhg, �hog # @ #+{> w,/ zlwk { 5 Uq

dqg w 5 U/ frqvlghu wkh Odjudqjldq ghqvlw|

O @ �
4

5

#
mu#m

5
�

����C#Cw
����
5
$
� I +#,

zkhuhu ghqrwhv wkh judglhqw zlwk uhvshfw wr wkh vsdfh yduldeohv { dqg I lv d vprrwk
ixqfwlrq1 Wkh Hxohu0Odjudqjh htxdwlrq ri wkh fruuhvsrqglqj dfwlrq ixqfwlrqdo

D @

]]
Og{gw

lv wkh vhplolqhdu zdyh htxdwlrq

C5#

Cw5
��# . I 3+#, @ 3 lq Uq.4= +4,

Lq d fhoheudwhg sdshu frqfhuqlqj qrqolqhdu zdyh htxdwlrqv dv prghov iru hohphq0
wdu| sduwlfohv/ F1K1 Ghuulfn ^:` udlvhg wkh iroorzlqj txhvwlrq= Fdq +4, kdyh vwdeoh/
wlph0lqghshqghqw/ orfdol}hg vroxwlrqv lq q @ 6 glphqvlrqvB

Wkh vwdwlf vroxwlrqv #+{> w, @ x+{, ri +4, vroyh wkh vhplolqhdu hoolswlf htxdwlrq

��x. I 3+x, @ 3 lq Uq= +5,

E| orfdol}hg vroxwlrq Ghuulfn phdqv rqh vxfk wkdw erwk wkh iroorzlqj lqwhjudov]
Uq

muxm
5
g{>

]
Uq

I +x,g{

frqyhujh1 Iru sk|vlfdo uhdvrqv zh uhvwulfw rxu dwwhqwlrq wr wkh fodvv ri vrolwdu|
zdyhv/ wkdw lv ri vroxwlrqv ydqlvklqj dw lq�qlw|1 Frqfhuqlqj +5,/ Ghuulfn suryhg wkh
iroorzlqj uhvxow1

Wkhruhp 41 Dvvxph wkdw I 5 F4+U,/

I +v, � I +3, @ 3 ;v 5 U +6,
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dqg ohw x eh d vrolwdu| zdyh ri +5, kdylqj �qlwh hqhuj|/ qdpho|
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wkhq qhfhvvdulo| x � 31

Dvvxpswlrq +6, lpsolhv wkdw x � 3 lv d vroxwlrq +wkh ydfxxp, dqg wkdw _wkh
hqhuj| ghqvlw| +iru vwdwlf vroxwlrqv, kdv wkh ghvludeoh ihdwxuh ri ehlqj hyhu|zkhuh
srvlwlyh%1 Wkhruhp 4 lv suryhg lq ^:` lq wkh fdvh q @ 6 e| phdqv ri d vlpsoh
uhvfdolqj dujxphqw> wkh yhu| vdph surri pd| eh xvhg iru dq| q � 51 Li lqvwhdg ri
+6, zh rqo| dvvxph I 3+3, @ 3/ wkhq dq| vwdwlf/ orfdol}hg vroxwlrq ri +4, lv xqvwdeoh1

Wklv lv wkh vwduwlqj srlqw ri Ghuulfn*v glvfxvvlrq= _Zh duh wkxv idfhg zlwk wkh
glvfrqfhuwlqj idfw wkdw qr htxdwlrq ri w|sh +4, kdv dq| wlph lqghshqghqw vroxwlrqv
zklfk frxog eh lqwhusuhwhg dv hohphqwdu| sduwlfohv1% Wkhq kh vxjjhvwv _vrph srv0
vleoh zd|v rxw ri wklv gl�fxow|%1 Wkh �uvw rqh frqvlvwv lq wkh wudqvirupdwlrq ri
wkh vhplolqhdu htxdwlrqv +4, dqg +5, wr txdvlolqhdu htxdwlrqv1 Pruh suhflvho|/ kh
frqvlghuv wkh Odjudqjldq ghqvlw|
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dqg kh srlqwv rxw wkdw klv qrqh{lvwhqfh surri idlov iru s A q1 _Vxfk d Odjudqjldq/
krzhyhu/ ohdgv wr d yhu| frpsolfdwhg gl�huhqwldo htxdwlrq1%

Lq wkh vwdwlf fdvh/ wkh deryh Odjudqjldq |lhogv wkh txdvlolqhdu hoolswlf htxdwlrq

��sx. I 3+x, @ 3 lq Uq +7,

zkhuh �sx @ gly+muxms�5ux, ghqrwhv wkh s0Odsodfh rshudwru1
Iruw| |hduv diwhu Ghuulfn*v sdshu/ zh dwwhpsw wr vwxg| wkh h{lvwhqfh ri vrolwdu|

zdyhv ri �qlwh hqhuj|1 Lq wklv sdshu zh frqvlghu htxdwlrq +7, dvvxplqj +6, dqg q> s A
41 Lq Vhfwlrq 5 zh ghdo zlwk wkh vfdodu htxdwlrq dqg zh hvwdeolvk vrph qrqh{lvwhqfh
uhvxowv zklfk sduwldoo| h{whqg Wkhruhp 4 wr wkh txdvlolqhdu fdvh> wkhvh uhvxowv duh
qhz lq wkh fdvh s A q1 Lq Vhfwlrq 6 zh uhfdoo vrph uhfhqw h{lvwhqfh uhvxowv rewdlqhg
lq wkh yhfwru0ydoxhg fdvh1 Wkh vroxwlrqv zh frqvlghu duh fdoohg wrsrorjlfdo vrolwdu|
zdyhv +iru vkruw wrsrorjlfdo vrolwrqv,= qrw rqo| wkh| ydqlvk dw lq�qlw| exw wkh|
duh dovr fkdudfwhul}hg e| d wrsrorjlfdo lqyduldqw/ wkh fkdujh1 Lq vrph vhqvh/ wkhvh
vroxwlrqv jlyh dq dqvzhu wr wkh txhvwlrq udlvhg e| Ghuulfn frqfhuqlqj hohphqwdu|
sduwlfohv1

51 Vfdodu fdvh= qrqh{lvwhqfh uhvxowv1 Lq wklv vhfwlrq zh suryh qrqh{lvwhqfh
uhvxowv iru wkh vfdodu htxdwlrq +7,1 Xqghu vxlwdeoh dvvxpswlrqv rq I / lw lv nqrzq ^;/

48` wkdw erxqghg zhdn vroxwlrqv ri +7, ehorqj wr F4>�
orf +U

q,1 Zh �uvw h{whqg Wkhruhp
4 wr wkh txdvlolqhdu htxdwlrq +7, xqghu dq dgglwlrqdo prqrwrqlflw| dvvxpswlrq=

Wkhruhp 51 Dvvxph wkdw I 5 F4+U,/ wkdw I vdwlv�hv +6, dqg wkh ixuwkhu frqglwlrq

vI 3+v, � 3 ;v 5 U= +8,

Li x lv d glvwulexwlrqdo vrolwdu| zdyh ri +7, vxfk wkdw
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I +x,g{ ? .4 +9,

wkhq qhfhvvdulo| x � 31



66; ILOLSSR JD]]ROD DQG ORUHQ]R SLVDQL

Surri1 E| +6, dqg +9, zh ghgxfh wkdw x 5 G4>s+Uq,1 Frqvlghu d vhtxhqfh ixnj �
F43 +Uq, vxfk wkdw xn+{,x+{, � 3 iru d1h1 { 5 Uq dqg vxfk wkdw xn $ x lq G4>s+Uq,1
Wkhq/ iurp +7, zh jhw]

Uq

muxms�5ux � uxng{.

]
Uq

I 3+x,xng{ @ 3=

Khqfh/ ohwwlqj n$ .4/ e| Idwrx*v Ohppd +uhfdoo +8, dqg xnx � 3, zh lqihu]
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I 3+x,xg{ � 3=

E| +8,/ wklv vkrzv dw rqfh wkdw x � 31

Li zh uhpryh dvvxpswlrq +8, dqg wkh �qlwh hqhuj| frqglwlrq +9,/ zh fdq suryh
qrqh{lvwhqfh ri qrqwulyldo vroxwlrqv ri +7, lq wkh uhvwulfwhg fodvv ri udgldo vrolwdu|
zdyhv1 Vwulfwo| uhodwhg wr suhylrxv uhvxowv lq ^<`/ zh kdyh

Wkhruhp 61 Dvvxph wkdw I 5 F4+U, dqg wkdw I vdwlv�hv +6,1 Li x 5 F4+Uq, lv d
glvwulexwlrqdo udgldo vrolwdu| zdyh ri +7,/ wkhq qhfhvvdulo| x � 31

Surri1 Zh shuirup wkh surri e| frpelqlqj vrph wrrov lqwurgxfhg lq ^<`1 Dvvxph
wkdw +7, dgplwv d F4 glvwulexwlrqdo udgldo vrolwdu| zdyh x @ x+u, zkhuh u @ m{m1
Wkhq/ lw lv nqrzq ^<` wkdw mx3ms�5x3 5 F4+U, dqg wkdw x vroyhv wkh sureohp;AA?

AA=
�
mx3+u,ms�5x3+u,
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.
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u
mx3+u,ms�5x3+u, @ I 3+x+u,, +u A 3,

x3+3, @ 3 > olp
u$4

x+u, @ 3 >

+:,

zkhuh sulphv ghqrwh gl�huhqwldwlrq zlwk uhvshfw wr u1 Lq wklv surri/ doo wkh olplwv
duh lqwhqghg dv u$41 Frqvlghu wkh hqhuj| ixqfwlrq

H+u, @
s� 4

s
mx3+u,ms � I +x+u,, > +u � 3,= +;,

E| gl�huhqwldwlqj zlwk uhvshfw wr u dqg xvlqj htxdwlrq +:, zh rewdlq

H3+u, @

��
mx3+u,ms�5x3+u,

�3
� I 3+x+u,,

�
x3+u, @ �

q� 4

u
mx3+u,ms � 3= +<,

Wklv suryhv wkdw olpH+u, h{lvwv1 Vlqfh olpI +x+u,, @ 3/ +;, vkrzv wkdw dovr olpx3+u,
h{lvwv> exw wklv olplw lv qhfhvvdulo| 3 ehfdxvh olpx+u, @ 31 Khqfh/ xvlqj djdlq +;,/
zh lqihu wkdw

olp
u$4

H+u, @ 3= +43,

Pruhryhu/ e| +6, zh kdyh H+3, @ �I +x+3,, � 31 Wklv/ frpelqhg zlwk +<, dqg +43,
suryhv wkdw I +x+3,, @ 3 dqg H+u, � 31 Lq wxuq/ wklv |lhogv H3+u, � 3 zklfk/ lq ylhz
ri +<,/ vkrzv wkdw x3+u, � 31 Vlqfh x ydqlvkhv dw lq�qlw|/ zh �qdoo| jhw x � 31

Vhyhudo uhpdunv derxw Wkhruhp 6 duh lq rughu1 Iluvw ri doo/ qrwh wkdw dv vrrq
dv zh gurs wkh vljq dvvxpswlrq +6, rq I / iru +7, h{lvwhqfh uhvxowv iru qrqqhjdwlyh
udgldo vrolwdu| zdyhv pd| eh rewdlqhg/ vhh ^43`1

Qh{w/ d qdwxudo txhvwlrq wkdw zh ohdyh dv dq rshq sureohp lv li lq Wkhruhp 6 rqh
fdq gurs wkh udgldo v|pphwu| dvvxpswlrq rq wkh vroxwlrq1 Wr wklv hqg/ zh uhfdoo
wkdw udgldo v|pphwu| ri erxqghg srvlwlyh vroxwlrqv ri +7, kdv ehhq zlgho| vwxglhg1
Iluvw/ lw kdv ehhq suryhg lq ^44` lq wkh vhplolqhdu fdvh s @ 5 xqghu dq dgglwlrqdo
dvvxpswlrq rq wkh ghfd| dw lq�qlw| ri wkh vroxwlrq> vxevhtxhqwo|/ wklv dvvxpswlrq
zdv uhpryhg lq ^46`1 Wkh yhu| vdph vwdwhphqw zdv h{whqghg wr wkh vlqjxodu fdvh
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4 ? s ? 5 lq ^8`1 Lq wkh ghjhqhudwh fdvh s A 5/ wkh vlwxdwlrq lv pruh gholfdwh
dqg udgldo v|pphwu| ri srvlwlyh vroxwlrqv ri +7, lv nqrzq rqo| xqghu wkh dgglwlrqdo
dvvxpswlrq wkdw wkh vroxwlrq dgplwv d xqltxh fulwlfdo srlqw/ vhh ^46`1 Rq wkh rwkhu
kdqg/ lq ylhz ri ^<`/ li I 3+v, A 3 lq d +uljkw, qhljkerukrrg ri v @ 3/ wkhq srvlwlyh
udgldo vroxwlrqv wr +7, pd| h{lvw rqo| zkhqhyhu

U
3
mI +v,m�4@sgv @ .41 Rwkhuzlvh/

qrqqhjdwlyh udgldo vroxwlrqv ri +7, kdyh frpsdfw vxssruw +d edoo,1 Lq vxfk fdvh/
udgldoo| v|pphwulf vroxwlrqv derxw wzr gl�huhqw fhqwhuv dqg zlwk glvmrlqw vxssruwv
pd| eh _vwlfnhg% wrjhwkhu lq rughu wr rewdlq pxowlexps vroxwlrqv/ vhh djdlq ^46`
dqg uhihuhqfhv wkhuhlq1 Khqfh/ lw lv uhdglo| vhhq wkdw udgldo v|pphwu| ri qrqqhjdwlyh
vroxwlrqv pd| idlo1 Pruhryhu/ dv idu dv zh duh dzduh/ qrwklqj vhhpv wr eh nqrzq
derxw wkh v|pphwu| ri vljq fkdqjlqj vroxwlrqv1

Ilqdoo|/ qrwh wkdw Wkhruhp 6 grhv qrw h{foxgh wkh h{lvwhqfh ri udgldo vroxwlrqv
zklfk gr qrw ydqlvk dw lq�qlw|1 Rq wkh rwkhu kdqg/ li zh uhsodfh +6, zlwk wkh
vwurqjhu dvvxpswlrq

I +v, A I +3, @ 3 iru doo v 9@ 3 dqg olp lqi
mvm$4

I +v, A 3 +44,

wkhq dq| �qlwh hqhuj| vroxwlrq ri +7, ydqlvkhv dw lq�qlw|/ surylghg wkdw

s A q> +45,

zklfk lv suhflvho| wkh vlwxdwlrq zkhuh Wkhruhp 6 jlyhv qhz lqirupdwlrqv1 Wr vhh
wklv/ qrwh wkdw lq vxfk fdvh dq| vroxwlrq x ri +7, vdwlvi|lqj +9, lv K�roghu frqwlqxrxv>
wkhuhiruh/ li wkhuh h{lvw f A 3 dqg d vhtxhqfh i{nj � U

q vxfk wkdw m{nm $ 4 dqg
mx+{n,m � f/ wkhq wkhuh h{lvwv �> � A 3 vxfk wkdw I +x+{,, � � iru doo { vxfk wkdw
m{ � {nm � � iru vrph n1 Wklv zrxog ylrodwh +9,1 Wdnlqj lqwr dffrxqw wklv idfw/
Wkhruhp 6 kdv wkh iroorzlqj

Fruroodu| 41 Dvvxph +45,/ wkdw I 5 F4+U, dqg wkdw I vdwlv�hv +44,1 Li x 5
F4+Uq, lv d glvwulexwlrqdo udgldo vroxwlrq ri +7, vdwlvi|lqj +9,/ wkhq qhfhvvdulo|
x � 31

61 Yhfwru0ydoxhg fdvh= wrsrorjlfdo vrolwrqv1 Lq wklv vhfwlrq zh ghdo zlwk wkh
yhfwru0ydoxhg htxdwlrq +7, dqg zh uhfdoo vrph uhvxowv frqfhuqlqj wrsrorjlfdo vrol0
wdu| zdyhv> wklv qrwlrq/ lq frqqhfwlrq zlwk txdvlolqhdu hoolswlf htxdwlrqv/ kdv ehhq
lqwurgxfhg lq ^7`1 Frqwudu| wr wkh vfdodu fdvh/ khuh wkh h{lvwhqfh ri vroxwlrqv lv
jxdudqwhhg e| d wrsrorjlfdo frqvwudlqw1 Irupxod +7, uhsuhvhqwv qrz d v|vwhp ri
txdvlolqhdu htxdwlrqv zkhuh

� I lv d uhdo vprrwk ixqfwlrq gh�qhg lq vrph  � U
q.4>

� I 3 ghqrwhv wkh judglhqw ri I >
� wkh vroxwlrqv x duh yhfwru0ydoxhg �hogv x @ +x4> = = = > xq.4, = Uq $ >
� �sx ghqrwhv wkh yhfwru zkrvh m0wk frpsrqhqw lv gly+muxms�5uxm,1

Dv vxjjhvwhg e| Ghuulfn/ wkurxjkrxw wklv vhfwlrq zh uhtxluh wkdw s A q1
Zh dovr dvvxph wkdw

+I4,= I 5 F4+, zkhuh  @ U
q.4qi�j dqg � 5 Uq.4 q i3j>

+I5,= I +�, � I +3, @ 3 iru hyhu| � 5 > I lv wzlfh gl�huhqwldeoh dw � @ 3 dqg
lwv Khvvldq pdwul{ lv qrq ghjhqhudwh>

+I6,= wkhuh h{lvw f> � A 3 vxfk wkdw/ li m�m ? �/ wkhq I +� . �, � fm�mqs@+q�s,>
+I7,= olp lqi m�m$.4 I +�, A 3=

Frqvlghu wkh ixqfwlrq vsdfh

K @ O5+Uq, _G4>s+Uq,>



673 ILOLSSR JD]]ROD DQG ORUHQ]R SLVDQL

e| +45,/ wkh ixqfwlrqv lq K duh erxqghg/ K�roghu frqwlqxrxv dqg ydqlvk dw lq�qlw|
+vhh ^5`,1 E| +I4, dqg +I5, wkh uhdo0ydoxhg hqhuj| ixqfwlrqdo

H+x, @
4

s

]
Uq

muxms g{.

]
Uq

I +x,g{

lv zhoo0gh�qhg rq wkh rshq vhw

� @ ix 5 K> x+{, 9@ � ;{ 5 Uqj =

Pruhryhu/ wkh hqhuj| ixqfwlrqdo H lv frhuflyh dqg H+x, $ .4 dv x $ C�/ vhh
^5`> qrwh wkdw wkh surri ri frhuflylw| fdq eh lpsuryhg wdnlqj lqwr dffrxqw wkh surri
lq ^45`1

Iru hyhu| x 5 � zh gh�qh wkh wrsrorjlfdo fkdujh1

Gh�qlwlrq 41 Iru hyhu| x 5 �/ ohw

V+x, @ i{ 5 Uq> mx+{,m A m�mj=

Wkhq/ li V+x, 9@ >/ zh gh�qh wkh wrsrorjlfdo fkdujh ri x dv wkh lqwhjhu qxpehu

fk+x, @ ghj+S � x> V+x,> Q,> +46,

zkhuh S lv wkh surmhfwlrq ri Uqqi�j rq wkh vskhuh 	 @ i� 5 Uq.4> m� � �m @ m�mj
dqg Q @ 5�1 Li V+x, @ >/ zh vhw fk+x, @ 31

Uhpdun 41 Lq ^7` dqg ^5` wzr gl�huhqw gh�qlwlrqv ri wrsrorjlfdo fkdujh kdyh ehhq
jlyhq1 Lq wkh Dsshqgl{ ri ^9` lw kdv ehhq vkrzq wkdw wkh| duh htxlydohqw1

Dowkrxjk wkh ixqfwlrqdo H lv zhdno| orzhu vhplfrqwlqxrxv lq �/ zh fdqqrw plq0
lpl}h lw ryhu wkh frqqhfwhg frpsrqhqwv

�n @ ix 5 �> fk+x, @ nj +n 5 ],

vlqfh wkh grpdlq Uq lv qrw frpsdfw dqg wkh �n duh qrw zhdno| forvhg1
Wkh �uvw h{lvwhqfh uhvxow frqfhuqlqj +7, zdv suryhg lq ^5`> lw lv edvhg rq d Vsolw0

wlqj Ohppd +iru hqhuj| dqg fkdujh,/ lq wkh vslulw ri wkh Frqfhqwudwlrq0Frpsdfwqhvv
Ohppd lq xqerxqghg grpdlqv1 Wkh uhvxow lv dv iroorzv=

Wkhruhp 71 Dvvxph +45, dqg wkdw I vdwlv�hv +I4,0+I5,0+I6,0+I7,1 Wkhq wkhuh
h{lvwv d zhdn vrolwdu| zdyh ri +7, rewdlqhg dv plqlpxp ri H lq

�� @ ix 5 �> fk+x, 9@ 3j =

Uhpdun 51 Ohw x� ghqrwh wkh plqlpl}hu ri wkh hqhuj| H lq ��1 Lw lv vwloo dq rshq
sureohp wr hydoxdwh fk+x�,1 E| ^7`/ zh nqrz wkdw hlwkhu fk+x�, @ 4/ ru wkhuh duh dw
ohdvw wzr qrqwulyldo orfdo plqlpl}huv ri wkh hqhuj|1

Li zh lqwurgxfh d vxlwdeoh lqyduldqfh surshuw| iru I / zh dovr kdyh wkh h{lvwhqfh
ri d vroxwlrq ri +7, iru hyhu| �{hg ydoxh ri wkh fkdujh1 Lq wkh wdujhw vsdfh Uq.4 zh
fkrrvh d uhihuhqfh iudph vr wkdw

� @ +4> 3> = = = > 3,=

Lq wklv uhihuhqfh iudph/ iru hyhu| � 5 Uq.4 zh zulwh

� @
�
�3> ��

�
zlwk �3 5 U dqg �� 5 Uq1 Xvlqj wklv qrwdwlrq zh uhtxluh

+I8,= iru hyhu| � @
�
�3> ��

�
5 Uq.4 dqg iru hyhu| j 5 R+q, +ruwkrjrqdo jurxs,

I +�3> j��, @ I +�3> ��,=
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Wkhq/ wkh iroorzlqj pxowlsolflw| uhvxow krogv/ vhh ^45`1

Wkhruhp 81 Dvvxph +45, dqg wkdw I vdwlv�hv +I4,0+I5,0+I6,0+I8,1 Wkhq/ iru
hyhu| n 5 ] wkhuh h{lvwv xn 5 �n/ zhdn vrolwdu| zdyh ri +7,1

Zh srlqw rxw wkdw wkhvh vroxwlrqv duh qrw wuxh plqlpd ri wkh hqhuj| H > wkh| duh
frqvwudlqhg plqlpd rq �n _ Il{ zkhuh

Il{ @ ix @ +x3> �x, 5 K> x3+j{, @ x3+{,> �x+j{, @ j�x+{, ;j 5 R+q,>;{ 5 Uqj =

Wkh vxevsdfh Il{/ zklfk lv wkh vhw ri �{hg srlqwv iru d vxlwdeoh R+q,0dfwlrq lq0
wurgxfhg e| Vn|uph +vhh ^47`,/ lv d qdwxudo frqvwudlqw iru �qglqj fulwlfdo srlqwv ri
H 1 Rq wkh rwkhu kdqg/ lq Il{ wkhuh lv qr orvv ri frpsdfwqhvv ehfdxvh zh kdyh d
xqlirup ghfd| wr }hur dw lq�qlw| ri erxqghg vhtxhqfhv +Udgldo Ohppd,1

Uhpdun 61 Li zh lqwhusuhw wkhvh vrolwdu| zdyhv dv hohphqwdu| sduwlfohv dqg wkh
wrsrorjlfdo fkdujh dv hohfwulf fkdujh/ lw lv qdwxudo wr vwxg| wkh lqwhudfwlrq ehwzhhq
vrolwrqv ri wklv nlqg dqg wkhlu rzq hohfwurpdjqhwlf �hog> wklv kdv ehhq grqh lq ^6`
dqg ^9`1 Wkh vdph whfkqltxhv lqwurgxfhg lq ^7` kdyh ehhq xvhg iru d fodvv ri qrq0
olqhdu shuwxuedwlrqv ri Vfkurhglqjhu htxdwlrq> iru wkhvh htxdwlrqv/ wlph0ghshqglqj
vroxwlrqv kdyh ehhq vwxglhg/ ghulylqj dovr wkh htxdwlrqv ri wkh Erkpldq yhuvlrq ri
Txdqwxp Phfkdqlfv +vhh ^4` dqg uhihuhqfhv wkhuhlq,1
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