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Abstract. We study the fourth-order nonlinear critical problem A%y =
v’ 'in a smooth, bounded domain 2 C R™, n > 5, subject to the
boundary conditions u = Au — du, = 0 on 0€). We provide estimates
for the range of parameters d € R for which this problem admits a
positive solution. If the domain is the unit ball, we obtain an almost

complete description.

1. INTRODUCTION

Let  C R™ (n > 5) be a smooth, bounded domain, let 2* = 22 denote
the critical Sobolev exponent, and let d € R. The present paper is concerned
with the following fourth-order elliptic problem with purely critical growth
and Steklov-type boundary conditions:

A%y = uQ*_l, u >0 in Q (1.1)
u=0, Au—du, =0 on 0f2. '

Here wu, denotes the outer normal derivative of u on 9€). It is already evi-
dent from the well-studied second-order case that nonlinear equations with
critical growth terms present highly interesting phenomena concerning the
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existence/nonexistence of positive solutions; see the seminal paper by Brezis-
Nirenberg [6] and also [25, Chapter III] for a survey. For fourth-order equa-
tions the existence/nonexistence problem is even more challenging, since the
available techniques strongly depend on the imposed boundary conditions.
The present paper is motivated by its applications to conformal geometry
(see e.g. [18, Section 2.2]) and by the growing interest in recent years in the
corresponding Dirichlet boundary value problem

Au=u*>"1, u>0 inQ, u=1wu, =0 on 0f, (1.2)
and Navier boundary value problem
Au=u*"1, u>0 inQ, u=Au=0 on 9. (1.3)

We point out that (1.3) corresponds to d = 0 in (1.1), whereas (1.2) should
be seen as the limit case d = —oo in (1.1). We wish to show that the existence
(respectively nonexistence) of solutions to (1.1) depends in a subtle way on
the parameter d; thus, we highlight aspects of the equation A%y = 42 !
which cannot be observed by considering just (1.2) and (1.3).

Let us recall that if the domain €2 is strictly star-shaped, then neither (1.2)
nor (1.3) admit solutions; see [19, 20, 27]. A first natural question then arises:
do these nonexistence results really depend on the geometry of the domain?
The answer is positive. For instance, (1.3) has a solution on every domain
2 with nontrivial topology; see [7]. This result is not available for (1.2),
but it is shown in [2] that a solution exists on domains with small holes.
Moreover, in [12] it is proved that both (1.2) and (1.3) have solutions in
some contractible (non-star-shaped) domains. It should be mentioned that
the existence results for (1.2) are for nontrivial solutions, not necessarily
positive; this is due to the possible lack of the positivity preserving property
for A? in certain domains.

A second natural question which arises is the following: do the above-
mentioned nonexistence results depend on the particular nonlinearity (pure
power) considered? Also for this question, the answer is positive since sub-
critical perturbations of the pure power term may lead to existence results:
we refer to [8, 10, 14] for the Dirichlet case (1.2) and to [4, 13, 29] for the
Navier case (1.3). At this point, a third natural question arises: do the
nonexistence results also depend on the boundary conditions considered?
As far as we are aware, this question has not been raised previously, and
it is precisely one of the purposes of the present paper to give some answer
to it. In other words, unlike in the present paper, in all the just-mentioned
references modifications of the domain or of the equation were considered. In
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particular, modifications of the equation turned out to be quite sensitive to
the space dimension, and this led to the study of the so-called critical dimen-
sions [24]. According to [8, Theorem 1.1] and [24, Theorem 3] (respectively
[29, Theorem 1] and [12, Theorem 3]) it is known that the only critical dimen-
sions for the biharmonic operator A? under Dirichlet (respectively Navier)
boundary conditions are n = 5,6,7. Here we study modifications of the
boundary conditions, and we show that these have a quite a different effect
that seems “almost independent” of the space dimension. More precisely,
when Q = B (the unit ball) for any n > 5 we find the threshold d = 4
for nonexistence results relative to (1.1). Moreover, a suitable modification
of the Brezis-Nirenberg technique [6] (for the existence results) seems to
show that the critical dimensions for the Steklov problem might be different,
namely n = 5, 6.

2. MAIN RESULTS

To present our results concerning (1.1), we recall some facts about the

boundary eigenvalue problem

A%y =0 in Q

u=0, Au—du,=0 on 0F) .
This problem was studied by Kuttler [17] and Payne [21] more than 30
years ago, whereas the recent paper [3] contains extensions and new results,
relating in particular (2.1) to the positivity-preserving properties of A% under
the Steklov-type boundary conditions. Let H(2) := [H2 N HE(Q)] \ H3(Q)
endowed with the norm ||Aully for all uw € H(€2). The smallest (positive)
eigenvalue o of (2.1) is characterized variationally as

Jo|Aul? [ Aull3

o g —dalBU - 2.2
weH(Q)  fpo U2 weM () [lull3 22

(2.1)

Here and in the following, we denote by || - ||, the usual LP(€2)-norm (1 <
p < ), and we put

HUH(%,, :/{mug for u € H> N HL(Q).
Hence, o is the largest constant satisfying
|Au|3 > ol|ul3, for all uw € H* N H(Q) (2.3)

and 0~1/2 is the norm of the compact linear operator H? N HY() —
L2(09Q), u + uy. Tt is known (see [17] for n = 2 and [3] for n > 3) that, up
to a multiplicative constant, there exists a unique eigenfunction ¢! € H(£2)
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corresponding to the eigenvalue o, and —A¢! > 01in Q (so that ¢! > 0in Q
and ¢L < 0 on 99).

We say that a function v € H?N HE(Q) is a weak solution of (1.1) if u > 0
almost everywhere in 2 and

/ AuAv—d [ wyv, = / u? "ty forall v € H*NHY(Q) . (2.4)
Q o) Q

It can be shown that a weak solution in this sense is in fact a strong (classical)
solution; see [3, Proposition 23] and also [28].
Our first result is concerned with least-energy solutions (or mountain-pass

solutions according to the variational characterization of [1]) that minimize
the functional

9 2
Qu: H2AHIQ\ {0} =R, Qau) = 12002 dllull,

(2.5)

|3

Theorem 1. Let Q C R™ (n > 5) be a smooth, bounded domain, and let o
be as in (2.2). Then

(i) If d > o, then (1.1) admits no solution.

(13) There exists c* < o such that if c* < d < o, then (1.1) admits a
least-energy solution ug; these solutions satisfy

ug — 0 in H*(Q)NLX(Q) and L—mbl in H*(Q) as d — o,

[Auqg|2
(2.6)
where ¢ is the first positive eigenfunction of (2.1) such that ||[A¢t|ls = 1.

In contrast to the cases d = 0 (Navier boundary conditions) and d = —oo
(Dirichlet boundary conditions), the existence statement of Theorem 1 is
independent of geometrical assumptions on the domain 2. The proof of
Theorem 1 (i7) is variational and relies on a compactness argument; see
Proposition 13 below.

Next, we restrict our attention to the case where 2 = B, the unit ball. In
this case, it is known that o = n; see [3]. Then, we prove

Theorem 2. Assume that Q2 = B (the unit ball) and that d < 4. Then (1.1)
admits no solution.

The proof of this result consists in two steps. First we use an identity for
arbitrary C*4(Q)-functions noted by Mitidieri [19] to derive a Pohozaev-type
identity (in the spirit of [22, 23]) for solutions of (1.1). More precisely, we
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obtain the following boundary integral equality for solutions u of (1.1) (see
Section 6 below):

/ [2(x-VAu) —d®(z-v)u, +nduy|u, = 0. (2.7)
o0

In the particular case where {2 = B, we have z = v on 0B, and (2.7) reduces
to

/ (AW, + d(n — d)u]uy = 0 . (2.8)
OB

The last identity still seems unrelated to the statement of Theorem 2. How-
ever, choosing an auxiliary function in a careful way, we can use (2.8) and
the Hopf boundary lemma to complete the proof. We point out that it is
unclear how to use (2.7) on more general domains. In fact, even on a star-
shaped domain nothing seems to be known about the term z - VAu. Note
however that in the case of Navier boundary conditions, i.e., d = 0, two
terms in (2.7) disappear and x - VAu reduces to (x - v)(Au), because Au
vanishes on 0f2.

As a consequence of Theorem 2, we obtain the following Sobolev inequality
with remainder term:

Corollary 3. For allu € H> N H}(B) we have
AUl = Slul3. + 4lull3, . (2.9)
where S is the Sobolev constant for the embedding H?> N HY(B) C L* (B).

Let us recall that the constant S in (2.9) is independent of the domain;
see [28]. It is clear that (2.9) has no analogue in the first-order space H.
Inequality (2.9) should also be compared with Theorem 5 in [12].

Next we discuss the range of parameters d for which we can ensure exis-
tence of solutions to (1.1) on = B. For n > 5 we define the number

n n 4 2n_ 1_%
n—(n—4)(n?—4) F(i)l (nF(Q)) " (FF("24) ) ifn=50orn==6

8 n
On= 2n T(n) (m)

ifn>7.
In particular, o5 ~ 4.5 and og ~ 5.2; see [30]. Then, we prove

Theorem 4. Assume that Q = B (the unit ball). Then for all d € (op,n)
problem (1_1) admits a radial solution. Moreover, the solution is superhar-
monic in B.
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In the next picture, we represent the existence/nonexistence regions for
(1.1) (when ©Q = B) according to Theorems 1, 2 and 4. Note that o, — 4 as
n — oo; namely, 0, tends to become “optimal.” The region with a question
mark “?” represents the region 4 < d < o,, which is not covered by our
results.

: : : — n
6 8 10 12
Conjecture 5. When Q = B, (1.1) admits a (radial) solution uy4 if and

only if 4 < d < n. Moreover, as d — 4T, ug tends to concentrate, namely
uq(0) — 400 and ug(x) — 0 for 0 < |z| < 1.

In the next section we collect some further results providing evidence in
favour of this conjecture. If it were true, we would have a lower bound
for d independent of the dimension n: by scaling, in a ball of radius R the

existence interval would then be d € (%, %).

Remark 6. If d > 0, we may relax the requirement v > 0 in (1.1) with
u > 0 and u # 0. Indeed a solution u satisfies u, < 0 on 0f) so that,
using the boundary condition, we also infer that —Awu > 0 on 9f). Since
—A(=Au) = A2 =¥ 1 >0 in Q, by the maximum principle for —A, we
deduce —Awu > 0 in €. In turn, this implies v > 0 in Q and

u, <0 on 012 . (2.10)

The remainder of this paper is organized as follows. In Section 3 we
collect some further results, some of them related to Conjecture 5 above. In
particular, we provide some numerical evidence for this conjecture. We also
state some open problems. In Section 4 we prove a compactness result, which
is the crucial step in the proof of the existence statements in Theorems 1
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and 4. Sections 4-7 contain the proofs of our main results. In Section 8 we
prove Theorem 7 below.

3. FURTHER RESULTS AND OPEN PROBLEMS

3.1. Three variational identities for radial solutions. Throughout this
section we assume that 2 = B (the unit ball) and we consider radially
symmetric solutions. In this case, if we put r = |z|, then (1.1) reads

ity 2Ly 2D =) gy =D )

r r2 3
(3.1)
r € [0, 1), while the boundary conditions become
u(l) =0, W' (1) +(n—1-d)/(1)=0. (3.2)

Moreover, every nontrivial solution satisfies /(1) < 0 by the nonexistence
result for (1.2). Hence the identity (2.8) yields the additional boundary
condition
/ d(n -
0= (Au)(1) + ———=u'(1) (3.3)

2
=" (1) + (n — D" (1) + (‘“”T_d) —(n— 1))u’(1).

Using this and a change of variables introduced in [11], we will prove

Theorem 7. Let ug = uq(r) be a positive solution to (3.1)—(3.2) for some
d. Then,

—n)(d — 1 .
—(d )2(d 4)u21(1) :/0 T"Jrluz _1(1”) dr ,

1
—uy(1) :/ r”flu?j*_l(r) dr ,
2 0

) 32(n+4) [P a0 o ,
d(al—4)(d—n)(d—|—n—4)ud(l)\Q:ﬁ/0 r +2u3 3(r)[ud(r)]3dr

4 4) [t . 1 X

+78(n +4) / r"“ufl 72(r)|u:i(r)|2 dr — 8(n? — 16)/ T"_lug (r)dr .
n—4  Jo 0

Moreover, if a solution ug to problem (3.1)—(3.2) exists for all 4 < d < n,

then as d — 47 we necessarily have that u/,(1) remains bounded and uq(r) —

0 for all r > 0.



388 ELvisE BERCHIO, FILIPPO GAZZOLA, AND TOBIAS WETH

Since 2* — 3 > —1 for any n and w vanishes of order 1 at » = 1, the third
identity in Theorem 7 makes sense. Note that the first identity in Theorem 7
immediately yields a weaker version of Theorem 2, namely the nonexistence
of positive radial solutions of (1.1) in B when d ¢ (4,n). The identities of
Theorem 7 suggest that the correct existence interval is d € (4,n), and we
feel that they could help to complete the proof of Conjecture 5 above.

3.2. Numerical results. Here we present some numerical experiments with
Mathematica that give another strong hint that Conjecture 5 should hold.
Let us briefly describe the procedure we followed.

First, we fixed d € (4,n), and we set the Cauchy problem for (3.1) in
r = 1 by choosing uq(1) = 0, u/(1) < 0 as a parameter and, according to
(3.2) and (3.3), by taking

W) = (@4 —mp(1) () = (n—d)(n— 1= $)u(1)
Then, we asked Mathematica to plot the solution on the interval (0, 1]. We
tried different values of w),(1). If it was too negative, the solution remained
positive and blew up to +oo before reaching (going backwards!) r = 0. If it
was negative but too close to 0, the solution attained a maximum, changed
sign and blew up to —oo before reaching » = 0. By dichotomy, we chose
intermediate values of /(1) until we reached an equilibrium. We reached
only one equilibrium for every d. This suggests

Problem 8. When 2 = B, does there exist a unique radial solution to (1.1)
for all d € (4,n)?

For d very close to 4 and to n, the program was quite unstable and it was
not so clear that uniqueness of the solution was ensured. For large values
of n (below we consider the case n = 12) one should not completely trust
the numerical results, both because very large numbers appear and because
even if the “correct” shooting derivative u/(1) was of the order of 103, small
perturbations of order 10~ gave rise to quite different results. In the tables
below, we enclose what we obtained in our experiments.

Table 1. Numerical results in the case n =5, 24 =9,

n—4
d 4.999999 | 4.9999 | 4.99 | 4.8
ufi(l) -0.96 -1.71 1-3.02 | -3.85
ug(0) | 0.48 0.85 | 1.52 | 2.38
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d [ 46 | 45 | 4.25 | 4.01 | 4.0001
u/,(1) | -3.57 [ -3.34 | -2.56 | -0.97 | -0.3
ug(0) | 285 [ 311 | 4 | 10 | 32

Table 2. Numerical results in the case n = 6, Z—fi = 5.
d 5.99999 | 5.9999 | 5.999 | 5.9 | 5.75
)|l -0.75 -1.34 | -2.38 | -7.15 | -8.29
ug(0) 0.35 0.67 1.2 3.9 5.2
d

55 | 5 | 45 | 4.1 | 4.01
u/,(1) | -8.49 [ -7.01 | -4.49 [ -1.72 [ -0.52
ug(0) | 6.8 | 11 | 18 | 46 | 145

Table 3. Numerical results in the case n = 12, Q—J_rji = 2.

d 11.9 11 10 9 8
uy(1) || -776.62 | -5429.32 | -6949.15 | -6235.15 | -4521.8
ug(0) || 425 6500 2-10% | 52-10" [1.3-10°

d 7 6 5 4.1
u/,(1) || -2657.56 | -1159.79 | -268.86 | -2.38
)1 29-10° | 7.5-10° [ 3.5-10° | 2- 108

In order to test the procedure, when n = 5 we also tried the values d = 3
and d = 6, which are out of the range (4,n). In both cases, regardless of
the choice of u/;(1), the solution blew up to 4+o00 before reaching = 0. The
blow-up seemed monotonic; namely, for |u/,(1)| decreasing, the blow-up time
was also decreasing.

Finally, note that our numerical results seem to show that /(1) — 0 and
ug(0) — +oo0 as d — 4T,

3.3. Nodal radially symmetric solutions in the ball. We consider here
radial sign-changing solutions of (1.1) when @ = B. More precisely, for
r € [0,1) we want to solve
» 2(n—1) (n—1)(n—3) (n—1)(n—3)
) mn " _ /
u(r) + — (r) + 2 u’(r) 3
8
= \U(T)\”—“U(?") : (3-4)
with boundary conditions (3.2) an
(0

)=u"(0)=0. (3.5)
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This problem admits no solution, as stated in

Proposition 9. For any d € R, (3.4) with boundary conditions (3.2)—(3.5)
admits no sign-changing solution.

Proof. This follows by the arguments developed in [15]; see also [11]. It is
shown there that any solution of (3.4)—(3.5) (with u(0) > 0) that attains 0
in finite time, remains then negative and blows up to —oo in finite time. O

Let us also recall the following consequence of the comparison principle
due to McKenna-Reichel [18], which applies to any solution of (3.4):

Proposition 10. Any solution u of (3.4)—(3.2)—(3.5) with u(0) > 0 satisfies
u'(r) <0, Au(r) <0, (Au)/(r) > 0 for all r € (0,1].

Proof. Let o = u(0) > 0, and consider the equation A%y = v ! in R".
It is well-known [26] that it admits a unique positive entire radial solution
v vanishing at infinity and satisfying v(0) = «. Moreover, this solution
satisfies v/(r) < 0 and Av(r) < 0 for all » > 0. In view of the comparison
principle in [18] we first deduce that Au(0) < Av(0) and, subsequently, that
u'(r) < v'(r) < 0and Au(r) < Av(r) < 0 for all » € (0,1]. This proves
the first two inequalities. The third inequality follows by integrating the
equation {r"! [Au(r)]/}/ ="~ 12~1(r) over [0, 7] for € (0, 1]. O

3.4. Low- and high-energy solutions in general domains. In view of
Theorem 1 and Proposition 14 below, we know that there exists an interval
I =1(22) C (0,0) such that (1.1) admits a least-energy solution if and only if
d € 1(9). The results in [28] show that there exists no least-energy solution
of (1.1) when d = 0. Hence dp(2) := inf I(©2) > 0. Note also that do(B) > 4
by Theorem 2. This leads to the following question:

Problem 11. Which geometrical properties of €} determine the value of
do(£2)?

As already mentioned, when d = 0 (Navier boundary conditions) the
existence of higher-energy positive solutions of (1.1) depends on the geometry
of 2. This suggests the following question:

Problem 12. For which domains 2 and parameters d does (1.1) have a
higher-energy positive solution? Is it possible to choose d > dy(2) and to
get multiple positive solutions?



CRITICAL GROWTH BIHARMONIC ELLIPTIC PROBLEMS 391

4. A COMPACTNESS RESULT

Let 2 C R™ (n > 5) be a smooth bounded domain. We first recall the
characterization of the Sobolev constant for the embedding H? N H(Q) C
L¥ (Q):

o _ B0l
w lull3.
where the infimum is taken over all u € H? N H(Q) \ {0}. It was shown in

[28] that S is never achieved if €2 # R™ and that S does not depend on the
domain. Moreover, we have

F(%))‘W ,
I'(n) 7
see also [26]. Consider now the following minimization problem, where Qg

is defined in (2.5):

S =a2(n —4)(n? — 4)n< (4.1)

Sa(Q) = inf Qu(u) . (4.2)

i
weH?NH (2)\{0}

The purpose of this section is to prove the following:

Proposition 13. Assume that 0 < d < o. Then if £4(Q) < S, the infimum
in (4.2) is achieved. Moreover, up to a change of sign, any minimizer of

(4.2) is strictly superharmonic in Q. Finally, up to a Lagrange multiplier,
any minimizer is a positive solution of (1.1).

Proof. Let {um }m>0 be a minimizing sequence for ¥;(£2) such that
[t |5+ = 1. (4.3)
Then,
1A I3 — dl|uml[3, = Sa(Q) +o(1)  (m — +o0). (4.4)

Moreover, recalling (2.3) we have
d
[ Aumlz = 2a(Q) + dllum[5, + o(1) < Za(Q) + [ Aunl3 + o(1)

so that {wm, }m>0 is bounded in H2N HE (). Hence, { Vi, bm>o is bounded
in H(Q). Exploiting the compactness of the embeddings H'(Q) — L?(9Q)
and H? N HY(Q) C L*(Q2), we deduce that there exists u € H?> N HE(Q) such
that

Uy —u in H2N HYQ), (um)y — uwy,  in L2(09),

Um — u  in L2(Q), (4.5)
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up to a subsequence. That is, if we set v, := u,, — u, then

vm — 0 in H2N HE(Q), (Vm), — 0 in L2(0Q),

vm — 0 in L2(9). (4.6)

On the other hand, by (4.3) we infer that ||Au,,||3 > S, so that from (4.4)
we also obtain

dlluml|3, = | Aum|3 — Ba(©) +0(1) = S — Za(Q) + o(1),

which remains bounded away from 0 since ¥4(2) < S. From this fact we
deduce that u # 0.
In view of (4.5)—(4.6) we may rewrite (4.4) as

1AU[I3 + | Av|[3 — dljul3, = Za(2) + o(1). (4.7)

Moreover, by (4.3) and the Brezis-Lieb lemma [5], we have

L= lu+vml3e = [ull3e + loml3- +o0(1) < llull3- + [[oml3- + o(1)

1
< Jullz- + gl Avallz +o(1) ,
where we also used the fact that both ||ullo+ and ||vs,[|2+ do not exceed 1.

Since ¥4(£2) > 0 for every 0 < d < o, this last inequality gives
Eq(2)
S
By combining this inequality with (4.7), we obtain

1Au3 = dljull3, = () = [|Avn[l3 + o(1)

Za(2) < Za(Q)]|ull3- + 1AV 13 + o(1).

< @l + (2 1) A0+ 0(1) < Su@ [l + o1),

which shows that u # 0 is a minimizer for (4.2). This proves the first part
of Proposition 13.

Consider now a minimizer u for (4.2) and assume for contradiction that it
is not superharmonic (nor subhamonic) in Q. Then, define w € H? N H{ ()
as the unique solution of

—Aw = |Aul in
w=0 on 02.

By the maximum principle for superharmonic functions it follows that w > 0
in Q and w, < 0 on Of).
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Moreover, both w + u are superharmonic (but not harmonic!) in € and
vanish on 0f). This proves that

lu| <w inQ, luy| < |wy| on 0N .

In turn, these inequalities (and —Aw = |Au|) prove that Qq(w) < Qa(u),
which contradicts the assumption that u minimizes (4.2).

Therefore, any minimizer u for (4.2) is superharmonic (and positive) in
Q. By the standard Lagrange-multiplier method, it is readily seen that a
multiple of u is a positive solution of (1.1). Since it is superharmonic in
it also satisfies u, < 0 on 9. Hence, since —Au = —du, on 912, we finally
infer that —Awu > 0 in Q. O

Remark 14. In view of [28] we have that ¥¢(Q2) = S. Moreover, using
the first eigenfunction ¢! in (2.5)-(4.2), we also have ¥,(Q2) = 0. As a
consequence of Proposition 13, one can show that the map d — 34(Q) is
continuous on [0, o] and is strictly decreasing in the range where 3,4(£2) < S.

5. PROOF OF THEOREM 1

Let ¢! be a positive eigenfunction of (2.1). Taking v = ¢! as test function
in (2.4) we obtain

/QAqusl —d/(muyé,l,:/ﬂu2*1¢1 : (5.1)

Two integrations by parts yield

/ Aulg' = — / VuVA¢ + [ Aplu,
Q Q o2

- /Qquqﬁl +a/m Uy, = a/m uy by, (5.2)

where we took into account that ¢! solves (2.1) and u satisfies the boundary
conditions in (1.1). Plugging (5.2) into (5.1) yields

(a—d)/muyqs;:/ﬂuz*—lqbl >0.

In view of (2.10), this shows that d < . We have so shown that if (1.1)
admits a solution, then necessarily d < o. This proves statement (i) of
Theorem 1.

Consider again the first eigenfunction ¢!, and let

o _ AN = Sliot3.
g = 12 .
[Py
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Then, ¢* < ¢ and for all d > ¢* we have
A2 — dllot12
s < IS A1' I

The existence part of statement (i7) then follows from Proposition 13.

<S.

We now prove the first of (2.6). To this end, we remark that in view of
the characterization of ¢! in (4.2), we have

A2 — dllét2 1_d
Som ey < IAPB Al g
1913 o135
Since uq is a least-energy solution of (1.1), we have
|Aual|3 — dfuall3,
lua

Moreover, by taking v = ug in (2.4), we have

=Y. (5.4)

2
9

1Augll3 — dlluall3, = llual3- - (5:5)

Identities (5.4)—(5.5) readily imply that ||ug||e = E((in_4)/8. In turn, this and
(5.3) show that

ug —0 in L*(Q) asd—o. (5.6)

We endow H? N H(Q) with the scalar product

(v,w)q == / AvAw — d/ v Wy (5.7)
Q o0

We write uy according to the decomposition H? N H(Q) = [span{¢'}] @
[span{¢'}]*, where orthogonality is intended with respect to the scalar

product in (5.7). In this way, for all d € (¢*,0) we obtain ay € R and
g € [span{¢'}]* such that

ug = aad' + 1 - (5.8)
Using (5.5) and (5.6), we infer (as d — o)
—d oy—d
0(1) > (ug,ua)q = a3(d", ¢ )a + (Wa, Ya)a > 37— + 0202 | Agall3
(5.9)

where g2 > o denotes the second Steklov eigenvalue (see [9]). The above in-
equality implies at once that ||Aygll2 — 0 so that also ||¢)4]|2+ — 0. Together
with (5.6), this implies that ay — 0 and finally that

ug — 0 in HX(Q) asd—o. (5.10)
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The LP(Q2) convergence for any p < oo follows now by the same argument
used in [28, Lemma B1]. Moreover, we obtain uniform convergence with
the same argument as [28, Lemma B3] and recalling that the boundary
conditions in (1.1) satisfy the complementing condition; see [3]. This proves
the first part of (2.6).

In order to prove the second part of (2.6), we note that by (5.3), (5.4) and

(5.9), we infer
ity 2 I8l =, | ox—d (vl
luall3- ~ 202 ajflet]3. + Ilvall3-

where we also used the inequality

lugll3- < (|ead |2« + [Wball2+)® < 2(aZll@' (13- + l|vball3-) -

Therefore, we obtain

o(1) >

oy —d  ag?|Aval3
202 [ @3- + ag* 1 all3

For contradiction, if a;?||14l|3- — +o0o, then we may neglect ||¢'[|2. in the
previous inequality so that we obtain
—d || Avygl|2
0(1) > 92 H wdQHQ
205 ||Yall3-

contradicting Sobolev’s inequality. This contradiction shows that 062 l14all3e
remains bounded. Hence, (5.11) implies that a;?||Atgl|2 — 0 as d — 0. In

particular, this means that ag > 0 (recall ug > 0) and o ?||Augl3 — 1 as
d — o. Therefore, we finally obtain
H Aug
|

2
-2t -
Augllz >, |Aud||2
which proves (2.6) and completes the proof of Theorem 1.

(5.11)

/ AG (aaAd! + Ady) —

6. PROOF OF THEOREM 2 AND COROLLARY 3

First we show that, on an arbitrary smooth, bounded domain €2, any
solution u of (1.1) satisfies the boundary integral identity (2.7). Our starting
point is the Rellich-type identity [19, (2.6)] of Mitidieri for arbitrary C*4(€)-
functions, which can be written as

/(A%):c-vudx—ﬁ/(Au)Mm—(n—z)/VAu.vud:c
Q 2 Ja Q
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1
:——/ (Au)?z - v ds
2 Joa

+/89<(Au)y(ﬂ: - Vu) + u,(z - VAu) = VAu - Vu (z - V)) ds. (6.1)

For nonnegative u satisfying the first boundary condition © = 0 on 02, we
have v|Vu| = —Vu and therefore VAu - Vu (z - v) = (Au),(z - Vu) on 09,
so that (6.1) reduces to

/Q(A%)x.vu—g/gmu)? + (n—2)/Q(A2u)u

:_%/m(Au)%.H/ w (- VAw). (6.2)

o0
Here we integrated by parts to get the third term in (6.2). Now, for solutions
of (1.1), we can use (2.4) to rewrite the left-hand side of (6.2) as

/Q(AQU):L'-VU— g/Q(Au)z—l— (n— 2)/9(A2u)u

:/uQ*_l(m-Vu)—ﬁ</u2*+d u3>+(n—2)/u2*

Q 2 \a o9 Q
z-V(u )+ ut = — u;,

2n Jg (™) 2 Ja 2 Joq

n
n
—4 , d

-0 /div(u2 x)—n—/ u?
2n Jo 2 Joa

—4 x d d
—_ / oy -2 u? = _ne u?. (6.3)
2n Jon 2 Jan 2 Joa

Combining (6.2) and (6.3) and using that Au = du, on 99, we get (2.7).
Next we consider €2 = B, and we prove Theorem 2. Assume for contradiction
that u is a solution of (1.1) for some d < 4, and consider the auxiliary
function ¢ € C?(B) defined by

() = (4 — d+ d|z|*) Au(z) — 4dz - Vu(z) + d(8 — 2n)u(z), r € B.

Then ¢ = 0 on 0B, since u = 0 and Au = du, on dB. A short computation
shows

A¢ = 2dnAu + 4dz - VAu + (4 — d + d|z|*) A%
—4d(2Au + z - VAu) + d(8 — 2n)Au
= (4 —d+dz)?)u® L.
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If w > 0 solves (1.1), then A¢ > 0, since d < 4. By the maximum principle
we conclude that ¢ < 0 in B, and ¢, > 0 on 0B by the Hopf boundary
lemma. But on 0B we also get by direct computation (using also the second
boundary condition)

¢y = 2dAu + 4(Au), — 4d(uy + uyy) + d(8 — 2n)u,
= 2dAu+ 4(Au), — 4d(uy, + Au— (n — 1)u,) + d(8 — 2n)u,

- 2(2(Au)l, +d(n — d)uu),

so that 2(Au), +d(n — d)u, > 0 on 0B. Since u > 0 in B we have u, <0
on 0B. Then, the last inequality combined with identity (2.8) yields u, = 0
on 0B. But then u would be a solution of the Dirichlet problem (1.2) in
B, which is known to have no positive solutions [20]. This contradiction

concludes the proof of Theorem 2. ]
Corollary 3 is a direct consequence of the definition of ¥; combined with
Theorem 2 and the fact that, in view of Proposition 13, ¥4(B) = S. O

7. PROOF OF THEOREM 4

Throughout this section we denote by ¥z the number ¥;(B) defined in
(4.2). Moreover, we will use some properties of the Gamma and Beta func-
tions, for which we refer to [30, 31]. Let us recall that

271'”/2

T(3)

wp, = |0B| = (7.1)

In order to prove Theorem 4, we apply Proposition 13. More precisely, we
show that if d lies in the range specified by Theorem 4, then ¥; < S. And
this is obtained by constructing a suitable radial function u € H? N H}(B)
for which Q4(u) < S. To this end, we have to distinguish between “high”
space dimensions n > 7 and “low” space dimensions n = 5,6. In the first
case we prove

Lemma 15. Assume thatn > 7. Then, ¥4 < S for all 42—:2 <d<n.

Proof. For all € > 0 consider the entire function u.(z) := ——=r. It is
(e2+[z]?) 2

known (see e.g. [26]) that
Jan [Auef?

S == *
(Jfin lucl2)?"?

foralle >0, (7.2)
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where S is as in (4.1). We now briefly recall some basic facts about wu..
Firstly, we compute

/|u|2*:/ ;:i/ o
"o re (€24 [z e Jpn (14 [22)"

_wn ‘”Ld_&/“ 2t e PBP? K
em Jo (14r2)n 2em Jo (1+t)n 2¢m T'(n)  en

Moreover, by (7.2),

N KK
/ Au2 = S (/ ) =t
R™ Rn en gn
In particular, (7.3)—(7.4) and (4.1) show that K; and K> are linked by the

following relations:
Ky =n(n—4)(n? — 4K, , =SKJ* . (7.5)

Consider now the function
1 1 1
Ug(x) = uE(‘T) - n—4 = n—-4 n—4
(e24+1)2 (242 (e2+1) =z
Since U. € H?> N H}(B), we may compute

fB |Au5|2 - dfaB |(u5),,|2

. (7.3)

Qd(UE) = (f ‘u (.’E) _ 1 ‘2*)2/2*
B17e (524-1)&27_4
We first remark that
2 (n—4)? 2

/63](u5),,] - e = =P ase—0. (76)

Next, we claim that as ¢ — 0 the following two facts hold:
/ Al = 2L 4 4)wn + o(1), (1.7)

K2 4wn —4

— == _ +o(e™%), 7.8
/ ’ (€2 + 1) ‘ en (n—4)(n+2)et o) (7.8)

where Ky and K are defined in (7.3)—(7.4). Postponing their proofs, from
(7.5)—(7.6)—(7.7)—(7.8) we get as € — 0

2 (1= Getwnn — (A +d(n — 4) + o))
Qd(U€) = K2/2* A 4 4 2/2*
572‘*4 (1 — (n—4)(n:—2)K2 en—4 4 o(en~ ))
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6nf4

= S(l —wp(n—4)(4+d(n —4)) e + O(gn—4)>
Aw, e 4 n—
(14 G o)
. (n—4)(4+d(n—4)) 4 n—
:S[l—e 4w"( K _n(n—i—Z)KQ)—i_O(6 4)}
Hence, if
(n—4)(4 + d(n - 4) 1
K ~n(n+2)Ks =0 (79)

then Qq(U:) < S for sufficiently small €, and the statement follows. But
(7.9) also reads

d>

4 K n—3
< -,
n—4\n(n+2)(n —4)Ky n—4
where the last (striking!) equality follows from (7.5). So we have proved that
if (7.7) and (7.8) hold, then Q4(U:) < S for sufficiently small € provided that
d>42=3,

Hence, the proof of the lemma will be complete once we demonstrate the
estimates (7.7) and (7.8). By (7.4) we have

/|Au€|2:/ |Au€|2—/ |Au5]2
B R™ R™\B
K,

2 212
+ 2|x|%) Ki
— —(n—4)? (ne = —4(n—4 +0(1),

gn—4 (n=4) /IR"\B (2 + |z2)" gn—4 (n = 4)wn +o(l)

which is (7.7). More delicate is the proof of (7.8). By (7.3) we have
1

2% *
— 7 =/ Ju ()]
R

Lol = [ (e =t = )
zg_%(w—éWMW—%w—@fmgﬂ.wm>

We now decompose the last term in the sum in (7.10) as follows:

/(e b

RENERTES

2%
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2*)

2*). (7.11)

* 1
:A%M<WA”P"%@9_EEIB7F
1

*
UE(JO - n—4
2

+/B\Bgl/n <\us(:n)|2 B E

We study separately the two terms above. For the first term, we have

/le/n (\ua($)|2* B 1 2*)

QL5(37) - n—4
2
—4

(e2+1)
2 1 (2 By 2
e (N SR

cl/n
[ el ()™ ol () 7]
B i (€2 + |z|2)™ e2+1 241
gl/n n—1 * 00 21
T 2%w t2
= 2%w, (1 4+ o(1 / —dr = “(1+0(1 / ———dt
o) [ = SR o) [

= 2—64@(1 +o(1)) =

For the second term, we have
uf(x)-_ n—4
2

. 2"

/B\le/n (|ua(x)|2 N Er )

2 2, n-d_ o

[ e (- (Y

1 > dr Wn, 4
< << _— 1 = ).
= /B\Bel/n 1 22 = “n /gl/n L e +o(1) =o(c")

Inserting these two estimates into (7.11) yields

= (e o)

1

x 1 2 4w
2 ) _ n —4
Ue (T — |ug(x) — — = + o(e .
[ (e = Jocte) — ) = gy o
In turn, inserting this estimate into (7.10) proves (7.8). O

The lower bound 42—:2 found in Lemma 15 is not smaller than n when

n =5 or n = 6. Therefore, Lemma 15 does not apply in these dimensions.
But here we can prove
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Lemma 16. Assume thatn =5 orn =6. Then, ¥4 < S for all o, < d < n,
where

ot B (L) D) (i
n = ( 4)( 4)2%+1( I'(n) > F(2(vﬁ4))

Therefore, o5 ~ 4.5 and og ~ 5.2.

Proof. It is shown in [3] that the first eigenfunction of (2.1) in B can be
normalized to be ¢!(x) = 1 — |z|2. We have

IAGHE = 4nwn , 1|13, = dwn

1
A e

1 n (2 ( -2~
_Yn (1 —u)%uifl du = 2Wn (2) n(gn_4)7
2 Jo " F<2(n—4))
from which we conclude that
() = 20— i) (200 * ()
Qalp)=2(n—d 2wn"ﬁ "
INCOINE=1)

By combining (4.1) with (7.1) and the just-found value of Q4(¢'), we deduce
that Qq(¢') < S whenever d > ¢,,. This completes the proof of the lemma.
]

8. PROOF OF THEOREM 7
With the change of variables
ur) =" v(logr) (0<r<1), o(t)=e"2 ule) (t<0), (8.1)

equation (3.1) may be rewritten as

n+4

v (t) — Kou(t) + Kyu(t) = vn=i(t)  t € (—00,0), (8.2)
where )
o /n(n—4)\2 _ n®—4n+8
Kl_(T) L K= >0

We now establish some properties of the solution of (8.2). Firstly, we
derive an upper bound for v:

— 4)n3\ (n—4)/8
Lemma 17. For all t € (—o0,0] we have v(t) < (%) .
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Proof. For every t € (—00,0], we define the energy function

St (1) = L) + SEW 0P + 00 — (" (1), (83)

E(t) := 5
By differentiating and using (8.2), we obtain
E'(t) = —[v™(t) — K" (t) + Kjv(t) — U%i(t)]v'(t) =0 Vte (—o0,0).
From this, observing that E(t) — 0 as t — —oo, we conclude that
E(t)=0  Vte (—c0,0).

Since v(t) is positive on (—o0, 0) and vanishes both for ¢ = 0 and as ¢t — —oo,
v admits a global maximum over (—o0,0]. Let ¢ be the maximum point of
v. Then, v/(t) = 0 and

— 1 2% /T Kl 27 1 11\ 2 2% _9 7 7’LK1 /U2 (f)
0= B(f) = 50" () - SHoP@) + 50" @)° = [0 2 - L]
which proves the statement. O

Next, for t = 0, we write higher-order derivatives in terms of the first-order
derivative:

Lemma 18. We have
n? —4n + 2d*> — 8d + 16

v(0) =0, 2"(0)=(d—2)v'(0), 2"(0)= 1 v’ (0),
(8.4)

n? —4n —
i) = WA =2) by o) = A A (0), (8.5

2
where 16A(n, d) = n?(n—4)?+16(3n2 —12n+16) +4d(d—4)(n* —4n+8) > 0
sincen > 5 and d > 4.

Proof. In view of the change of variables (8.1), we may “translate” the
boundary conditions on u in terms of the boundary conditions on v. To this
end, we use the formulas in [11, Section 3] to obtain

W' (1) =2'(0), u"(1) =2"(0) — (n —3)v'(0)

(1) =0~ S - 2)0(0) + T IS )
Hence, v satisfies v(0) = 0 and v”(0) + (2 — d)v'(0) = 0. Moreover, (3.3)
becomes first 2u” (1) + 2(n — ) "(1)+ (2(1 = n) + d(n —d))u/(1) = 0 and
subsequently 40" (0) 4+ 2(4 —n)v"(0) + (2d(n — d) —n?)v’(0) = 0. This proves
(8.4).
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From equation (8.2) we infer v™(0) = K2v”(0) so that (8.4) yields the
first of (8.5). Moreover, by differentiating (8.2), we obtain v"(t) — Kov"'(t) +

8
Kyv'(t) = ZE2on—1 (£)0/(t) so that the so-far-proved relations show that also

the second of (8.5) holds. O

In order to apply Lemma 18, we prove some identities concerning v'(0):

Lemma 19. The following identities hold:

n 0 12—n
d(d—4)(d—n)(dtn— D[ (O) = %/_ VRO dt, (8.6)
@=nld= 9, 0) = / " e (8.7)
d(d;n)vl(o): / D02, () g (8.8)

Proof. We multiply equation (8.2) by v"/(¢) and integrate over (—oc,0) to
obtain
0

0
/ ’ v ()™ (t) dt — Koy / o ()" () dt + Ky / v(t)v" (t) dt

— 00 —00 —00

0
_ / v (0 (8) dt

—0o
By (8.1) we know that v and its derivatives vanish as ¢ — —oo; therefore,
with two integrations by parts the previous identity becomes
1 Ko K, /

n 0 8
S OF - P - PP =25 [ o orovod
(8.9)

Notice that a further integration by parts gives

0 8
/ 7S () ()0 (1) dt

—0o
12—n

0 0
_ .8 / VR () (0] dt — / TS () (" (1) dt

n—4 —00 —0o0

so that

0 3 0 12-n
/ v (' (" () dt = i 4/ vt ([ ()] dt

—00 —00

By replacing this identity in (8.9) and by using (8.4) we obtain (8.6).
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Next, we multiply (8.2) by e"/2. Then, we may rewrite the equation as
—4 2 —4 2
%[e"fﬂ (v”’(t) - gv”(t) - %v'(t) + %v@))]
— /2yt (1) (8.10)

By integrating (8.10) over (—o0,0) and using (8.4) we obtain (8.7).
Finally, we multiply (8.2) by e(*=%%/2_ Then, we may rewrite the equation

as
2

L Temmu2 (n(e) — Ay - ey 4 o))

dt 2 4 8
n+4
= (=255 4 | (8.11)
By integrating (8.11) over (—o0,0) and using (8.4) we obtain (8.8). O

We now prove the following:

Lemma 20. Assume that for all 4 < d < n there exists a solution vg to
(8.2). Then, as d — 4%, v/,(0) remains bounded and vq(t) — 0 for all t <O0.

Proof. From Lemma 17 and (8.8) we obtain

dn—-d) , 0
o) - |

[e.o]

n 0
en=4t/ %;%i (t)dt < C / eI g — ¢
—0o0
This proves the first statement. Using this fact in (8.7) yields
0 n+d
/ e”t/2v£*4 (t)ydt — 0 asd — 4T .
—0o0

The proof of the lemma is thus complete. O

We may now complete the proof of Theorem 7. Using (8.1) it is not
difficult to rewrite (8.7)—(8.8) as

—n)(d— 1 ntd
(d-nld-4 4)uf1(1):/0 r”“ug"l(r) dr ,

Moreover, (8.6) reads
d(d —4)(d —n)(d +n — 4)|uy(1)?

1 1
= 4(n?% - 16) / w2 (1) dr 4 24(n + 4) / T"ufl*_l(r)ufj(r) dr
0 0

48 4) (! .
S [t 2 ar
n — 4 0
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32(n+4) (1 s 9 g 3
+W/o PR Tl ()] dr
The third identity then follows by integrating by parts the second integral.

Finally, Lemma 20 states that, as d — 47, u/,(1) remains bounded and
ug(r) — 0 for all » > 0.

Remark 21. Instead of performing the change of variables (8.1) and using
the equation (8.2), one could also try to argue directly on equation (3.1).
In this case, one should replace the energy functional (8.3) with the one
suggested in [16]. More precisely, one can show that

2ru’ (1) (Au) (r) + (n — 4)u(r)(Au)’ (r)+

n—4

+nu' (r)Au(r) — ru® (r) — r|Au(r)|> =0 (rel0,1]) .

However, with this alternative approach it seems much more difficult to
obtain a result like Lemma 17, which is crucial in the proof of Lemma 20.
Moreover, although it is not a fundamental identity, (8.6) seems out of reach
without using (8.1).
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