ON THE FIRST EIGENVALUE OF A FOURTH ORDER STEKLOV PROBLEM

DORIN BUCUR, ALBERTO FERRERO, FILIPPO GAZZOLA

ABSTRACT. We prove some results about the first Steklov eigenvalue d; of the biharmonic operator
in bounded domains. Firstly, we show that Fichera’s principle of duality [9] may be extended to
a wide class of nonsmooth domains. Next, we study the optimization of d; for varying domains:
we disprove a long-standing conjecture, we show some new and unexpected features and we suggest
some challenging problems. Finally, we prove several properties of the ball.

1. INTRODUCTION

For any open bounded domain © C R" (n > 2) with Lipschitz boundary, consider the fourth
order Steklov boundary eigenvalue problem
A%y =0 in Q
(1) u=20 on 0N
Au—du, =0 on 0f)

where d € R and u, denotes the outer normal derivative of u on 92. By a solution of (1) we mean
a function v € H2 N H} (Q) such that

(2) / AulAv dx = d/ uyvy, dS Yo € H> N HL(Q).
Q o0

An eigenvalue of (1) is a value of d for which (2) admits nontrivial solutions, the corresponding
eigenfunctions. Let dj (€2) be defined by

|Aul? dz
(3) d1 (Q) = inf /Q

“ / udS
a9

where the infimum is taken over all functions v € [H? N H}(Q)] \HZ (). If the infimum in (3) is
achieved then d; (2) is the first (smallest) eigenvalue of (1) and the corresponding minimizer w is
the first eigenfunction.

Elliptic problems with parameters in the boundary conditions are called Steklov problems from
their first appearance in [25]. In the case of the biharmonic operator, these conditions were first
considered by Kuttler-Sigillito [17] and Payne [21] who studied the isoperimetric properties of the
first eigenvalue di. As pointed out by Kuttler [15, 16], dj is the sharp constant for L? a priori
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estimates for solutions of the (second order) Laplace equation under nonhomogeneous Dirichlet
boundary conditions. More recently, the whole spectrum of the biharmonic Steklov problem was
studied in [8] where one can also find a physical interpretation of d; and of the Steklov boundary
conditions. We also refer to [4, 5, 10] for some related nonlinear problems and for the study of the
positivity preserving property of the biharmonic operator under Steklov boundary conditions. In
this paper we study the first Steklov eigenvalue d; from several points of view.

In Section 2.1 we state that a function u € [H? N HJ(Q)] \ H3(Q) which achieves equality in
(3) exists provided the domain € is either smooth (C?) or satisfies a geometric condition which is
fulfilled if © has no “reentrant corners” (for instance, if € is convex).

With a suitable scaling, one sees that di(kS2) = k~1d;(Q) for any bounded domain © and any
k > 0 so that dy(kQ2) — 0 as k — oo. This fact suggests that d;(£2) becomes “smaller” when the
domain  becomes “larger”. Problem 1.9 in [8] raises the question whether the map Q +— d;(Q) is
monotone decreasing with respect to domain inclusion. On one hand, in view of the validity of such
property for several “similar” maps (for instance, the first Dirichlet eigenvalue of —A), it would be
reasonable to expect a positive answer. On the other hand, since functions in the space H? N H&(Q)
allow no truncations and no trivial extensions outside (2, it also appears reasonable to expect a
negative answer. In Section 2.2 we show that the answer is negative.

Due to the above mentioned homogeneity, one is then led to seek domains which minimize d; (2)
under suitable constraints, the most natural one being the volume constraint. It is known since
Faber-Krahn [7, 13, 14] that under such constraint the minimizer for the first Dirichlet eigenvalue
of —A is a ball. Smith [23] stated that the same holds true for d;, at least for planar domains.
But, as noticed by Kuttler and Sigillito, the argument in [23] contains a gap, see the “Note added
in proof” at p.111 in [24]. A few years later, Kuttler [15] proved that a (planar) square has a first
Steklov eigenvalue d; which is strictly smaller than the one of the disk having the same measure;
the estimate by Kuttler was recently improved in [8]. Therefore, it is not true that d;(2*) < d;()
where * denotes the spherical rearrangement of . For this reason, Kuttler [15] suggested a
different minimization problem with a perimeter constraint; in [15, Formula (11)] he conjectures
that a planar disk minimizes d; among all domains having fixed perimeter. He brings numerical
evidence that on rectangles his conjecture seems true, see also [18]. In Section 2.2 we show that
also this conjecture is false and that no optimal shape for d; exists since its infimum is zero under
perimeter constraint in any space dimension n > 2. Our argument shows that cylinders with “small
holes” have arbitrarily small d;. In Problem 1 we suggest a new different optimization problem
under the convexity constraint.

The question of stability of the first eigenvalue for small geometric perturbations of the disk is
discussed in Section 2.3. In Theorem 6 we prove that the first eigenvalue of the Steklov problem
on circumscribed regular polygons converges to the first eigenvalue of the disk, when the number of
edges goes to infinity, hence no ”Babuska paradox” holds. Finally, we state that, although the ball
has no isoperimetric property, it is a stationary domain for the map 2 + d; () in the class of C*
domains under smooth perturbations which preserve measure.

This paper is organized as follows. In the next section we state our main results; those are divided
in three subsections (existence of minimizers, shape optimization, stability and stationarity of the
ball). In Section 3 we set up the functional analytic framework. Sections 4-9 are devoted to the
proofs of the main results.

2. MAIN RESULTS

2.1. Existence of minimizers. We start with a definition taken from [1]:
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Definition 1. We say that an open domain Q@ C R™ satisfies the outer ball condition if for each
p € 0N there exists an open ball B C R™\ Q such that p € 0B. We say that it satisfies the uniform
outer ball condition if the radius of the ball B can be taken independently of p € 0f).

It is clear that if 99 is smooth (C?) or if ) is convex, then ) satisfies the uniform outer ball
condition. The following existence result for a minimizer of d; (2) holds true:

Theorem 1. Assume that 2 C R"™ is an open bounded domain with Lipschitz boundary which
satisfies the uniform outer ball condition. Then di (Q) admits a positive minimizer u € [H? N
HE(Q)\HE(Q) which is unique up to a constant multiplier.

Theorem 1 is already known in the case 92 € C?, see [4, 8, 9]. As far as we are aware, there are no
counterexamples to the existence of a minimizer for d; (2) when €2 does not satisfy the uniform outer
ball condition. However, in view of [19], we believe that a minimizer might not exist in domains
with a concave corner.

Next, we recall from [8, 9] an alternative characterization of d;(£2). Let

C%{(ﬁ) = {0602(5); Av=0in Q}
and consider the norm defined by [|v ; := [|v] 12(9q) for all v € C% (Q) . Then define

H := the completion of C% (Q) with respect to the norm ||| ;.

Since © is assumed to have a Lipschitz boundary, by [12] we infer that H ¢ H'/2(Q) c L? ().
Therefore, the quantity
h*dS
61(Q):= inf 92
heH\{0} / W2
Q

is well defined. This minimization problem was previously studied in [8, 9] assuming that 9Q € C2.
Here we prove

Theorem 2. If Q C R" is an open bounded domain with Lipschitz boundary, then 61(2) admits a
minimizer h € H\{0}. If we also assume that Q0 satisfies the uniform outer ball condition then this
minimizer is positive, unique up to a constant multiplier and §; () = di ().

2.2. Shape optimization. We are here interested in studying the map Q — d;(£2) when ) varies
in suitable classes of domains. We first consider a class of cylinders:
Theorem 3. Let D. = {z € R? ¢ < |z| < 1} and let Q. CR™ (n > 2) be such that
Q. =D, x (0,1)" 2 ;
i particular, if n = 2 we have Q. = D.. Then,

lim dy () = 0.

e—0t
This statement has several important consequences. Firstly, it shows that d;(€2) has no optimal
shape under the constraint that €2 is contained in a fixed ball:
Corollary 1. Let B = {z € R"; |x| < R}. Then, for any R >0

ngnngl (Q)=0
where the infimum is taken over all domains @ C Bpg such that 02 € C* if n = 2 and 08 is
Lipschitzian if n > 3.
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The difference of regularity between dimensions n = 2 and n > 3 is that 0{); € C°° whenever
n = 2 while 0€). is just Lipschitzian whenever n > 3; in the latter case, {2, satisfies the uniform
outer ball condition with radius R = €.

A second consequence of Theorem 3 is that it disproves a conjecture by Kuttler [15] which states
that the disk has the smallest d; among all planar regions having the same perimeter; this forces
us to propose two alternative problems suggested by Theorem 3 and Corollary 1:

Problem 1. Denote by B the unit ball in R™. Consider the following minimization problems:

4 inf dy (2

(4) oinf d1(©)

where Mp is the family of all convex domains Q C R™ such that || = |B| and
5 inf d; (2

) n (@)

where Pp is the family of all conver domains @ C R™ such that |0Q| = |0B].
Does there exist an optimal shape for the minimization problems (4) and (5)? If an optimal shape
for (4) exists, we know it is not the ball.

Theorem 3 also gives an answer to Problem 1.9 in [8] and shows that the map Q — d; () is not
monotone decreasing with respect to domain inclusion.

Finally, Theorem 3 raises several natural questions. Why do we consider an annulus in the plane
and the region between two cylinders in space dimensions n > 37 What happens if we consider an
annulus in any space dimension? The quite surprising answer is given in

Theorem 4. Let n > 3 and let Q° = {x € R"; ¢ < |z]| < 1}.
(7) If n =3 then
lim d; (Q°) = 2.

e—0t
(i) If n > 4 then

lim d; (2°) = n.

e—0t

Theorems 3 and 4 highlight a striking difference between dimension n = 2, dimension n = 3 and

dimensions n > 4. This difference may find some explanation in the capacity of a domain whose
behaviour strictly depends on the space dimension. But more surprises are in order... Since the set
QF is smooth, by Theorem 2 it follows that d;(Q°) = §1(Q2°). Moreover, since our proof of Theorem
4 uses radial harmonic functions h = h(r) (r = |z|), we may rewrite the ratio defining d;(€°) as

2
f 5 iy s et |

| #e / (b

€

In this setting, we can treat the space dimension n as a real number. Then, we prove

Theorem 5. Let ¢ € (0,1), let K. = {h € C?([¢,1]); B'(r) + =21/ (r) = 0, r € [e,1]} and, for all
€ [1,00), let

(h(1))* + =" (h(2))*

'75(”) = 1
/ (h(r))2r"Ldr

 heK-\{0}



Then,

2 if n=1
. )0 if 1<n<3
Im(n) =49 =3

n if n>3.

Theorem 5 shows that dimensions n = 1 and n = 3 are “discontinuous” dimensions for the
behaviour of 7. This is due to the asymptotic behaviour of some trial functions, see the proof. But
we have no physical explanation of this fact.

2.3. Stability and stationarity of the ball. The convergence of the spectrum of elliptic operators
with Dirichlet boundary conditions on varying domains can be handled, in general, via the Mosco
convergence of the corresponding functional spaces, see [6, Chapters 4-6]. In our case two difficulties
occur: on the one hand the spaces under consideration are H2 N H{(Py) and, in view of Babuska’s
paradox [3], it is not clear whether a suitable Mosco convergence holds for the entire spaces and, on
the second hand, the Steklov boundary condition (producing a boundary integral in the denominator
of the Rayleigh quotient) requires a strong geometric convergence (namely a very fine topology) in
order to preserve the perimeter.

We show that we do have stability of the first eigenvalue on the sequence of regular polygons
converging to the disk:

Theorem 6. Let n = 2 and let { Py} be a sequence of regqular polygons with k edges circumscribed
to the unit disk D centered at the origin. Then

We stated Theorem 6 in a particular situation because in this case the computations can be
performed explicitly and because it is of some interest to compare this result with Babuska paradox.
Nevertheless, we expect that the continuity of d; is ensured on more general sequences of convex
bounded domains converging uniformly (in the Hausdorff topology) to a bounded convex domain.

For any multi-index o = (a1, ...a,) € N let |a] = >, a; and for any real smooth function u
defined in R, let

olely
U= ——ar—Fa-

81'1 R awnn

Then, for any k£ > 1 denote by
CF(R™R") = {0 = (01,...,00) : 9%0; € C°N L (R") for any 1 <i <nand 0 < |a| < k}
the Banach space endowed with the norm

0]|cr = max sup |096;(x)].
b 0<|a|<k geRn
1<i<n
The next statement shows continuity of the map Q +— d; (£2) under smooth perturbations:
Theorem 7. The map Q — dy () is continuous with respect to C? diffeomorphism of R™ in the
sense that for any fired domain Qo with C? boundary we have: for any e > 0 there exists 6 > 0
such that for any 6 € C¢ (R™;R™) with ||9||Cg < ¢ we have |dy (I +6)(Q)) —d1 ()| < e. Here I

denotes the identity map in R™.

Finally, let us explain what we mean by a stationary domain:
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Definition 2. Let k > 1 and let Qo C R™ be an open bounded domain with 0y € C*. We say that
Qo is a stationary domain with respect to C’f (R™; R™) volume preserving deformations if for any
map v € C* ([0,1]; CF (R";R™)) such that

7(0) =1 and |y(t)(Qo)] = Q0] vt € [0,1],

we have J
%dl (v (2) (QO))\t:O =0.
We prove the following
Theorem 8. The unit ball B C R™ is a stationary domain with respect to Cif (R™;R™) volume

preserving deformations.

The volume preserving assumption in Theorem 8 is crucial: indeed, we know that kd; (kB) =
dy (B) so that the unit ball is not a stationary domain with respect to such a kind of deformations.
3. PRELIMINARIES

We first endow the space H? N Hg () with a Hilbert structure:
Lemma 1. Assume that §2 is a Lipschitz bounded domain which satisfies the uniform outer ball
condition. Then the space HQDH(%(Q) becomes a Hilbert space when endowed with the scalar product

(6) (u,v) := /QAuAv dx Yu,v € H> N HL(Q).

Proof. Since H2N H{ () is a closed subspace of H2((2), it is a Hilbert space when endowed with the
scalar product of H?(Q). In view of the assumptions made on €2, we know that elliptic regularity
estimates hold for the second order Poisson equation

—Au=f inQ
(7) { u=0 on 0f).

In particular, if f € L?(Q2) and u € H} (Q) is a solution to (7), then u € H? (Q) and

lull gz < C Il e

for a suitable constant C' independent of f, see [1]. Hence, by the Closed Graph Theorem it follows
that the norm defined by (6) is equivalent to the norm induced by H?() so that H? N H}() is a
Hilbert space also when endowed with (6). O

We now consider the following linear variational problem: given F' € (H In H&(Q)), find v €
H? N H(Q) such that

(8) / AuAv dx — d/ uv, dS = (F,v) Vo € H*N HY(Q).
Q o0N

Since  is a bounded Lipschitz domain, by [20, Theorem 6.2, Chapter 2|, we deduce that the
boundary integral in (8) makes sense and that the linear map

(9) H*NH(Q) — (L*(09))"

u — Vulgg
is well defined and compact. On the other hand, the normal derivative to a Lipschitz domain is
defined almost everywhere on 99 so that u, € L?(9Q) for any u € H? N HZ(Q). Then, we can
prove
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Lemma 2. Let F € (H*N H&(Q))/ Then problem (8) admits a solution v € H* N HY(Q) if and
only if (Fyux) =0 for any solution u, of (2).

Proof. Let T, Z be the linear operators implicitly defined by

(Tu,v) = / AuAv dx Yu,v € H> N H(Q)
Q

(Zu,v) = /89 uyvy, dS Vu,v € H>N HY(Q).

Then, T € £ (H? N H(Q); (H*> N H(2))') , namely T is a linear continuous operator. By the Riesz
Representation Theorem in Hilbert spaces we know that T' is an isomorphism, i.e. T~! exists and
T—' e £L((H*NH(Q))'; H* N H{(Q)). Moreover, the compactness of the map (9) implies that Z

is a compact linear operator from H? N H{ () into (H%N H&(Q))/

Next, consider the compact linear self-adjoint operator K : H2 N H}(Q) — H? N H(Q) defined
by K =T~ 'Z. If we denote by I the identity in H? N H}(2) we have for any d # 0 and pp = d~*
(10) K—pul = —uT™ (T -d2Z).

Problem (8) is equivalent to find w € H? N H(Q) such that (T —dZ)u = F and, by (10), to
(K —ul)u = —puT~1F. By the Fredholm alternative applied to K we infer that this equation is
solvable if and only if T~'F eKer(K* — pul)™ =Ker(K — pI)* . In view of (10), this means
(T7'F,u.) =0 Vu, € Ker (K — plI) = Ker (T — d2)
and, in turn,
(Fyu.) =0 Vuy, € Ker (T'—dZ) .
Finally, it is clear that u, €Ker(T — dZ) if and only if u, solves (2). This completes the proof. O

4. PROOF OF THEOREMS 1-2

Proof of Theorem 1. Let {u;,} be a minimizing sequence for dy () with [|Aum |2y = 1 so that

{um} is bounded in H? (). Up to a subsequence, we may assume that there exists u € H?N H} ()
such that u,, — u in H? (), see Lemma 1. Then, since (2 is Lipschitzian and satisfies the uniform
outer ball condition, the map in (9) is compact and we deduce that (), — u, in L% (09).

On the other hand, since {up,} is a minimizing sequence, ||[Aup |2 =1 and ||(um)y||L2(8Q) is
bounded then d; (€2) > 0, u, is not identically zero on 02 and

HUVHL2(5)Q) = W}E)noo (), HL2 09Q) = dy ().
Moreover, by weak lower semicontinuity of the norm, we also have

||AU”?;2(Q) < ligijglof ||Aum||%2(§z) =1
and hence u € [H? N H(Q)] \H3 (Q) satisfies

Aul)?

| !LQ(Q) < d ().
||Uu||L2(aQ)
This proves that u is a minimizer for d; (2). Uniqueness up to a constant multiplier follows by
arguing as in [4]. O
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Proof of Theorem 2. In the first part of this proof, we just assume that  is a domain
with Lipschitz boundary. Let {h,} C H\ {0} be a minimizing sequence for ¢; () with ||hn|; =
Iml L2(90) = 1. Up to a subsequence, we may assume that there exists i € H such that hy, — h
in H. By regularity estimates [11, 12], we infer that there exists a constant C' > 0 such that

HhHH1/2(Q) <C ||h||L2(8Q) Vh € H

so that the sequence {h,,} is bounded in H'/?(Q), h,, — h in HY/?(Q) up to a subsequence and,
by compact embedding, we also have h,, — h in L? (). Therefore, since {h,,} is a minimizing
sequence, [|Aml| 290y =1 and [[hml|2(q) is bounded then 6, (©2) > 0, h € H\ {0} and

—92 . -2
HhHLz(Q) = nlgnoo ||h’mHL2(Q) =01 ().
Moreover, by weak lower semicontinuity of ||| ;; we also have
2 2 . 2
113 oy = 101 < mmind [l 3 = 1

and hence h € H\ {0} satisfies
17117250

01 ().
ey
This proves that h is a minimizer for d§; (Q2).

In the rest of the proof, we make the further assumption that €2 satisfies the outer ball condition.
Under this condition, by Theorem 1 we have the existence of a minimizer for d; (2). The fact
that 6; (2) = d; () follows by arguing as in [8, Section 5]: in particular, there is a one-to-one
correspondence between minimizers of d;(2) and d;(€2) so that uniqueness of a minimizer for §; (2)
up to a constant multiplier follows from Theorem 1. O

5. PROOF OF THEOREM 3
For any ¢ € (0,1) let w. € H?> N H}(D.) be defined by

I =

11 — 1 D..
(1) wela) =+~ o logla| Ve e D,
Then we have
Awg:_l iIl QE
and )
2 |JJ’ 1—62 1 —
== — V. Q
Ve ()] <2 +4log6|x] TE e
so that
/ |Aw5\2d:c:7r(1—€2)
Qe
and
1 1-¢2\? e 1-¢2\?
12 2 18 =2 Z 9 s
12) /asza(wg)y F<2+410g5) +ame <2+4510g5>
1 1
=2 ) +0( 2>—>+oo ase — 0T,
elog”e elog®e



It follows immediately that

/ |Aw,|* dx:
lim dy () < lim 2%

e—0t e—>0+/ (ws)i ds
00

This completes the proof of the theorem for n = 2.
We now consider the case n > 3. Let

= (H 7 (1— I‘i)) we (21, 22) Va € Qe
i=3

where w; is as in (11); note that u. vanishes on 9Q. and u. € H? N H&(QE). Then, we have

Au, = — Hl’l i) — 2w (1, x2) zn:ﬁm (1 —x)

]: 1=3
i#]

=0.

(with the convention that [[;c4 8; = 1) and

n n
/|Au5| dx<2/ H.CU (1 —x;) dw+8/ w2 (z1, 22 ZHJ} 1—:1:Z dx ;
Q

€ 4=3 7j=3 i=3

7]
hence, since |w.(z)| < 3 for all € D,, there exists C > 0 such that
(13) / AwfPdz<C  Vee(0,1).

£

On the other hand, we have

Pl = Lot [(222) + (2e)
ue|" = | x7 (1 — z;

€ i3 ! ! 8901 8$2
and since w, vanishes on 0D, we obtain

/ (ue), dS = Vue|* dS > / Vue|*dS
e 90 8D x(0,1)"2

2/ (we)y, 245 - H/ (1 —;) dwi—>—|—oo
0D

as € — 07 in view of (12). Therefore, by (13) we obtain

/ |Aug|* da
Qe

(UE)Z s
Qe

+ (1—21‘] (z1,x2) Ha: 1—56,
=3

Z#J

lim d; () < lim

e—0t e—0t

=0

which proves the theorem also when n > 3.
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6. PROOF OF THEOREMS 4-5

In Theorem 4 we assume that n > 3 is an integer, so that by Theorem 2 we know that d; (2¢) =
01 (Q°) for any € € (0,1) and that §; (€°) admits a unique minimizer h. up to a constant multiplier.
By the symmetric structure of )¢, we deduce that h. is necessarily radially symmetric. Moreover
by Theorem 1.8 in [8], k. is not a constant function. Therefore

/ h2ds
61 (QF) =inf 28X

h / h2da
—€

where the infimum is taken among all radial functions h € C? (Q ) which are harmonic in Q°. If we
put r = |z| then any radial harmonic function h = h(r) belongs to the space K. and d; (2°) = v:(n)
for integer n, where K. and ~. are defined in the statement of Theorem 5. Therefore, if we prove
Theorem 5, also Theorem 4 follows.

Assume that n > 1 and n # 2, the case n = 2 being already established in Theorem 3. It is
straightforward that any nonconstant h € K., up to a constant multiplier, has the form

(14) ha(r) =1* " +a vr e e, 1],
for some a € R. Hence, if we define

1
No(a) i= (0P + & o) Dela)i= [ (har)

then, by direct computation we obtain

(15) N.(a) = (14" N a*+2(1+¢e)a+ 1+,
1 1—e™ 2 2 1—g4n :
_ _ ==a*+(1—-¢e%)a+ ifn#4
16 D.(a) = 3T 4 2ar + a2 ) dr = n, @ 4=n
(16) (o) /s( ) %a2+(1—52)a—log5 ifn=4.

Let g-(a) := gzgzg so that

Ye(n) = min g.(a) .
a€R

To study this minimization problem, we need the following simple fact: let o, 3,v, A, 4, v € R, then
2 2
as®+ Bs+ ap — BA)s* +2(av —y\)s + (Bv — yp
P ey = (e BN 20w s+ (3 =)
As® + us +v (As? 4+ ps +v)

In the rest of this proof we distinguish several cases according to the value of n.

(17)

The cases 3 <n <4 and n > 4. According to (15)-(16), in this case we have

(1+e"Ha>+2(1+e)a+ (1+>7)
gE(a) = 1—em 9 2 1—gd—n
a® + (1 — & )CL + A—n_

n
and, by (17), we have
(18) g(a) =0 <= A.a* +B.a+C. =0,
where

(19) A= (14" Ha-€%) - 21+ 5)n(1 —£") 7
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204 hHa -t 2141 - ™)
(20) B. = e - n ,

(21) Coom P 1y omya )

Since Ac > 0 for € < 1, (18) shows that g. achieves its global minimum at

—B. + /BZ — 4A.C.
24 '

€

Qe :=

Then, as € — 0T, we have
n—2

A, = +o(1), B, = —%63_" +o0 (63_”) , C.=—-&"40 (63_”) .

Since A; > 0 for € < 1, (18) shows that g. achieves its global minimum at

—B: ++/B?—-4A.C 2 5, 3_n
= £ 94 E = € +o(5 )

e n—2

Qe

Finally, we obtain

(I+e" a2 +2(1+e)ac+ (L +5™) ﬁe&zn + 0(e572m)

g (a‘ ) = n —n - _ _
e \Ue l—ns ag+(1762)a5+ 126_4” n(nLiZ)QEG 2n+0(€6 Qn)

so that
lim 7e(n) = lim ge(ae) =n  Vn € (3,4)U (4,00).
The case n = 4. In this case, by (15) and (16), we obtain
(1+e¥a? +2(1+¢e)a+ (1+e71)
gela) = %cﬁ%— (1—¢e2)a—loge

and, according to (17), we have again (18) but now with

A= (1+83)(1—€2)—W :%+0(1) ;
Wrei=e) Loy
Coi=—2(1+e)loge —(1+e (1 -e?)=—-"+o0(c),

as ¢ — 0T. Since A, > 0 for € < 1, we know that g. attains its minimum at

1.1 -1 1.2 -2
 —B.4+/BE—4AC. 3¢ toleT)Hy/ze?Hole™?) .
= 54 = e 4o(e ).

B. := —2(14¢%)loge —

Qe

e 1+ 0(1)
Hence,
oe(a0) = (1+ 53)4ag +2(1+¢e)as + (1 +e7h) _ 1+ 63)(6_2 + 0(e7?))
L2a2 + (1 —e2)a. —loge =22 4 p(e72)
and

lim 7.(4) = lim g.(a.) = 4.

e—0t e—0t
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The case n = 3. In order to compute N, (a) and D.(a), it is sufficient to replace n = 3 into (15)
and (16). Also A., B, C: may be obtained by replacing n = 3 into (19) (20) (21). But now the
asymptotic estimates as € — 0" become

1 2
A€:§+O(1), B€:§+O(1),

while C; = 0 for any ¢ € (0,1). As in the previous cases, we infer that g. achieves its global
minimum at a. = 0 and

lim 7%(3) = lim g.(0) = lim

The cases 1 < n < 2 and 2 < n < 3. In these cases, we obtain the following asymptotic
expansions as € — 07
n—2 4(n — 2) n—2
A = 1 B.=———= 1 Ce =
€ n +O()7 € n(4—n)+0()’ € 4—n

Note that A., B:,C: > 01if 2 < n < 3 whereas A., B.,C. < 0if 1 < n < 2. However, in both these

situations we have
_ —B.++/B2-4A.C.
— o7 —

€

+o(1) .

~1+40(1)

Qe

as € — 0. Therefore, we obtain

li = 1 =0 Vne(1,2)U(2,3).
Jim 7e(n) = lim g.(ac) ne(1,2)U(2,3)

The case n = 1. In this case, we have A, =0 and, as e — 0T:

2 1
B.=—-+40(1), C.=—-+0(1).
3 3
Therefore, the function g. admits a maximum for a = —C./B. = —1/2 4 0o(1) and no minimum.

This fact has a simple explanation: the function h, introduced in (14) is not correct if n = 1 since
minimizers for J; in intervals are constants, see [4, 8] for the details. This corresponds to the case
a = oo in (14). Since g-(a) tends to 2 at infinity, we have

lim 1) = 2.
et '78( )

7. PROOF OF THEOREM 6
We start with the following

Lemma 3. Let {P;} be the sequence of polygons as in the statement of Theorem 6. If u € HE(Py)
and Au € L?(Py) then u € H?(Py) and moreover there exists a constant C > 0 independent of u
and k such that

[l z2(p,) < CllAul|r2(py)-
Proof. Using the notations of [1], for any k > 3 we define the function [ such that
P, = {(z,y) € R? (x,y) = (rcosf,rsinf), 0 <r < B(0), 0 <6 < 2n}
and the radii of the inscribed and circumscribed disk:

pox = min Br(0), pik = max Br(0)
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We prove some uniform estimates of the Lipschitz constant for §i. It is not restrictive assuming
that one of the vertices of the polygon P lies on the x7 axis so that it is enough to study the
function [, in the interval [0, 27 /k|. We have

V1 4+ tan?0 Vo [0 27r]
COS%(tan%tan9+1) k|

By elementary computations one sees that

B (0) =

Br(0) =

tanf — tan%

2T
Vo € <0, >
COS%COSQH'\/l—FtanQQ-(tan%taﬂ9+1)2 k

and

tan? T 4+ 2) tan?6 — 2tan T tanf + 2tan® T + 1 2
ﬁ;’é(@)z( ) 7 L vee(o,”)
cos T cos* 6 (1 + tan?6)”'~ (tan T tan 6 + 1) k
Since 3 > 0 in [O, Qf} and since [y is symmetric with respect to § = 7 /k then [ achieves the

maximum slope as § — 07 and as § — (2%)7, ie.
M= swp [B(0) = lm [B0)| = lim [5,(0)] = ok
0c(0,27/k) F o0+ F 0—(2m/k)~ k Cos%

Hence, the Lipschitz constant M} for (i is uniformly bounded with respect to k. On the other

hand, we have
1

P
COSk

por =1 and  pip =
Moreover, the uniform outer ball condition for Py is satisfied by a radius R > 0 independent of k.
Finally, if we choose pu(z) := 6*1/‘“2:6, then there exists 4 > 0 independent of k such that
w-v>9 on OF.
Then [1, Lemma 4.6] and [1, Theorem 2.2] yield the desired estimate. O

For any k > 3 let uy € H?N Hy(Py) be a minimizer for d; (Py) such that |Aug | z2(p,) = 1. Then
by Lemma 3 we infer that there exists a constant C' > 0 independent of k such that

(22) |kl r2(py) < CllAugl|2(p,) = C

and hence if the restriction of ug to the unit disk D is still denoted by wuy then the sequence {uy}
is bounded in H?(D).

If {ug,, } is an arbitrary subsequence then up to extract another subsequence we may assume that
ug,, — w in H?(D). Our purpose is to prove that

(23) [, — [
APy, m dD

where v, and v denotes respectively the outer normals to 0P, and to 0D.
By Theorem 6.2, Chapter 2 in [20] we obtain

Vu, |op — Vulap in (L?(0D))?
so that

(24) | si— [
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Therefore in order to prove (23) we only need to prove that

(25) / s, - | o

In the next lemma we prove that convergence in (25) occurs for the initial sequence {uyg}.

Lemma 4. Let {uy} be a sequence of minimizers for di(Py) with ||Aug||p2(p,y = 1. Then
/ (ur)y, —/ (ur); — 0.
oP, oD

Proof. Let L be an arbitrary edge of the polygon Py and let S C 0D be the corresponding arc.
Since the set of minimizers for P, is a 1-dimensional vector space then wy is invariant under the
action of the group of symmetries of the polygon Pi. Therefore we have that

2 _ u 2 an u 2: u 2.
(26) /8 () =k /L (g, and /8D< Dp =k [

Up to rotations in the plane, it is not restrictive assuming that the edge Lj is horizontal so that
v = (0,1) on Lg and hence

as k — oo.

2

Ouy, dt.

tan -
27 ug)? :k/ —L (1
( ) /BPk( k) r —tan T 8332( )

On the other hand, we have

o 2
(28) / (up)? = k/2 ' %(COS 6,sin @) - cosf + %(COS 6,sinf) - sinf| df.
oD z_z |01 Ora
2 k
The rest of the proof is divided in several steps.
Step 1. We prove
T, 2
Iy ::/ (uk)?,—k:/Q 19U (056, 5i00)| do — 0
oD 5-3 |02
as k — oo. By (28) and Holder inequality, we have
5+ VAT e ks
|| <k [/ [2|Vug(cos 6, sin 9)|]2d9] [/ |Vug (cos 6, sin 0)]?[cos® 6 4 (1 — sin 9)2}(19]
37k Ik

<2fom(5-F)+1-en(5-F)] [

and by trace inequality
T . (T T 9
S 20 |:COS (5 — E) + 1 —sin (5 — E)] HUkHHQ(D) — 0
as k — oo since {uy} is bounded in H%(D).

After the change of variable § = arccost by (27) and Step 1, the statement of the lemma is
reduced to prove that

(29) k LGRS ) w3 (t,1)dt| — 0

fsin% \/1_752 —tan T

k

/ TR VI-P) /




as k — oo where we put v, = g—;’;.

Step 2. We prove that

/Sinz Gt V1I-8) /M
7sin% Vl_tQ —sin T

k

Iy =k vi(t, V1 —12) dt

— 0

as k — o0o. We have

sin I t2 2.[: 1_t2 sin T Qt /1_t2
L=k [ " Uit v ) dtgk:sin27r-/ Cutvl—®)
g VI— (VI8 E)w: Vioe
—sin2 " / v? < sin? T. / |Vug|? < C'sin? T. vkl g2y — 0O
k- Jop k- Jop k
as k — oo.
Step 3. We show that
sin 7 ) tan 7 )
Ly = k / (/1= 82) dt—/ (6 V1= 8) dt| — 0
—sin 7 —tan 7
as k — 0o. By the symmetry properties of u; and Holder inequality we have
™ 1/q
tan 7 1/¢ tan
I3, = 2k vi(t, /1 —t2)dt < 2k (tan% — sin %) </ |k (t, V1 |2th>
sin 7 sin 2
and by trace inequality
T Com\1/d T w4
<2k (tan 7 ~sin E) ””kH%%(aD) < Cyk (tan 7 ~sin E) Hkaip(D)
T Com\ /4
(30) < Cyk (tan 7 ~sin E) HukH%Ig(D)

15

for some constant Cy > 0 depending only on ¢. Since n = 2, we may choose ¢ > 2 so that (30)

tends to zero as k — oc.
Summarizing, by (29), Step 2 and Step 3, it remains to prove that

tan 7 tan 7
/ v2(t, /1 —t2) dt — / v2(t,1) dt
—tan 7 —tan 7

as k — 0o. We proceed as follows.

(31) I4k =k

— 0

tan = V1-t2 2 tan = 1 2
I4k:k/ ‘ vk(t,O)—i—/ OOk (4 ) dt—/ ‘ [Uk(t,oH/ M(t,m)d@}
—tan T 0 81‘2 —tan 7 0 6$2

tan = 1
<2 [ oo ([ |5 )| ) a
—tan 7 V12 Oz
tanf 8Uk V1—t2 v Uk
—i—k/ t,x d:l;+/ t,xo)dx / t,x9)dxso| dt
—tan T |J0 Ox 2( 2) ? 0 Ox 2( 2 ? V1-t2 8932( 2) 2

dt
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2
dl‘z) dt)
k k
tan T 2 1/2 tan T 1 2
+k / * (2 / Ovk dx2> dt / ' ( / Ovk dx2> dt
—tan T 0 |02 —tan = \JVI—iZ Oxs

Since the sequence {v;} is bounded in H'(D) then by Sobolev embedding H!(D) C L*(D) we
have that {vg} is bounded in L®°(D) and hence using again Holder inequality we obtain

and by Holder inequality

tan T 1/2 tan T 1 1/2
< 2k (/ ) |vk<t,0)l2dt> (/ ) (/ Oui
—tan T —tan T val

81‘2 (t $2)

1/2

—— (t,x2) - (t,@2)

ﬁ 1/2
1/2 tan T 1
I < 22k = ) (tan ) / . \/1—t2)/ 0 (o et
k —tan% V1i—¢2Z | 0T2
1/2 tan T 1 1/2
+2k / / OV (4 1) dxg dt / -1 —t2)/ OV (1 19) dazg dt
tan T ax? —tan T iz | 0x2
1/2
T\ 1/2 1/2 tan T 8Uk
< Z _ _
< Ck <tank) (1 \/1 — tan? ) /tan /1 - E. (t,x2) da:gdt
1/2 tanf avk 2 1/2
+2kHUkHH1(Pk) <1 - “1 - tan ) (/ tan /1 = 8952 t xg) dl’Q dt) .

Since ||vkll g1 (py) < llukllg2(p,) is bounded in view of 22 and

T 2 B B
1-— 1—tanz Nﬁk +o(k™7),

then in order to prove that I4; converged to zero as k — oo it is sufficient to show that

us
/tan I /1 avk
—tan V1-—t2

0xo
as k — oo. This follows immediately from the fact that

. /tan % /1 8’0
—tan V1-t2

Oxa
for some positive constant independent of k. O

(t xg)

2
da?2> dt — 0

k

2 FYE:
t,x dro | dt < 3/
( 2) 2 - P 8£U2

di < 3llui 2y < €

By Theorem 2 we have for any k

h2

) / OPy|

di(Py) = 61(Py) = on_ |
(PO =8P =, i < o

Py

and hence

32 lim sup di(P) < limsu i 2.

(32) p di(P) p

k—00 koo | Pkl
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In particular we have that the sequence d;(Py) is bounded.
By (24), (25) and Lemma 4 we have along a subsequence {uy, } satisfying uy, — u in H?(D) as

m — o0
2 2
/ (ukm)ukm - Uy
oP.,, oD

/ ug >0
oD
since di(Py,,) is bounded and

/ (w2, = di(Pe) / Aug, P = di(Py,)
(9Pkm %

m

which yields

Finally we have

[, 18l [ 1o, [ e
(33)  liminf di(Py,,) = liminf —tm D > /D 3

> lim inf

m—0o0 m—0o0 2 m—0o0 2 - 2 -
/ ()2, / ()2, / a2
oPy,, oPy,, aD

Then (32), (33) imply that along the initial sequence we have
k—o0

so that the proof of the theorem is complete.

8. PROOF OF THEOREM 7

Let 6 € (0,1/(2n?)), so that
1
10 (21) = 0 (22)] < 0?[|0]|c a1 — 22| < 5 21 — 2] Vay,zp € R"

for any 0 € CZ (R™; R™) with ||9||C§ < 0. Then by the Banach Fixed Point Theorem and the Local

Inversion Theorem we infer that the map I + 6 is a diffeomorphism of R” of class C? for any
6 € C? (R™;R™) which satisfies ||9HC§ < 4. Put Q = (I +0)(Q) and assume that w is a minimizer

for dy (©2) which satisfies
(34 / [|D%w] + |Vl de < 1, / WS < 1.
& 0

Let u € H? N HE (Qo) be given by u =w o (I +6) in Q. Then we have

_ n n %W oI +0),0(I+ Q)j ow aQ(I + 9)]’ ‘
e Z { [Z (833/%3333‘ U+ 0)) ox; oz + ( oI+ 9)) } in Qo

3,j=1 k=1 J i

so that
(33) AT~ (AW) o (1 +0)] < C [16]2 | (D*®) o (I +6)] + 6]z |(V@) o (1 +6)]| im0

where C is a positive constant depending only on n. By (35) and Hoélder inequality we have

/\Au|2dx§/ (AW) o (T +0) da
QQ QO
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120, Uﬂ [H@H%g|(D2w)o(I—l—H)\—|—H€||Cb2](Vw)o([—i—&)\rdx]l/z UQ (AT o (T+0)Pds|

(36) +c%/Q (1002 | (D) o (1 + 0)] + 0]z |(V) o (1 + 0)]]d

On the other hand, since the determinant is a locally Lipschitz function with respect to any norm
in the space of matrices, for any € € (0,1) we may choose ¢ € (0, ) small enough such that

(37) |det (J(I+60)"'(y) — 1| <e Yy € Q

for any 6 with ||9ch2 < 0. Combining (34), (36), (37) and using the fact that ”9”03 <6 < e we

obtain
/ \Au|2d:c§/mw]2dy+a/ AT dy
Qo Q Q
) 1/2 1/2
+2C1 (1 +¢) </ [52 ‘DQE‘ + € |V@H dy> </ ]Aw|2dy>
Q Q
+C’12(1+5)/ % | D*w| + ¢ |[Vaw]]) dy
Q
(38) g/ |AT|* dy + ¢ (1 + 4Cy + 2C3) :/ AT dy + £Cs.
Q Q

On the other hand, after explicit computation of |Vu| we find
| [Val = [(Vw) o (I +0)] | < C3|0l|cz [(Vw) o (I +60)]  on 0

where Cj3 is a positive constant depending only on n.
Choosing § < 1/Cj5 so that 1 —Cj ||9||C§ > 0 for ”9”03 < 0, after integration over 9€)y, we obtain

2
(39) / ﬂzdsz > (1 —C5 ||9||02) / |(Vw) o (I + 9)|2d8x.
90 b 90

Using a local parametrization for 9€)y we prove that there exists a positive constant Cy > 0 de-
pending only on g such that

/ (V@) o (I +0)]>dS, > / Va(y) dSy — Callflcz 20 ¥ [0llcz <0
9% oN ’ ’

with § > 0 small enough. Inserting this estimate into (39) and using the fact that H9|]C§ <d<e
we obtain

(40) / w2 dS, > / W2 dSy, — £ (205 + Cy).
Qo o
Then, by combining (38) and (40) we infer

ATl do /yAw|2dy+502
(41) dy () < 2 < Q
/8 . w2dS, /8 . w2dS, — e (2C3 + Cy)

0

for a suitable constant Cs > 0 depending only on n and €.

< dl (Q) + 805
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On the other hand, we prove that there exists a constant Cg > 0 depending only on n such that
| (I+6)""— IHC,? < Cg0 for any 6§ € CZ (R™"; R™) with ||9HC§ < 0. Reversing the roles of 2 and €
by (41) we deduce that there exists a constant C7 > 0 depending only on n and £ such that

d1 (Q) S d1 (Q()) + 2’507
and hence we obtain
|d1 (Q) —di (Qo)| < EmaX{Cg), 07}

for any Q = (I + 0) () with HGHCg < 0 and 0 = § (¢) > 0 small enough. This completes the proof
of the theorem. O

9. PROOF OF THEOREM 8

Let B C R” be the unit ball centered at the origin and let u®(z) = 1 — |z|> be the unique (up to
a constant multiplier) eigenfunction associated to dy (B) (see [4]). For any 6 € Cj} (R™;R") let u?
be the unique positive solution of

A2l =0 in (I+6)(B)
(42) u? =0 on d((I+0)(B))
Aul —dy (I +6)(B))ul =0 on d((I +6)(B))
such that
(43) 1AW || L2 ((140yB)) = 2nV/|B| = [|AWY]| L2(m).-

Consider the functional 8 — d; (6) defined by

/ |Au? 2dx
(I+6)(B)

/ 1?2 ds
o((1+0)(B))

In the first part of this section we prove that the functional § — d; () is differentiable in a neigh-
bourhood of 6 = 0.
Let

(44) di(0) =di (I+0)(B)) = Vo € Cf (R™;R™).

1
— 4 (Rn. R") .
0= {0ect @R 10l < 1z
so that I 4 6 is a C*-diffeomorphism of R™ for any 0 € ©.

Let v/ = u? o (I + ) so that v/ € H? N H}(B) for any § € ©. Since 0 ((I +0) (B)) € C* and
since the Steklov boundary conditions satisfy the complementing conditions (see Lemma 15 in [4])
by elliptic regularity [2] we know that u® € H* ((I +6) (B)) and, in turn, also v’ € H* (B) for any
0 € 0.

Consider the transposed inverse matrix of the Jacobian of the map I + 0,

M) =1 @)= (Ta o) weo

and define the linear operator Ly by

. 0 ou _ .
(45) Lou = ]Zk:l M;; (9) o <M,»,€ 0 M) —A (u o (I+6) 1) o(I+6) inB
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for any smooth function u defined on B. Then the function v? solves the problem

L3v? =0 in B
(46) v’ =0 on OB
n 0
Lo’ —dy (6) Y2 00 (6) (Vo (14+6)) =0 on O (1 +0)(B)
ij=1 a:Ej

where ¥ = (4, ...,1/%) is the unit normal vector to the boundary d ((I + 6) (B)). Define the map
F:0xRx (H*NH} (B)) — L*(B) x H**(0B) x R
by

F(0,d,v) = | L2v, Lov — d§: (@<uc>1+9 /|Amcm

7]7
Note that the map 6 — M;; (6) is of class C' from © into C} (R™) for any 4,5 € {1,...,n} where
CF(R™) = {u:0 € C°NL>®(R") for any 0 < |a| <k},
see Section 1.3 in [22] for more details. This implies that the map F is of class C' in © x
Rx (H*N H{ (B)) .
Finally define the set
Z=1{(0,d,v) € © x Rx (H* N H} (B)) : F (0,d,v) = (0,0,2n” |B|)}

so that (0, dy (B) ,uo) € Z. By means of the Implicit Function Theorem we prove the following

Lemma 5. There exist a neighbourhood U of 6 = 0 in C’g1 (R™;R™), a neighbourhood V of
(di (B),u?) in Rx (H*N Hg (B)) and a map A : U — V of class C* such that (d,v) = A(6) for
any (0,d,v) € ZN (U x V). Moreover A (8 =0) = (dy (B),u’) with u® (z) =1 — |z|*.

Proof. The partial variation of the map F with respect to the the pair (d,v) takes the form

F(/d,v) (905 do, UO) [(d, U)] =

Lgov
81}0 81)
| Zaw dz M;; (6o) ( (I+90)) oS 5 Mo (90)( (I+90))
).7 1 ,j 1
/AUOAU dz
B
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We show that F(;  (0,d1 (B),u°) : Rx (H* N Hy (B)) — L*(B) x H*?(9B) x R is an isomor-

(d

phism. This is equivalent to show that for any f € L? (B), g € H*?(dB), a € R the problem
A2y =f in B

(47) v=20 on 0B

Av—dy (B)v, —dud =g on 0B

(48) / AulAv dz = o
B

admits a unique solution (d,v) € Rx (H*N Hj (B)). We prove this statement in two steps.
Existence of a solution of (47)-(48). We start by looking for a solution (d,v) € RxH? N H} (B)

of (47), i.e. a pair (d,v) which satisfies

(49)

/AvAwd:c—dl(B)/ vy w, dS:/fwd:Jc+/ (9+ du)) w, dS Vw e H* N Hy (B).
oB

By Lemma 2 we deduce that (49) admits a solution if and only if the following condition holds
(50) / fu® dz + / (9 + dul) uf) dS = 0.

Therefore if we choose d € R such that (50) holds true then there exists a solution v € H2N H{ (B)
of (49) and by elliptic regularity [2] it follows that v € H* (B). In general this function v does not
satisfy (48) but it is worth noting that if v solves (49) then for any A € R the function vy = v + Au’
is still a solution of (49). It is now sufficient to choose A such that (48) is satisfied. With this choice
of A the corresponding function vy € H* N H{ (B) solves (47)-(48).
Uniqueness for (47)-(48). In order to prove uniqueness for (47)-(48) it is sufficient to prove that

the associated homogeneous problem

A%y =0 in B
(51) v=20 on OB

Av —dy (B)v, —dul =0 on OB

(52) / AuAv dz =0
B

admits only the trivial solution (0,0) € Rx (H* N H} (B)). The corresponding variational formu-
lation for (51) is

(53) / AvAw dx — dy (B) / v, dS =d / udw, dS Vw e H*N H) (B).
B oB oB

Choosing w = v in (53), by (52) and using the fact that u" is an eigenfunction of d; (B), we obtain

/|Av| dx = dy (B )/ 2dS+d/ ulv, dS
OB

=d; (B) / v2dS + / Au’Av dx = dy (B) / v2dS.
oB dy (B) B oB

Therefore, if we assume by contradiction that v is not identically equal to zero then we infer that

v € H>N H} (B) is a minimizer for (3) and since d; (B) is a simple eigenvalue then v coincides with

u® up to a constant multiplier. This contradicts (52) and hence v = 0.




22 DORIN BUCUR, ALBERTO FERRERO, FILIPPO GAZZOLA

Choosing w = u” in (53) and using the fact that v = 0 we conclude that d = 0. This completes
the proof of uniqueness.

We may conclude that F| (' d.0) (O, dy (B) ,uo) is an isomorphism and since the map F is of class C!
in © x Rx (H ‘NH (B )) Hence, the statement of the lemma follows from the Implicit Function
Theorem. ]

In the next statement we show that if A (0) = (d(0),v (0)) is the map found in Lemma 5 then
d(0) =dy (0) and v (0) = u¥ o (I +0) with v’ as in (42). We recall that d; () is defined in (44).
Lemma 6. Let A : U — V' the map found in Lemma 5 and let d (8) be such that A (0) = (d(0),v (0))
for any 0 € U. Then there exists a neighbourhood UcU of 0 = 0 with respect to the topology of
C (R™R™) such that d(0) = d1 (0) and v () = u® o (I +0) for any 0 € U with u® as in (42).
Proof. Suppose by contradiction that there exists a sequence {6,},.y C U such that 6, — 0 in
C} (R R") and d (0,) # dq (0,) for any r € N. This means that for any fixed r € N, d () coincides
with some eigenvalue d;, (6,) of (1) with i, # 1.

Let u? as in (42). By elliptic regularity estimates [2] we deduce that there exists Cy such that
Hu&HH‘*(U%)B)) < Cp. Since the map 6 — d; (6) is continuous in © (see Proposition 7) and 0 € O,
the elliptic regularity estimates up to the boundary may be done in such a way that the constant
Cy can be chosen independent of 8 € ©. Therefore there exist C' > 0 such that

16 ra(110y(my) < C VO EO.

Then one can prove by computing all the derivatives of a composition up to the fourth order that
there exists a positive constant still denoted by C' such that

[y <C VO€O

with 9§ = u’ o (I + ). Therefore up to subsequences we may assume that there exists 1 € H* (B)
such that Q/Jf’“ — ) weakly in H*(B) and by compact embedding we also have 1/)?’“ — 1) strongly in
H?N H}(B). Therefore since M;; (6,) — &;; in C3 (R™) for any i,j € {1,..,n} we also have
4n*|B| = lim |Au? 2dz = lim / |Lg, " | |det J (I + 6,)| dz = / |AY|? dx
=00 J(I4+6)(B) r—oeJB B

which shows that ¢ # 0.
On the other hand, @b? solves (46) with 6, in place of § and hence we have

- 0 0
> LLerwaM (Mik (9r)8TCj(Mz‘j (Hr)w)> dx

i k=1

(54)
n B
_ Z /(.)B Mzk (QT) ai] (MZJ ((97«) w) del (H'r) Mlm (97’) (Vler o (I + 0T)> ?;ijn

2,5,k l,m=1

dS =0

for any w € H? N H}(B).

Using the following convergences ¢%" — « in H? N H}(B), Mij (6,) — 8;j in C3 (R™) for any
i,7€{1,..,n}, yf” o(I+6,) — v;in L* (9B) for any i € {1,..,n} and d; (6,) — d; (B) in view of
Proposition 7, passing to the limit in (54) we obtain

/ AYAw dx —dy (B) | w, dS =0 Yw e H*N HE(Q)(B).
B OB
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Since for any r € N, d (0,) # d; (0,) and since by (45)-(46) the function v (6,) o (I +6,) " solves
(42) in (I 4 60,) (B) with d (6,) in place of d; (6,) then by the orthogonality result in Theorem 1.1
in [8] we have
0= lim Aulr A (v (6,) o (I + er)*l) dz
"0 J(1+6,)(B)

= lim [ Lo, v Ly, (v(8,))|det J (I +6,)|dx = / ApAuldz
B B

r—00

and this is a contradiction since ¢ and u’ are nontrivial eigenfunctions of the simple eigenvalue
dy (B) (see Theorem 1 in [4]). O

In order to compute the first variation of d; () with respect to # we introduce the functionals

J(a):/ A2 da, K(e):/ |vu9|2d5:/ f2dS
(1+6)(B) 2((1+0)(B) P((1+0)(B)

so that
J (0)

OB <

In the next lemma we prove that the functionals J and K are of class C! in a neighbourhood of
0 =0.

Lemma 7. There exists a neighbourhood U of 6 = 0 in C{f (R™;R™) such that the functionals J
and K are of class C' in U. Moreover the directional derivatives of J,K at 6 = 0 in the direction
T € C} (R R") take the form

(55) 8‘259) (0) = <J’ (8) 9o ,T> — —4n /B v (%wa:o) dS + dn? /6 T ds
(56) 8{;(9) (0) = (K" (0) g 7) = —4 /83 Y (%1‘7960) dS + (4n + 4) /88 7 dS.

Proof. We start with the functional J. In view of Lemmas 5, 6 we know that there exists a neigh-

bourhood U of § = 0 such that the map 6 — v () is of class C! from U into H* N H} (B) so that

the assumptions (3.2), (3.6), (3.8) and (3.9) of Theorem 3.3 in [22] hold true with m =4 and p = 2.

The assumption (3.14) of Theorem 3.3 in [22] is also true in view of Theorem 3.4 in [22]. Therefore

all the assumptions of Theorem 3.3 are satisfied in any point § € U so that J is of class C! in U.
Let us recall that from [4] we know that

(57) di(By=n, u(x)=1-|z° in B.
Then, by (3.15) in [22] we infer

G
97 (9) (0) :/ 2Au°A <8u )dm—i—/ ‘Au0‘2$7' ds
or B Ot [9=0 OB

oul 9
=—4dn | A — dz + 4n T dS.
B JT 16=0 9B

By Green formula we immediately obtain (55).
Consider now the functional K. Using again Lemmas 5, 6 we deduce the assumptions (5.1)-(5.6)
of Theorem 5.1 in [22] hold true with m = 4 and p = 2. The assumption (5.7) of Theorem 5.1 in [22]
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follows from Theorem 3.4 in [22]. Therefore we may apply Theorem 5.1 in [22] in any point § € U
so that K is of class C' in U. The formula (56) for directional derivatives of K at 6 = 0 follows
immediately from (5.8) in [22] and (57). O

We may now complete the proof of Theorem 8.

From Lemma 7 we deduce that the functional 6 +— d; (#) is of class C in a neighbourhood U of
6 = 0. Moreover by (55)-(56) and taking into account that d; (# = 0) = n (see (57)) we deduce that
the directional derivative of dy () at 6 = 0 in the direction T € C}} (R™;R") takes the form

ady (0)

—1 0
= (/ (u0)2 dS) [—4n/ zV (8u > ds + 4n2/ T dS]
OB v OB T [9=0 OB

- (/83 (uo)ids>ld1 (B) {—4 /BB Y (85;09:0 dS + (4n + 4) /aB ot dS]

n
58 =—17= 7 dS = —— xT dS.
o 951 Jos Bl oo
Introduce now the volume functional V' () defined by
V()= |(I+6) (B)|:/ dx vl € C (R R™).
(I+0)(B)
Then by Theorem 3.3 in [22] we infer that
ove) , .. Ja B 4 ion. on
O ()= (v (9)9:0,T>—/8B:1:7'd5' vr € C (R™R).
Let v € C* ([0,1]; G} (R™;R™)) be such that
7(0)=1 and |y(t)(B)|=|B| vt € [0,1],
then
d d B _ 4 d I = (d] I '(0
2 (7 (1) (B)) g = 21 (v (1) = D)y = (i (7/(8) = Djpg 7 (0))
L ev@as=—L (v - LR SV
=151 [, #7048 =~ (V! () = Dy (0)) = — 5 3V (1) = Do
1 d
= Bl 17 (£) (B)lj4= = 0
This completes the proof. O
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