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Devwudfw

Zh frqvlghu wkh vwdwlrqdu| Qdylhu0Vwrnhv htxdwlrqv zlwk d suhvvxuh0ghshqghqw ylvfrvlw|1 Iru
%doprvw frqvhuydwlyh% h{whuqdo irufhv/ zh suryh e| dssolfdwlrq ri wkh orfdo lqyhuvlrq wkhruhp wkdw
wkh krprjhqhrxv Glulfkohw sureohp dgplwv d xqltxh uhjxodu vroxwlrq1

� W?|hL_�U|�L?

Lq wklv sdshu zh vwxg| wkh vwdwlrqdu| sureohp
;AAAA?
AAAA=

�u � ^�+s,+ux.uAx,` .us. +x � u,x @ i lq 


u � x @ 3 lq 


x @ 3 rq C


+4,

zkhuh wkh xqnqrzqv duh wkh yhfwru ixqfwlrq x dqg wkh vfdodu ixqfwlrq s dqg 
 lv dq rshq erxqghg

vhw ri LU? +q � 5, zlwk vprrwk erxqgdu| C
1 Wklv sureohp uhsuhvhqwv Qdylhu0Vwrnhv htxdwlrqv zlwk

d suhvvxuh0ghshqghqw ylvfrvlw|= x lv wkh yhorflw| ri wkh �xlg/ s lwv suhvvxuh/ � lwv ylvfrvlw| dqg i dq

h{whuqdo irufh dfwlqj rq wkh �xlg1 Rxu uhvhdufk lv prwlydwhg e| sk|vlfdo h{shulphqwv/ lqghhg wkh

ylvfrvlw| � ri uhdo �xlgv pd| ghshqg rq wkh suhvvxuh dqg rq wkh whpshudwxuh= wklv ghshqghqfh lv ehvw

uhsuhvhqwhg e| H|ulqj*v htxdwlrq ^4/ 8`

�+s> W , @ d
s
W � h{s

�
e. fs

W

�
+5,

zkhuh W ghqrwhv wkh whpshudwxuh ri wkh �xlg dqg d> e> f A 3 duh frqvwdqwv ghshqglqj rq wkh qdwxuh ri

wkh �xlg> zh ghdo zlwk d �xlg dw frqvwdqw whpshudwxuh vr wkdw wkh ylvfrvlw| � rqo| ghshqgv rq s/ l1h1

� @ �+s,1 Zh uhtxluh wkh ixqfwlrq � wr vdwlvi| wkh uhdolvwlf dvvxpswlrqv

� 5 F6n�+LU, dqg lqi
%M+

�+{, @ �f A 3 > +6,
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zkhuh p 5 LQ zloo eh fkrvhq ghshqglqj rq wkh uhjxodulw| zh h{shfw iru wkh vroxwlrq ri +4,1 Wr uhpryh

dq lqghwhuplqdf| douhdg| suhvhqw lq wkh fodvvlfdo Qdylhu0Vwrnhv htxdwlrqv zh dovr qhhg d frqglwlrq rq

s= pruh suhflvho|/ zh zloo dvvxph wkdw wkh phdq ydoxh ri s ryhu 
 lv nqrzq1

Qdylhu0Vwrnhv htxdwlrqv zlwk d suhvvxuh0ghshqghqw ylvfrvlw| zhuh �uvw vwxglhg e| Uhqdug| ^9` lq wkh

6G fdvh> Uhqdug| uhpdunv wkdw li +5, grhv qrw euhdn grzq iru odujh suhvvxuhv zh fdqqrw hyhq jxdudqwhh

wkh h{lvwhqfh ri d suhvvxuh s iru d suhvfulehg yhorflw| �hog x dqg erg| irufh i = xqghu wkh dvvxpswlrqv

wkdw � lv vxeolqhdu dw lq�qlw|/ wkdw m��m" @ ��" ? .4 dq h{lvwhqfh dqg xqltxhqhvv uhvxow iru wkh

hyroxwlrq htxdwlrq lv suryhg1 Pruhryhu/ Uhqdug| uhpdunv wkdw wkh vwdwlrqdu| htxdwlrqv +4, pd| orvh

wkhlu hoolswlflw| xqohvv d frqglwlrq rq wkh hljhqydoxhv ri wkh whqvru +ux . uAx, lv dvvxphg> pruh

suhflvho|/ lw lv qhfhvvdu| wr dvvxph wkdw

wkh hljhqydoxhv ri +ux.uAx, duh vwulfwo| ohvv wkdq
4

��"
= +7,

Lq wkh vwdwlrqdu| fdvh/ wkh pdlq uhvxow ri Uhqdug| lv dq h{lvwhqfh dqg xqltxhqhvv uhvxow iru s +zlwk

jlyhq phdq ydoxh, wr vdwlvi| +4, lq d vxlwdeoh zhdn vhqvh li wkh yhorflw| x lv nqrzq dqg +6, +7, krog1

Wklv uhvxow lv xvhixo lq ylhz ri wkh holplqdwlrq ri wkh suhvvxuh s lq wkh htxdwlrq= lqghhg wr holplqdwh

wkh suhvvxuh lq +4, zh fdqqrw pdnh xvh ri Krgjh surmhfwlrq +vhh ^:`, dv iru wkh fodvvlfdo sureohp dqg

zh pxvw vroyh d qrqolqhdu hoolswlf htxdwlrq lq glyhujhqfh irup1

Lq d vxevhtxhqw sdshu ^5` d vlplodu uhvxow lv suryhg +lq wkh fdvh q @ 6, e| wdnlqj vwurqjhu dvvxpswlrqv

rq �/ e| zhdnhqlqj wkh uhjxodulw| dvvxpswlrqv rq x dqg i dqg e| uhsodflqj +7, zlwk

muxm" ?
4

5��"
s
9
>

wkh h{lvwhqfh ri d xqltxh ixqfwlrq s +zlwk jlyhq phdq ydoxh, vdwlvi|lqj +4, lq d vxlwdeoh zhdn vhqvh lv

wkhq suryhg1 Lq ^5` d frqyhuvh uhvxow lv dovr suryhg= li wkh suhvvxuh s lv nqrzq dqg ehorqjv wr d vxlwdeoh

qhljkerukrrg ri lwv phdq ydoxh wkhq wkhuh h{lvwv d xqltxh x vdwlvi|lqj +4, lq d _frpsohphqwdu|% zhdn

vhqvh> wkh surriv ri wkhvh uhvxowv lqyroyh Khopkrow}0Zh|o ghfrpsrvlwlrq ri wkh vsdfh O2+
,1

Wkh dlp ri wklv sdshu lv wr suryh/ e| dssolfdwlrq ri wkh orfdo lqyhuvlrq wkhruhp/ wkh h{lvwhqfh ri d

xqltxh uhjxodu vroxwlrq wr +4, zkhq wkh h{whuqdo irufh i lv _doprvw frqvhuydwlyh% lq d vxlwdeoh vhqvh=

wklv uhvxow zloo eh xvhg lq d iruwkfrplqj sdshu ^6` wr suryh orfdo h{lvwhqfh dqg xqltxhqhvv iru wkh

hyroxwlrq sureohp xqghu wkh rqo| dvvxpswlrq +6, rq wkh ylvfrvlw|1

2 5|@|i4i?|t Lu |�i hit�*|t

Zh dvvxph wkdw 
 � LU? lv dq rshq erxqghg vhw vdwlvi|lqj

C
 5 F6n2 +8,

iru vrph lqwhjhu p1 Zlwk erog fdslwdo ohwwhuv +O2/ K�/ Y/111, zh ghqrwh ixqfwlrqdo vsdfhv ri yhfwru

ixqfwlrqv dqg zlwk xvxdo fdslwdo ohwwhuv +O2/ K�/111, zh ghqrwh ixqfwlrqdo vsdfhv ri vfdodu ixqfwlrqv1
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Wr vlpsoli| qrwdwlrqv zh vhw O2 =@ O2+
,/ K� =@ K�+
,/111 Zlwk Z6cr zh uhsuhvhqw Vrerohy vsdfhv

ri ixqfwlrqv zlwk jhqhudol}hg ghulydwlyhv xs wr rughu p lq Or/ zlwk n � n6 zh ghqrwh wkh fruuhvsrqglqj

qrup dqg zlwk Z
6cr
f wkh Z6cr�forvxuh ri wkh vsdfh F"S ri vprrwk ixqfwlrqv zlwk frpsdfw vxssruw

lq 
> K6 =@Z6c2 uhsuhvhqw wkh Kloehuwldq Vrerohy vsdfhv1 Jlyhq Edqdfk vsdfhv [>\/ zh ghqrwh e|

O+[>\, wkh vsdfh ri olqhdu frqwlqxrxv rshudwruv iurp [ wr \ dqg e| n � nnEjcv� lwv qrup1

Zh dovr qhhg wkh vsdfhv dulvlqj iurp Khopkrow}0Zh|o ghfrpsrvlwlrq ri wkh Kloehuw vsdfh O2 +vhh ^;`,

J =@ ii 5 O2> u � i @ 3> �?i @ 3j Jz =@ ii 5 O2> <j 5 K�> i @ ujj
Y =@ ii 5K�

f> u � i @ 3j

zkhuh �? ghqrwhv wkh qrupdo wudfh rshudwru> wkh vsdfh Y lv d Kloehuw vsdfh zkhq hqgrzhg zlwk wkh

vfdodu surgxfw +x> y,V @ +ux>uy,w2 1 Lw lv zhoo0nqrzq wkdw O2 @ J �Jz= zh ghqrwh e| S +uhvs1

T, wkh ruwkrjrqdo surmhfwruv ri O2 rqwr J +uhvs1 Jz,1 Wkh surmhfwlrqv Si dqg Ti ri d ixqfwlrq

i 5 O2 duh ghwhuplqhg e| vroylqj wkh krprjhqhrxv Glulfkohw sureohp iru d Srlvvrq htxdwlrq dqg d

Qhxpdqq sureohp iru Odsodfh htxdwlrq1 Uhfdoo wkdw S lv d olqhdu frqwlqxrxv rshudwru iurp Z6cr

rqwr ii 5Z6cr> u � i @ 3> �?i @ 3j1

Dv lq ^9` zh dvvxph wkdw wkh phdq ydoxh ri s ryhu 
 lv jlyhq/ vd| �s= zlwkrxw orvv ri jhqhudolw| zh wdnh

�s @ 3> dvvxph wkdw

p 5 LQ dqg v A 4 vdwlvi| +p. 4,v A q +9,

lq rughu wr kdyh wkh lpehgglqj Z6n�cr � O"1 Frqvlghu wkh vsdfhv

Z
6n�cr

=@

�
j 5Z6n�cr>

]
l
j+{, g{ @ 3

�

dqg X6cr =@ Z6n2cr _Y qruphg zlwk wkh Z6n2cr0qrup> wkh vsdfh [6cr =@ X6cr �Z
6n�cr

lv d

Edqdfk vsdfh zkhq hqgrzhg zlwk wkh qrup

;+x> s, 5[6cr n+x> s,nj @ nxn6n2cr . nsn6n�cr =

Wkh vsdfh [6cr lv wkh vsdfh zkhuh zh zloo vhhn wkh vroxwlrqv +x> s, ri +4,> wr vlpsoli| wkh qrwdwlrqv

zh rplw wkh lqglfhv p dqg v rq wkh vsdfhv [>X1 Vhw dovr \ =@Z6cr/ n � nv @ n � n61 Ilqdoo|/ ohw xv
lqwurgxfh wkh rshudwru � = [$\ +vhh Ohppd 6, gh�qhg e|

�+x> s, @ �u � ^�+s,+ux.uAx,` .us. +x � u,x = +:,

Gh�qlwlrq

Ohw i 5 \/ zh vd| wkdw +x> s, lv d vroxwlrq ri +4, li �+x> s, 5 \ dqg �+x> s, @ i d1h1 lq 
1

Pdnlqj xvh ri dq lqyhuvlrq dujxphqw zh zloo suryh
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Wkhruhp 4 Dvvxph +6, +8, +9, dqg ohw # 5Z
6n�cr

> wkhq wkhuh h{lvwv d frqvwdqw U @ U+#, A 3 vxfk

wkdw li i 5 \ vdwlv�hv ni �u#nv � U/ wkhq +4, dgplwv d xqltxh vroxwlrq +x> s, 5[ lq d vxlwdeoh [0

qhljkerukrrg ri +3> #,1 Pruhryhu/ wkh pds i :$ +x> s, lv frqwlqxrxv iurp \ wr [1 Lq sduwlfxodu/ wkhuh

h{lvwv �U A 3 vxfk wkdw li ninv � �U/ wkhq +4, dgplwv d xqltxh vroxwlrq lq d vxlwdeoh [0qhljkerukrrg

ri +3> 3,1

Lq sduwlfxodu/ zh kdyh

Fruroodu| 4 Dvvxph +6, +8, +9, dqg ohw i 5 \ eh vxfk wkdw Si @ 3 +l1h1 i 5 Jz,> wkhq +4, dgplwv

d xqltxh vroxwlrq +x> s, 5 [ jlyhq e|

x � 3 s @ j

zkhuh j lv wkh }hur phdq ydoxh srwhqwldo ri i +l1h1 j 5Z
6n�cr

/ uj @ i,1

Wkhuhiruh/ iru frqvhuydwlyh irufhv i wkh fodvvlfdo sureohp zlwk frqvwdqw ylvfrvlw| dqg +4, kdyh wkh

vdph vroxwlrqv= wkh htxdwlrqv ehfrph wkh zhoo0nqrzq htxdwlrq ri wkh vwdwlfv ri wkh �xlgv dqg wklv idfw

vkrzv wkdw wkh prgho ghvfulehg e| +4, lv frqvlvwhqw1

� �hLLu Lu A�iLhi4 �

Zh ehjlq zlwk wzr whfkqlfdo uhvxowv=

Ohppd 4 Dvvxph +6, +8, +9,> wkhq=

+l, wkhuh h{lvwv d frqvwdqw $ @ $+�f> q>
, A 3 vxfk wkdw li i 5 \ dqg +x> s, 5 [ lv d vroxwlrq ri +4,

wkhq nxnV � $nSinv
+ll, iru doo s 5Z

6n�cr
wkh elolqhdu irup rq Y

;x> y 5Y ^x> y`R =@
]
l
�+s,+ux.uAx, = uy

gh�qhv d vfdodu surgxfw zklfk lqgxfhv d qrup htxlydohqw wr n � nV1

Surri1 Pxowlso| +4, e| x/ lqwhjudwh e| sduwv wr rewdlq
]
l
�+s,+ux.uAx, = ux @

]
l
xi

dqg uhpdun wkdw
U
l xi @

U
l xSi e| wkh lpehgglqj Y �J1 Qh{w/ qrwh wkdw

+ux.uAx, = ux @
4

5
+ux.uAx, = +ux.uAx, � 3 +;,

dqg wkdw/ e| wkh glyhujhqfh Wkhruhp/
]
l
ux = uAx @

]
l
u � ^+x � u,x` @

]
Yl

�?^+x � u,x` @ 3 >

7



khqfh/ e| +6,

�f

]
l
muxm2 �

]
l
�+s,+ux.uAx, = ux = +<,

Wkhuhiruh/ zh kdyh

�f

]
l
muxm2 �

]
l
xSi

dqg +l, iroorzv e| Vfkzdu} lqhtxdolw| dqg wkh lpehgglqj \ �K3�1

Wkh elolqhdu irup ^x> y`R lv fohduo| v|pphwulf dqg e| +<, lw lv dovr d srvlwlyh irup1 E| wkh lpehgglqj

Z
6n�cr � O" dqg e| +6, zh lqihu wkdw

;s 5Z
6n�cr <FR A 3 vxfk wkdw FR � �+s, � �f iru d1h1 { 5 
 >

khqfh/ e| +;, zh jhw

;x 5 Y �f

]
l
muxm2 �

]
l
�+s,+ux.uAx, = ux � FR

]
l
muxm2 >

zklfk suryhv +ll,1 �

Wkh iroorzlqj ohppd lv rewdlqhg e| voljkw prgl�fdwlrqv ri zhoo0nqrzq uhvxowv derxw wkh fodvvlfdo

Vwrnhv sureohp=

Ohppd 5 Dvvxph +6, +8, +9, dqg ohw # 5Z
6n�cr

> wkhq/ iru doo j 5 \ wkhuh h{lvwv d xqltxh vroxwlrq

+y> t, 5 [ ri wkh htxdwlrq

�u �
k
�+#,+uy .uA y,

l
.ut @ j lq 
 = +43,

Surri1 Li �+#, � � wkh uhvxow lv zhoo0nqrzq/ vhh ^7`1

Li � @ �+#,/ e| Ohppd 4 wkh elolqhdu irup ^�> �`� lv frhuflyh= khqfh/ e| vwdqgdug hvwlpdwhv iru hoolswlf

rshudwruv rqh kdv wkdw li +43, dgplwv d vroxwlrq +y> t, 5 [/ wkhq n+y> t,nj � fnjnv1 Exlog d krprwrs|

frqqhfwlqj +43, dqg wkh fodvvlfdo Vwrnhv sureohp= wkhq Sursrvlwlrq 914 lq ^<` jlyhv wkh uhvxow1 �

Qh{w/ zh suryh vrph uhjxodulw| surshuwlhv ri �=

Ohppd 6 Dvvxph +6, +8, +9, dqg ohw � eh wkh rshudwru gh�qhg lq +:,1 Wkhq � 5 F+[>\,1

Surri1 Jlyhq +x> s,> +y> t, 5 [ zh kdyh

n�+x> s,��+y> t,nv � n^�+s,� �+t,`+ux.uAx,n6n� . n�+t,^u+x� y, .uA +x� y,`n6n�

.ns� tn6n� . n++x� y, � u,xn6 . n+y � u,+x� y,n6
� fn^�+s,� �+t,`n6n�nxn6n2 . fn�+t,n6n�nx� yn6n2

.ns� tn6n� . nx� yn6n�+nxn6n� . nyn6n�,=

+44,

Li t $ s lq Z6n�cr/ wkhq zh fdq vkrz wkdw �+t, $ �+s, lq Z6n�cr1 Wkxv iurp +44, zh rewdlq wkh

frqwlqxlw| ri �1 �

8



Ohppd 7 Wkh Iu�hfkhw0ghulydwlyh �� ri � lv frqwlqxrxv dw dq| srlqw +3> #,> # 5Z
6n�cr

1

Surri1 E| d vwudljkwiruzdug fdofxodwlrq rqh yhul�hv wkdw iru dq| +x> s, 5 [ wkh rshudwru � kdv d

Iu�hfkhw0ghulydwlyh ��+x> s, =[$\ gh�qhg e| ��+x> s,^y> t` @ ��+x> s,^y` . �R+x> s,^t` zkhuh

��+x> s,^y` @ �u � ^�+s,+uy .uA y,` . +x � u,y . +y � u,x
�R+x> s,^t` @ ^L� ��+s,+ux.uAx,`ut . ^���+s,�x� ���+s,+ux.uAx,us`t =

Wkhq/ zh kdyh

n��+x> s,^y`���+3> #,^y`nv � nu � ^+�+s,� �+#,,+uy .uA y,`n6 . n+x � u,yn6 . n+y � u,xn6
� fn�+s,� �+#,n6n�nyn6n2 . fnxn6n2nyn6n2 =

Wkxv zh rewdlq

n��+x> s,���+3> #,nnEjcv� � fn�+s,� �+#,n6n� . fnxn6n2

zklfk jrhv wr 3 dv nx> s� #nj $ 31 Iru �R zh surfhhg vlploduo|1 �

Surri ri Wkhruhp 41 Jlyhq # 5 Z
6n�cr

/ zh kdyh �+3> #, @ u#1 � lv frqwlqxrxv rq [ dqg �� lv

frqwlqxrxv dw +3> #, ehfdxvh ri Ohppdwd 6 dqg 81 Vlqfh ��+3> #,^y> t` @ �u� ^�+#,+uy.uA y,`.ut/
��+3> #, lv dq lqyhuwleoh rshudwru iurp Ohppd 51 Wkxv wkh uhvxow iroorzv e| dsso|lqj wkh orfdo lqyhuvlrq

wkhruhp1 �

+iuihi?Uit

^4` K1 H|ulqj/ G1 Iulvfk/ M1I1 Nlqfdlg/ Suhvvxuh dqg whpshudwxuh h�hfwv rq wkh ylvfrvlw| ri oltxlgv/ M1 Dsso1
Sk|v1 44/ 4<73/ :80;3

^5` I1 Jd}}rod/ Rq vwdwlrqdu| Qdylhu0Vwrnhv htxdwlrqv zlwk d suhvvxuh0ghshqghqw ylvfrvlw|/ Uhqg1 Lvw1 Orpe1
Vfl1 Ohww1 Vh}1 D/ Yro145;/ 4<<7/ 43:044<

^6` I1 Jd}}rod/ D qrwh rq wkh hyroxwlrq Qdylhu0Vwrnhv htxdwlrqv zlwk d suhvvxuh0ghshqghqw ylvfrvlw|/ wr dsshdu
rq ]hlw1 Dqj1 Pdwk1 Sk|v1

^7` \1 Jljd/ Grpdlqv ri iudfwlrqdo srzhuv ri wkh Vwrnhv rshudwru lq Ou vsdfhv/ Dufk1 Udw1 Phfk1 Dqdo1 ;</
4<;8/ 5840598

^8` H1P1 Julhvw/ Z1 Zhee/ U1Z1 Vfklhvvohu/ H�hfw ri suhvvxuh rq ylvfrvlw| ri kljkhu k|gurfduerqv dqg wkhlu

pl{wxuhv/ M1 Fkhp1 Sk|v1 5</ 7/ 4<8;/ :440:53

^9` P1 Uhqdug|/ Vrph uhpdunv rq wkh Qdylhu0Vwrnhv htxdwlrqv zlwk d suhvvxuh0ghshqghqw ylvfrvlw|/ Frpp1
Sduw1 Gl�1 Ht1 44/ :/ 4<;9/ ::<0:<6

^:` U1 Whpdp/ Qdylhu0Vwrnhv htxdwlrqv/ wkhru| dqg qxphulfdo dqdo|vlv/ Qruwk0Kroodqg/ 4<:<

^;` K1 Zh|o/ Wkh phwkrg ri ruwkrjrqdo surmhfwlrq lq srwhqwldo wkhru|/ Gxnh Pdwk1 M1 :/ 4<73/ 7440777

^<` H1 ]hlgohu/ Qrqolqhdu ixqfwlrqdo dqdo|vlv dqg lwv dssolfdwlrqv/ Yro1 L/ Vsulqjhu0Yhuodj/ 4<;9
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