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ABSTRACT. We study existence and positivity properties for solutions of

Cauchy problems for both linear and semilinear parabolic equations with the
biharmonic operator as elliptic principal part. The self-similar kernel of the
parabolic operator d; + A2 is a sign changing function and the solution of
the evolution problem with a positive initial datum may display almost in-
stantaneous change of sign. We determine conditions on the initial datum for
which the corresponding solution exhibits some kind of positivity behaviour.
We prove eventual local positivity properties both in the linear and semilinear
case. At the same time, we show that negativity of the solution may occur
also for arbitrarily large given time, provided the initial datum is suitably
constructed.

1. Introduction and results. Contrary to the second order heat equation, no
general positivity preserving property (ppp in the sequel) holds for the following
Cauchy problem for fourth order parabolic equations
ug + A%u =0 in R = R"™ x [0, 00) (1)
u(x,0) = ug(x) in R" |

where n > 1 and uy € C° N L> (R™). By ppp, we mean here that positivity of the
initial datum ug implies positivity (in space and time) for the solution u = wu(z,t) of
(1). In fact, no global ppp for (1) may be expected at all, see [2, 4, 11]. This common
feeling is based on observing the oscillatory behaviour of the biharmonic heat kernel.
However, a more careful analysis shows that, under suitable assumptions, some
restricted and somehow hidden versions of the ppp can be observed, see [10]. A
better understanding of the behaviour of the kernels will certainly allow to reach
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stronger versions of the ppp. It is precisely the first goal of the present paper to
analyze in some detail the biharmonic heat kernels: we determine explicitly their
power series expansion, we obtain a third order differential equation satisfied by
the kernels and we show that the kernels have infinitely many damped oscillations.
With these tools we are then able to reach the second goal of the present paper, a
rather complete description of versions of the ppp for (1).

All these observations are then applied to the corresponding nonlinear problem

up + A%u = |uP~u in RT‘l (2)
u(z,0) = up(x) in R™

where p > 1 4 4/n; the exponent 1 + 4/n is the analogue of the ”Fujita”-exponent
(see [6, 15] and the references therein), arising in second order semilinear Cauchy
problems. Our third purpose is to extend the global existence result and the decay
estimates obtained in [9] to the case where the initial datum wy has supercritical
decay at infinity in order to show that in these cases, when u is positive and has a
suitable asymptotic profile, global solutions of (2) are eventually locally positive.

For the somehow related equation with positive nonlinearity u; + A%u = |ul?, it is
known [5] that solutions blow up in finite time in the sub-Fujita case 1 < p < 1+ %,
provided the initial datum has nonnegative integral over R™. For the very same
equation in the super-Fujita case p > 1+ %, interesting and useful techniques were
introduced by Galaktionov-Pohozaev [7] and Caristi-Mitidieri [3]. Although the
nonlinearity in (2) may change sign, in some parts of our proofs we take advantage
of these techniques.

The corresponding second order semilinear parabolic problem has been widely
studied; in this case and in contrast with our situation, powerful tools like strong
maximum principles and construction of auxiliary functions satisfying suitable dif-
ferential inequalities are available. For an overview of these results, we refer to the
introduction in [9], to [15] and to references therein.

Let us now explain in some more detail, what is known about (1) and (2) and
what we are going to prove in the present work.

1.1. Positivity in the linear problem. For the biharmonic heat equation,
up + A%u =0 (t>0), (3)

either in R™ or in a bounded smooth domain (then complemented with suitable
boundary conditions) no positivity preserving of the solution with respect to the
initial datum holds true. In general, one even has to expect instantaneous change
of sign, see e.g. [2, 4, 11], which is a property of the differential equation and can
be observed independently of a possible choice of boundary data and independently
of whether it is considered in bounded or unbounded domains.

On the other hand, there exist bounded domains with boundary conditions such
that the corresponding elliptic first eigenvalue is simple and the first eigenfunction
is of fixed sign and displays a nondegenerate behaviour at the boundary, see [12]
and references therein. In these domains and for each positive initial datum, in
dependence of this datum the solution of the initial boundary value problem is
eventually positive. This positivity comes up almost immediately, since the higher
modes in the expansion with respect to the eigenfunctions decay much faster than
the fundamental mode.

In a previous note [10], a related result - i.e. eventual local positivity - was proved
for the Cauchy problem (1), assuming that the initial datum ug is nonnegative and
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compactly supported. We consider here initial data uy which are not compactly
supported and which display a given decay behaviour as |z| — oco. Not only we
prove eventual local positivity for the solution to (1), but we also give quantitative
lower bounds.

We fix some arbitrary § > 0 and consider the functional set

Cy:=f{g € CO(R™Ry) : g(0) >0, g(x) = of|z|”) as || — oo} .
Our main positivity result for the linear Cauchy problem (1) is the following

Theorem 1.1. Let 3 >0 and let g € Cg. Let

1
wl@) = ST P

Let u = u(x,t) be the corresponding solution of (1) and K C R™ be a compact set.
(i) If B < n, then there exists Cy, g > 0 such that

lim % 4u(z,t) = Cp g,

t——+o0
uniformly with respect to x € K. B
(it) If B > n and g(x) = 1, then there exists D, g > 0 such that
Jim 4 logt) " u(e, t) = Doy if f=n
lim ¢4 u(x,t) = ZN)nﬂ ifB>n,

t——+o0

(4)

uniformly with respect to x € K.

The constants CN'nﬁ and ﬁn’g in Theorem 1.1 do not depend on K. What does
depend on K is the “speed of convergence”, namely how fast t%/ Yu(x,t) — én,g
converges to 0 (and similarly for l~)n 8)- Let us also mention that when § > n, then
for any g € Cg (not necessarily constant) one still has that lim; o, t%/%u(z,t) =
400 uniformly with respect to z € K.

The quantitative positivity result of Theorem 1.1 provides strong enough infor-
mation to be applied also to the semilinear problem (2). At a first glance, this
appears somehow unexpected, since the techniques connected with the proof of
Theorem 1.1 seem to be purely linear.

Theorem 1.1 does not clarify whether the eventual positivity for solutions of (1)
is global or only local. It is shown in [10] that if the initial datum ug is compactly
supported, then the negativity for the solution of (1) always exists and shifts to
infinity. This suggests that a similar phenomenon might occur for 3 sufficiently
large.

On the other hand, if up = 1 then the solution of (1) is u (x,¢) = 1. This trivial
example shows that if 3 = 0, presumably one has global eventual positivity for (1).
We show that — at least in the case n = 1 — this is also true if 3 is positive but
sufficiently small, see Proposition A.6 in the appendix.

In any case, the following result shows that in general, we cannot expect neither
global positivity nor uniform bounds for eventual positivity.
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Theorem 1.2. Let 5 € (0,n). For any T > 1 there exists g € Cg such that if

(1) = ——
up(r) = ———
g9(x) + [x]?
then, the corresponding solution u = u (z,t) of (1) satisfies u(xp,T) < 0 for some
xzr € R™.

1.2. Global existence, decay and positivity in the nonlinear problem. We
denote by b the biharmonic heat kernel, i.e. the fundamental solution of (3). Then,
we introduce the definition of solution of (2):

Definition 1.3. We say that u is a solution of (2) over [0,7T) if u € C*!(R" x
(0,7)), u is bounded in R™ x [0,¢] for any ¢t € (0,T), u solves the equation in (2)
in the classical sense in R" x (0,7) and |u (t) — b(t) * uol| o (gny — 0 as t — 0.
We denote by T* the supremum of all 7’s such that u is a solution of (2) in [0,T).
Finally, we say that u is a global solution of (2) if T* = +o0.

For the nonlinear Cauchy problem (2) with initial data ug as specified in Theo-
rem 1.1, we shall construct global solutions, where on the long term, the contribu-
tion of the initial datum dominates the nonlinear term, provided g € (4/(p—1), n).
This observation allows us to prove an eventual local positivity property even for
solutions of the nonlinear problem (2):

Theorem 1.4. Letp > 1+4/n, 4/(p—1) < B <n and g € Cg. Then, for a >0
small enough the initial datum
a

ug () = ——
g() + ||’
generates a global solution u of (2), which is eventually locally positive. More pre-

cisely, for any compact set K C R™ there exists Tk > 0 such that u(x,t) > 0 for
any x € K andt > Tk.

In order to show this eventual local positivity result, we prove first an existence
and decay result for solutions of (2) covering the presumably full ranges for the
exponent p and for the asymptotic decay of the initial datum, where global existence
may be expected. The limiting case 5 = 4/(p — 1) was treated in [9]. The precise

4

estimates in the range 3 € =1

Theorem 1.4.

Theorem 1.5. Let p > 1+ 4/n. There exists a > 0 such that if ug satisfies
!

1+ |z
for some B > 4/(p — 1), then there exists a global solution of (2). Moreover, there
erists a constant A= A (n,p,3) > 0 such that for any (z,t) € R we have

n), however, are crucial for proving positivity in

|uo ()] <

A . 4
14| P 4t6/4 i pe {ﬁ’n)
A .
ulz,t)| < " 7 if B=n 5
BRI v )
A .

For any ¢ > 0 the constant A > 0 may be chosen independently of 8 € [4/(p —
1),n —e]U[n+¢e,+00).
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Remark 1.6. The shape of ug in the statements of Theorems 1.1 and 1.4 can be
slightly modified. By using the results in [10] one can see that the proof still works if
we add to any such ug some nonnegative continuous compactly supported function.

2. Basic properties of the heat kernels. The kernel of the linear operator
v+ vy + A% in R™ is given by

fn(n) =

ma 0 T o

o0
n _54 n
fa(n) =n'" / e (18)" 2 J(n_2)/2(ns) ds
0

where J,, denotes the v-th Bessel function and «,, > 0 is a normalization constant.
More precisely, if w,, denotes the surface measure of the n-dimensional unit ball (so
that wy = 2), then «, is given by

at =w, / L f(r) dr.
0

Thanks to Galaktionov-Pohozaev [7], we know that these f-functions have exponen-
tial decay at infinity. More precisely, for any integer n > 1 there exist K = K, > 0,
W=, > 0 such that

|fn(n)] < Kexp (—un4/3) for all n > 0. (7)

Let us now recall the definition of the Gamma function and the power series
expansion of the Bessel function .J,:

b(x,t) = ap,

(6)

(v >-1).

(8)
For these definitions and for further properties of I and J, we refer to [1]. Here,
we just recall the last formula on p.13 in [1]:

N+ =(@x+¢—-1)(x+£0-2) - z'(x) forallz >0, £eN. (9)

Moreover, we will need the following property, obtained through the change of
variable z = s%:

& 4 1 [ 1 1
/ e ¥ s%ds = f/ e Py e/, — (a—!— ) (> —1). (10)

> e _ 1)k 2k+v
T(y)=/0 e s hds (y>0), Ju(y)=’;J %

4
The f-functions obey the following recurrence formula:
fam) ==nfata(n),  foralln=>1. (11)
This follows by direct computation:
d d > —s* n— —-n
an fuln) = o [/0 e °s 1(775)(2 )/QJ(n_Q)/2(ns) ds]
oo
—84 n —n
{by [1, (4.62)]} = —/0 e 5" (ns) BT 0, 5 (ns) ds = =11 frya ().

As a consequence of (11) we have the following recursion formula, which relates
integrals of f-functions in annuli of the corresponding space:

/ () dr = {r:fn(rﬂ +i/r127”"“fn+2<r>dr.

ri
Next, we show that a representation of f,, through power series is available:

T2

T1
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Theorem 2.1. For any integer m > 1, we have

W = 3 (1t e " (12)
Jam(n ;0 22k+m+1 kl (k4 m — 1)! T

For any nonnegative integer m, we have

p (Fm)I T (5 oy

In particular, f,(0) >0 for all n and
_ ¥ r(*57) _ 1y L (%)
fi(n) = \/ﬁ];) (—1)k TI;)! 7I2k ) f2(n) = 11;) (‘Uk [2 /3!]2 7721€ .

Proof. Throughout this proof we use the convention that for any real numbers ay
and any integer i: HL_:IZ ar = 1. By exploiting the power series expansion (8), for
any integer n we find

S (-1)* ©
fn(n) = — — (/ e~ g2ktn—1 dS) 772!@ )
prd EUT (k+2) 22k=14n/2 \ [,

By (9) we obtain

k—1

n\ n
F(k+§) — 2 r(g) hli[g(n—i—?h) for all k € N
which, combined with (10), yields
oo T (2k+n)
fn n) = -1 k 4 2k 14
= 2 OV Gy e Tk o) )
Assume now that n = 2m + 1 for some integer m > 0. Then, recalling that

I'(1/2) = /7 and using again (9), we obtain

m—1
n 1 —m
r(g) - F<m+2) =2 r [[@h+1).
h=0
Moreover, as may be proved by induction over (m + k), one has

m+k—1

ok H (h+1) = (2k +2m)!

11 = 2 (g m)) for any integer m >0 .

Using these two identities, the denominator of the coefficient of 7%* in (14) becomes

RIT (L) gkti4n/2 i 2h) = V/8r k! 2F T ohil) = Er M2k 2m) (2 + 2m)t
! (5) H(n+ ) = V8 k! H (2h+1) = 7T2m(k+m)! :
h=0 h=0
This proves (13).
On the other hand, if n = 2m for some integer m > 1, then
n k—1 k—1
r (5) =T(m)=(m—1)!  and g(nmh) - 2khli[0(m+h)

so that

F(E) [[(n+2n) = 2 (k+m—1)
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and (12) follows by replacing into (14). O

Basing upon Bessel’s equation, we deduce a third order ordinary differential
equation for the function f,,, which will be essential for proving their positivity and
oscillatory properties.

Theorem 2.2. For any integer n > 1, the function f, solves the equation
n—1 n—1 n
£ () + — fu () = = fo () = 3 fn(m) = 0. (15)

Proof. In the proof of this statement we use the following notation: keeping n € N
as space dimension fixed, for any function g € C? ((0,00)) we write

n—1
Ag(p)=g" (p) + 79’ (p) for all p > 0. (16)

One may check by direct computation that the Bessel function J(,,_»),2 satisfies the
identity

A (Pl_n/zJ(n—z)/z) . —Pl_n/QJ(n—z)/2~ (17)
If we put
F(p)=p"""?Jn2)/2 (p) for all p >0
then, by (6) and (17) we find

A = A( [Tt m e as) = [Tt @an) ) as

o0 4
= —/ s"tem 52 F (ns) ds.
0

Using the divergence formula and (17) we obtain

(Aatm) = - /Ooosnles“s?’F/(ns) ds=—— [ V() VE (alyl) dy

4wn R™

1 4 1 4
- W pAF d :7/ iy o d
o, f. 0 (nlyl) dy = 1 e (nlyl) dy

e P ) ds =5,
0

By (16) we immediately obtain (15). O

2 M’?\ 10

FIGURE 1.
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Finally, we show that the f,, and so, the biharmonic heat kernel, has infinitely
many oscillations:

Theorem 2.3. Asn — oo, the function n — fn(n) changes sign infinitely many
times.

Proof. Assume first that n = 1 so that (15) reads

)= 1h ). (18)

For contradiction assume that fi(n) > 0 for n sufficiently large, say n > 7. Then,
(18) states that also f{’(n) > 0 for n > 7. This implies that f;(n) admits a
limit as n — oo. In view of (7) this limit is necessarily zero. And since fi is
non-decreasing, this means that f{'(n) < 0 for n > 7. Therefore, f; is concave,
nonnegative and vanishes at infinity in view of (7): this is impossible. Similarly, we
reach a contradiction if we assume that fi(n) < 0 for 5 sufficiently large.
Assume now that n = 2. By putting g(t) = f2(e'), (15) becomes
2t

£(0) = 0. oo

For contradiction, assume that g(t) > 0 for ¢ sufficiently large, say ¢ > T. Then,
with the same argument used above we exclude that ¢”(¢) < 0 for all t > T. Take
7 > T such that ¢”(7) > 0 and integrate (19) over [r,t] for any ¢ > 7:

e—2tgll(t) Z 6—27'9//(7_) — g”(t) 2 e—ZTg//(T)e2t

showing that ¢”(t) — 400 as ¢ — oo. But then also g(t) — +oo as t — oo,
contradicting (7). Similarly one reaches a contradiction by assuming that g(¢t) <0
for ¢ sufficiently large.

The statement is so proved for n = 1 and n = 2. This means that f; and fo
have an increasing sequence of local maxima and of local minima. Hence, for larger
values of n it suffices to recall (11) and to argue by induction. O

Remark 2.4. In order to gain a more precise impression of the asymptotic be-
haviour of the f-function for n — oo, we define

9(y) == fu (y3/4> . )=y (774/3) . =yt >0.

So, we have

4
fn(n) = gn”gg’ (n4/3)
16 4
ORI (774/3) + 51 (774/3)
64 16 8
" 2= 4/3) -2 —1/3 //( 4/3) 2 ,.-5/3 /( 4/3>.
frn (n) 57119 (77 +gn g\ 571 g (n
In terms of g, the differential equation (15) for f,, reads:
256, 64 g"(y) 32 J'(y)
== —pZ= _22(3p—2 . 20
9(y) 279(2/)+9n " 27(71 )y2 (20)

According to [13, Chapter X], the asymptotic behaviour of solutions to the “almost
autonomous” equation (20) is to a “certain extent” determined by the corresponding
autonomous equation

h(y) = 77h”’(y)~ (21)
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Bounded solutions to (21) are given by
h(y) = vexp (-136\3/53/> cos (136\/§\"/§y + 5)
where v > 0 and § € R. So, we expect the following asymptotic behaviour of f,(n):
(v +o(1)) exp (—136{3/5774/3> cos <1i3\/§§3/§n4/3 +d+ 0(1))

for suitable constants v and 6. Numerical experiments strongly support validity of
such an asymptotic expansion while on the other hand, [13, Chapter X.13-X.17]
does not directly yield such a statement.

3. Linear decay and proof of Theorem 1.1. The solution u of the linear Cauchy
problem (1) is given by

—n El n
u(z,t) = ot —"/4 /n uo(x — y) fn (151/4 dy , (z,t) € R (22)
With the change of variables y = t'/4z, we obtain

u(, 1) = an / o — 1/12)fu(J2]) dz

— (2D .
“ rn t8/4g(x — t1/42) + |2 — t— 1/ 4g|P :

We distinguish two cases.
3.1. The case g < n. We first prove

Lemma 3.1. Let K C R" be a compact subset and let 0 < 3 < n. Then, there
exists Cy, 3 € R such that

lim tﬁ/4u(ff;7 t) = anwnCn,B )

t—-+oo
the limit being uniform with respect to x € K. In particular, Cp 0 = (wpam) .

Proof. By (7) and since 8 < n and g € Cg, we may apply Lebesgue’s Theorem and
exploit local uniform convergence in R™ \ {0} to obtain

: fn(l2])
tllgloo (/ t=B/g(x — tY/42) + |z — t=V/4g|P dz

_ fn(|ZD _ > n—1—0
= | TP dZ—wn/O n fn(n)dn.

Hence, if we put
Cnp = / U"il*ﬁfn(ﬁ) dn , (24)
0
the statement follows by replacing into (23). O

By Lemma 3.1, the proof of Theorem 1.1 (in the case 3 < n) will be complete
once we show:

Proposition 3.2. For all integer n > 1 and all § € [0,n) we have Cp, g > 0.

Since the proof of Proposition 3.2 is quite involved we postpone it to the next
section.
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3.2. The case 3 > n. Here we cannot apply Lebesgue’s Theorem as in Lemma 3.1
because we must isolate the singularity. More precisely, if v > 0 denotes the least
zero of f,,, we split the integral in (23) as follows:

P/ 4u(x, t) :/ fa(l2]) s
Qi n t=B/ |z — t= /4|8

_ / + / =i () + Io(1)
[z—t—1/4z|>~ [z—t=1/4z|<y

and we estimate the two integrals. In view of (7), to I; we may apply Lebesgue’s
Theorem and obtain

lim I,(t) = / f"(‘?) dz=6,5€R. (25)
t—+oo |z] >~ |Z‘

The estimate of I, appears slightly more delicate. With the change of variables
y =t"Y*z — 2, we obtain

15@);/|< Int e )

t=B/A 4 |y|P

Fally]) + o(1) / L fa0)
- A W | T e e It
/ym o g W | T s & olla(t)

so that, with the change of variables r = t~1/4s, we obtain

t=1/4s)
1+ o(1)Io(t) = nt(ﬁ—n)/4/ et fat™1/%s)
(L+0(1))I2(t) = w ; S P

$1/4

If 3 = n the last equality implies Iz(t) ~ D, ,logt as t — oo, whereas if § > n
it implies I»(t) ~ D, st®~™/4 as t — oo, for suitable positive constants D, 5. By
combining these estimates with (25), we readily obtain (4).

4. Proof of Proposition 3.2. The proof of Proposition 3.2 is somehow inductive.
It needs a statement for large n and (§ in order to be started and two recursion
formulae in order to be continued.

Lemma 4.1. For all integer n > 4 and all 8 € (£, n) we have Cp, 5 > 0.

Proof. According to (6), we may rewrite C,, 5 in (24) as

oo oo "
Cnﬁ:/o nfﬁ/o e’ (ns)"/zj(n_g)/g(ns) dsdn . (26)

Absolute integrability with respect to i near co is ensured by the condition § >
(n+1)/2. Observe that \/p.J(,_2)/2(p) is bounded at oo and that p'="/2.J(,, 9 2(p)
is bounded near p = 0. For every n > 0, with the change of variable s = z/n we

obtain
o0 _gt n 1 > At
/O e (8)"/* T (—2)j2(ns) ds = 5/0 e M2 S0y 0(2) dz

which, inserted into (26), yields

o > 4 4
Cn,ﬁ = / U_B_l/ e * /n Zn/2J(n,2)/2(Z) dz d’l] .
0 0
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By Fubini’s Theorem we then get

- n/2 >~ 67Z4/n4
0 0

For every z > 0, with the change of variable n = z/s we obtain

> 6_24/n4 1 > o4
— —s" B-1
/0 RS dn = e /0 e s ds .

Inserting this into (27) shows that

o0
n—1
Chn.p = Yn,p / 27 Pz gy 0(2) dz (28)
0

i 1
Tnp = /0 e P ds = ZF <§> >0

where the second equality follows from (10). Then, we argue as in [10, Lemma 1]:

with

since the map z — 2B s decreasing, we may apply the Lorch-Szegé Theorem
[1, Corollary 4.15.2] to (28) in order to show that C,, g > 0. Here we use n > 4 so
that for the index of the Bessel function, we have that ”T*Q > % O

Lemma 4.2. For anyn > 1 and 3 € [0,n) we have

Cni2,p = (n—B)Cnp. (29)
For anyn > 3 and 8 € [0,n — 2) we have
Crnp=4(B+2)(n—2—B)Cri2pta. (30)

Proof. By (11) and integration by parts (recall (7)) we have

Cry2p = / NP frio () dn = — / 0" P £l (n) dn
0 0

(n—p) /Ooo 0" P fu () dn=(n— B)Chp.

This proves (29).
By exploiting the differential equation for f,, see Theorem 2.2, we have

Cnp = / 0" P fa (n) dn
0

> n—2—0 ¢/
1 / W2 () di (31)

+4(n—1) /OOO 0" Ef (n) dnp — 4(n — 1) /OO 0"t 0 f () dn.

0

Note that the last integral in (31) is well defined since 8 < n — 2 and by Theorem
2.1 we have f] (n) ~cnpasn— 0.
By (11) we have

/ 0" () dn = _/ 0" fura () dn=—Cpiopra. (32)
0 0
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Hence, after an integration by parts and using again (7), (11) and the fact that
fr(n) ~cnasn— 0, we get
[t an = @)y — =38 [ g ) an

= (n=3-0)Cnizp4a- (33)
With the aid of (33) and integration by parts we obtain

/0 PR ) dn = [ )] (n -2 ) / B (n) dn
— —(n—2-8)(n-3—B)Crropa (34)
Combining (31)-(34) the proof of (30) follows. O

We are now ready to prove Proposition 3.2. We prove it separately in the cases
where n is odd or even.

Proof of Proposition 3.2 for odd integers. By Lemma 4.1 we have
Cop >0 for all g € (5,9). (35)

In turn, by (35) and (30) we have C7 3 > 0 for any 8 € (1,5) while by Lemma 4.1
it follows that C7 g > 0 for any 3 € (4,7). This yields

Cr3>0 for all g € (1,7). (36)

Then, according to (36) and (30), we obtain Csg > 0 for any 5 € [0,3) and
according to (36) and (29) we obtain C5 3 > 0 for any § € (1,5). This yields

Cs5>0 for all g €10,5). (37)
By (37) and (29) we also have for n =1,3
Cnp>0 for all g € [0,n).

It remains to consider odd dimensions n > 5. It is already proved for n = 5 in
view of (37). Suppose by induction that the conjecture is true for some odd integer
n > 5. By (29) we have Cj42, > 0 for any § € [0,n) and by Lemma 4.1 we deduce
that Cy42,3 > 0 for any 8 € ("74'?’, n -+ 2). Since n > "TH for any n > 4, this proves
that
Cht28>0 for all 3 € [0,n+2).

The proof of Proposition 3.2 for odd integers is now complete. O
Proof of Proposition 3.2 for even integers. By Lemma 4.1 we have

Csp >0 for all B € (9/2,8). (38)

By (38) and (30) we have Cs g > 0 for any § € (1/2,4) while by Lemma 4.1 it
follows that Cgs 3 > 0 for any 8 € (7/2,6). This yields

Cep >0 for all 8 € (1/2,6). (39)

According to (39) and (30) we obtain Cy g > 0 for any § € [0, 2) while according to
(39) and (29) we obtain Cy g > 0 for any 8 € (1/2,4). This yields

Cyp>0 for all 5 €10,4). (40)
By (40) and (29) we also have
Cop >0 for all 5 €10,2).
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It remains to consider even dimensions n > 4. This proof by induction is performed
exactly as in the case of odd n. The proof of Proposition 3.2 is so complete also for
even integers. O

5. Proof of Theorem 1.2. Let 5 € (0,n) and T" > 1 be fixed. According to
Theorem 2.3 we know that f,, is changes sign infinitely many times. Let 1 < 7o
be the first two zeroes of f, so that we have

fo(m) >0 forallne (0,v1) and f,(n) <0 forallne (y1,72).
Let d > 0 and 0 < § < (72 —71) /2 be such that

fu(n) < —d for all n € (y1 + 6,72 — ). (41)
Put b= (72 — 1) /2 and a = b — § and define for a fixed M > 1
1 if |z|<a
g(x)=1{ 1+ =2 (|2| —a) if a<lz|<b
M if |z| >b.
If .
= P

then by (22) the corresponding solution u = u(x,t) of (1) reads

w@t) s / 1l / fu (l2)
- nuo(x Y)f i) W w g (|7 — 1/32]) + o — £1/22] 2

By (7) and (41) we have

u(x,t) </ —d d
z
Qn (+o<lzl<na—sy 9 (|o = t1/42]) + |z — ¢1/42)0 (12)
e_/"|z|4/3

+ K dz.
(el<miu{z/>ve} 9 (|7 — t1/22]) + @ — t1/42|7

Take 29 € R™ such that |29| = (71 +72) /2 and put R = T~*q and z7 = T *zy.
Then by (42) we have

T —d
U($T7 )</ ﬁdz
an Br(zo) g (T4 w0 — z]) + TP/ |ag — 2|
1 s @)
e
+ K ———dz+ K ——dz.
flzl<my 9 (jo = ¢1/42]) (121> 9 (|o = ¢1/42])
Note that if z € Bg (), then

TY* |zg — 2| < RTY* = a and g (T1/4 |zo — z\) =1 (44)

On the other hand if |z] < 71, then

Y1+ Y2

|xo — 2] > |xo| — |2| > 5

-1 =0
Since T > 1 we also have T"/* |zo — z| > b and

g (T1/4 |0 — z|) - M. (45)
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Similarly for |z| > v2 we have

Y1+ 72

=b
2

|20 — 2 > |2] = [wo| > 72 —
and
g (T1/4 |z — z|) = M. (46)
Inserting (44)-(46) into (43) we obtain
U(Z‘T,T) < _ wand Kwnfy{l + E/ e—/L‘Z|4/3 d.
(6% n(1+a5) TLM M {‘Z‘>’YZ}

It is clear that if we choose M sufficiently large then u (xr,T) < 0.

6. Proof of Theorems 1.4 and 1.5. Let ug be a function such that

@
o (z)| £ —— (47)
1+ |z
for some « > 0. Let u be a solution of the integral equation
t
w(t) = b(t) * ug +/ b(t—s) % u(s)P u(s) ds. (48)
0

By a contraction mapping argument (see [14] Section 3.3), we know that (48) admits
a unique solution u(t) defined in the maximal interval of existence [0,7*) with
0 < T* < +o0 and such that u € C°N L* (R" x [0,T]) for any T € (0,T*).
Moreover, it is well known (see Proposition A4 in [6]) that any bounded solution of
the integral equation (48) is a solution of (2).

In order to overcome the difficulties which arise from the oscillatory behaviour of
the kernel b (see also Theorem 2.3 above), Galaktionov and Pohozaev [7] introduced
the following majorizing kernel E(m, t):

Z(x, t) = 0t~ "4 exp (‘/“74/3)

with p as in (7) and

From this definition we have

b (x,1)] < Dub (x,1) (49)
for a suitable constant D,, > 0. Let vy be defined by
vo () = Dy fuo (2)]- (50)
Besides (48), we also consider the integral equation
¢
v(t) =b(t) *vo + Dn/ b(t—s)x0vP(s) ds. (51)
0
If v is a solution of (51), by (49) and (50) we infer that
u(z, )] < (1) (52)

as long as v(t) exists. In particular, the maximal interval of existence for (48)
contains the corresponding interval for (51).
We define the operator

Bu(z,t) :E(t)*v0+pn/0 bt —s)x|v(s) P v (s) ds (53)
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over the space C° N L (R" x [0,T]) =: CP (R™ x [0,T)) for any T > 0. Since the
initial datum vy = vo(x) is nonnegative, any fixed point v = v(x,t) of the operator
Bisa nonnegative function so that v also satisfies (51).

As for the “linear” contribution of the initial datum to B in (53), we have

~ 4 (\17y|4)1/3
0 < b(t)*vozon/ et Dy Juo(y)| dy

(m“)l/g 1
< DnGna/ tT e ——5 dy = DpOnaGy (x,t). (54)
" L+ |z —y

Here, any § > 0 makes sense. Next, we estimate the second term in the right hand
side of (53). Let M > 0 and let v € C° (R’;™") be such that

M
0<v(e,t) < ——s—r
1+ |z|” 4 ¢8/4

1
for all (z,t) € R

Then, we have

- ! (lt)?
0 < / b(t—s)=*vP(s) ds:Qn/ / s/ vP(z —y,t—s) dyds
0 o Jr»

t 1/3

< 0,MP 57”/467“(@5‘4) 1 dyds
B4 s]?

0 JR" [1+(t—s) +|x—y|}

= 0,MPGs (z,t). (55)

In the following two propositions we formulate precise decay estimates for G (z,t)
and Ga (x,t).

Proposition 6.1. Let 3 > 0. Let G be the function introduced in (54). There
exists a constant Cy = Cy (n, ) > 0 such that for all (z,t) € R} we have

. :
TP A7 y8elm
c if B =
G x, t) < (™ n/4 zfﬂ_n 56
1(z,t) < 1+ rogtErTey + BT 0
. :
el iFe>mn.

Moreover, for any € > 0 the constant C1 may be chosen independently of B €
[0,n —e]U[n+ e, +00).

Proposition 6.2. Letp > 1+4/n and § > ﬁ. Let G4 be the function introduced

in (55). There exists a constant Co = Ca (n,p, 3) > 0 such that for all (x,t) € RY
we have

Cy . 4  n+4
L[] PP~ £ (Bp/0) 1 if B e [p—l’ P )
C o ntd
Ga (2,t) < R if 8= (57)
M g (i 7ep + oe (19D
Cy . n+4
TH[z]" /1 B>

Moreover, for any € > 0 the constant Cy may be chosen independently of B €

4 ntd n+t4
[y o] U [ 2, oc).
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The proofs of Propositions 6.1 and 6.2 are postponed to Sections 8 and 9, re-
spectively.

6.1. Proof of Theorem 1.5 in the case [ € {ﬁ,n). We fix Gy € [4/(p—1),n)
arbitrary and remark that the following arguments are uniform in 8 € [4/(p—1), Bo]-
We proceed as in [9]. Let M > 0 to be fixed below. For any 7" > 0 we introduce

the set

M
Sr=<veC’(R"x[0,T]):0 <w(z,t) < — 5 ("
L+ [x]” + 6/
It is clear that the set St is a nonempty, closed and convex subset of the Banach
space C (R™ x [0,77]) of continuous and bounded functions in R™ x [0, 7.

We show that, for any 7' > 0, St is an invariant set for B, i.e.
EST C St

for a suitable choice of M > 0 and o > 0 in (47).

Note that for any g € (ﬁ,n) the exponents of ¢ which appear in (57) are
strictly larger than 8/4 which appears in (56), while they are equal for 5 = 4/(p—1).

Hence, we have

Gy (z,t) < Cs

<— 58
14 |]® +8/4 (58)

with a suitable constant 52 = 6'2 (n,p,B) > 0. To see that 5’2 may be chosen
independently of 8 € [p%l, ﬂo} , we observe that in (55), 8 may be replaced by

8= % < % < "T'f‘l. Applying Proposition 6.2 to this 3 yields (58) with C, to

be chosen uniformly for 3 € {p;fl, ﬁ°;4]7 i.e. independently of § € [ﬁ, ﬂo}.

Therefore, inserting (56) and (58) into (54) and (55), we obtain

~ D,,0,aCy + 0, D, MPC: M
Bu (z,t) < ati +5 2 _ 5
1+ |z|” 4 ¢8/4 1+ |z|” + t8/4

for
~ -1/(p—1)
M= (CQHnan)
and
a= p—1
Dz/(pfl)eg/(pfl)01521/(1071)101,/(1,_1) '

The rest of the proof is based on an application of the Schauder fixed point Theorem
as in the proof of Theorem 1 in [9]. With this procedure we find a function v €
C° (R’™) such that Bv = v and

M
0<v(zt) <

< for all (z,t) € R
1+ |z|f 4 t9/4 (.8) € Ry

By (52) we conclude that (48) admits a solution u € CO(R*") such that

0 < |u(z,t)| <v(x,t) for all (z,t) € R
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Finally by Propositions 6.1 and (58) we infer that the constants C; and Cs may

be chosen independently of § € ﬁ,ﬁo} so that also @ and M may be chosen

independently of 3 € [;%1, ﬂo} )
So, Theorem 1.5 is proved for 5 € [4/(p — 1), n).

6.2. Proof of Theorem 1.5 in the case 3 > n. If § > n, for suitable M we
work within the set

M
Sp = CO(R™ x [0,T]): 0 <w(2,t) < ————7
- {ve (R™ x [0,T7) —U(x’)—1+|m"+t”/4}’

while for 8 = n we put

M
‘a;l" tn/4

Sr=<{veC"(R"x[0,7T]):0 <wv(x,t) <
L+ Geiman t+ oetie

This yields the proof of Theorem 1.5 in the case 8 > n exactly as in the case
4

6.3. Proof of Theorem 1.4. Let u (x,t) be the global solution of (2) with the

initial condition ug as in the statement of Theorem 1.4. Provided a is sufficiently

small, this global solution exists in view of Theorem 1.5. Moreover, by (5), (55)

and Proposition 6.2 we infer that for any ¢ > 0 there exists t; > 0 (independent of
x) such that

< Dn/o b(t—s)*|u(s)|P ds

< Dp0, APGy (2, ) < et—8/4

/ b(t—s)*|us) P u(s) ds
0

(59)

for all t > t; and z € R™.
This fact occurs since for any 4/(p — 1) < 8 < n we have that

B/4 < min{(Bp/4) —1,n/4}.

On the other hand, by Theorem 1.1 we deduce that for any compact set K C R"”
and for any € > 0 there exists t > 0 (independent of x € K) such that

b(t) *ug > (aén”g - 5) t=P/% forallt >ty and z € K. (60)

Combining (59)-(60) we infer that
¢
w(z,t) =b(t) *ug +/ b(t—s)*u(s)P " u(s) ds> (aC’n’g - 25) =P/
0

for all t > t3 and x € K with t3 = max {t1,t2} . Since C~’W3 > 0 we may choose € > 0

small enough such that aén, g —2e > 0. This proves the eventual local positivity of
U. (|
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7. Some technical lemmas. We recall here the trivial inequalities

11 2
ing —, - < for all . 1
mm{a’b}_aer or all a,b>0 (61)

For any m € N and ¢ > 0 there exist 1,7y, > 0 such that

m q m m q
" <Z ai> < Zag <7 (Z ozi) forall a; >0, i=1,...,m. (62)
i=1

i=1

We provide some technical estimates which will be fundamental for our results.

Lemma 7.1. Let p > 1+4/n and € [1)4?1, ’%4) . There exists a constant C =
C (n,p,3) such that for n > 2 we have

3/T ,pTp n—5_,—upt/> Sdodpd
e [ [ e <c
2

2)n/2 [Tg(TP*0)+(0*1)4+<1fT>2

o

(63)
Forn=1 and any T > 0 we have

3/T Tz 54 —uz4/3 3
INR] —/ / s dodz < C. (64)
[Tz~ o)+ (0~ 1)

4

1 RTTZL) the constant C' may be chosen independently of

Moreover, for any 31 € (
B e {ﬁﬁl} .

Proof. The estimates (63) and (64) may be obtained with the same procedure in-
troduced in the proof of Lemmas 1 to 4 in [9]. There, the integral was split as
follows:

1/(2T) ,Tp 3/T Tp/2 0 p1/T 3/T
A B SR A B
/ / / / /QT)/() o J1/(2T) JTp/2 1 p/2

Most delicate are the integrals

1/T 3/T
[ A A
/(2T) JTp/2 p/2

where the o-integral is divided further by a p dependent polynomial of order 8. This
enables us to find suitable estimates for terms which become strongly singular for
certain values of p. The condition 8 < 2t is used in order to ensure finiteness of
certain integrals which arise in the course of our estimates. O

Lemma 7.2. Let p > 1+ 4/n and § € {i n) There exists a constant C' =

p—1’
C (n,p,3) such that:
— forn > 2 and for any T > 0 we have

Tp n—>5_—up*/? 3do do d
=L, / e e
3/T 3 2 1

2)0/2 [Z(Tp - o) + (0 = 1)* + (1%




DECAY AND EVENTUAL LOCAL POSITIVITY 1147

— forn =1 and for any T > 0 we have

Tz 274 7;424/30,3
F271 = / / 3p do dz S C. (66)
. T3 =L
$TJ0 [Tz —0)+ (0 —1)4] *
Moreover, for any p1 € (;%l,n) the constant C' may be chosen independently of
B € |:p%417ﬂ1:| .
Proof. Proceeding as in the proof of Lemma 5 in [9] we arrive at
C el 54 Bp ()3
P2,ngc+m/3 T 5+4€ M(T) dT:C+Cg(T) (67)

for any n > 1. We need to prove that the function g = ¢(7T') defined above is
bounded for T € (0, 00) . Since ¢ is continuous in (0, 00) we have only to prove that
g remains bounded as T'— 0 and T" — oo.

If T'< 1 we have

1 o0 P L+ \4/3 +\4/3
g(T) = 7TTL—4+/3P /3 7n75+%67%(7) 67%(7) dr
10 R g 5 (#)°
I 4 2 pry —_—_—
S == T e T Tn=ithp
The last term tends to 0 as T — 0.
If T > 1 we split the integral in (67) as follows
37T 0o
9(T) = Tn—14+ﬂp [/ Tn_5+%pe’“(%)4/3d7+/ =5+ emn(5)" g7
3 3T
for some « > 1 which will be fixed below. Since
o 1 C
T S 3T T S 1/04
and
7> 37 = = > 3l/ar Tt
T
we have

3re 7= 5+ﬁ” C oo o 4(a—1)
n— 5+ 4 —pnCrt 3o
<C/ 7n ey d7'—|—7Tn74+,8p/3 T e dr.

If we choose o > 1 sufficiently close to 1 then 77—5+%—*=% ¢ 1 (3,00) so that

g(T') remains bounded when T"— oo. This completes the proof of the lemma. O

8. Proof of Proposition 6.1. We proceed along the lines of the proof of [9,
Proposition 2]. We make the change of variables y = t'/*2 to obtain

e—Hlz|*?
Gi(zt)= | ————dz
5
R 14 |z — t1/42]

We start with the following
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Lemma 8.1. There exists a constant K1 = Ky(n,3) > 0 such that for all |z| <1
and t > 0 we have

K .
1+|m\ﬁirt/3/4 Zfﬁ € [O,TL)
Ky ; _
—= 0  iff=n
Gi(,t) < 2|+ i (68)
K .
Tl A if B> n.

Moreover, for any € > 0 the constant K1 may be chosen independently of 6 €
[0,n —€e]U[n+¢,+00).

Proof. For |z| <1 and ¢t > 0 we immediately obtain

G1 (z,t) S/ ez gy < A 5-
. I+lo

with a suitable constant 4; = A;(n,3) > 0.
If 8 € [0,n) then following closely the proof of Lemma 6 in [9] we obtain

Gy (z,t) < Agt™P/*  for all (z,t) € RY, (70)

where Ay = As(n, 3) > 0.
If 3 = n then for any (z,t) € R’} we have

dz 4/3
Gy (z,t) <t /4 / +/ e = gy
1 ( 3 ) = |z7t*1/4z|§1 tfn/4 + |Z _ t*1/4x|n ‘th*1/4g;‘>1

< ¢/t / % dw—|—/ e~Hl= g
jwj<1 t7/4 + wl n

< Agt™4 1+ log (1 +1)],

(71)

where A = Az(n) > 0.
If 8 > n then for € R™ and t > 1 , we have

d
Gy (z,t) <t F/4 / : 5 +/ e rl= gy
|z—t—1/4z|<1 ¢=B/4 4 |z — t*1/4x| |z—t=1/42|>1

con[[ ] ewra]
lw|<1 t=A/4 + |w| n

After the change of variables w = t~!/45 we obtain

G (,t) <t=F/ [tﬁ/4n/4/ dTH-/ e Hl=* gy
R n

with A4 = Ay (n,ﬁ) > 0.
On the other hand, for |2| < 1 and ¢ € [0, 1] the first inequality in (69) holds true
so that for any x € R™ and ¢ > 0 we have

G (x,t) < Ast™™/4, (72)

< A4t7n/4

n 1+ n|?

for As = A5 (n,3) > 0.
Combining (69) with (70) if 3 € [0,n), with (71) if 8 = n and with (72) if 8 > n,
by (61) we immediately obtain (68). O
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Assuming now |z| > 1 we prove:

Lemma 8.2. There exists a constant Ko = Ko(n,3) > 0 such that for all |z| > 1
and t > 0 we have

K .
1+|x|51t5/4 Zfﬂ € [O,TL)
Ko ; _
G (z.1) < 7 ifB=n 73
1@ t) < 1+ g en + ot (73)
K .
1+|E|n%‘rt"/4 Zfﬁ > n.

Moreover, for any € > 0 the constant Ko may be chosen independently of 3 €
[0,n —e]U[n+¢e,+00).

Proof. For 8 € [0,n) the proof of (73) is exactly the same as in the proof of Lemma
7 in [9].

In the rest of this proof we assume 8 > n. We proceed as in the proof of [3,
Lemma 2.2]. Given R > 1/2, let |z| > R such that

lo—y|*)1/3
—n/4e_“( ' )

ety —n(l=

e e

N / P d“/ i dy
ly|>R L+ |yl lyl<R L+ |yl

n/4 le—y|*)1/3

. 1 oy (=)
—(")ﬁJr/ (==l ¢ o dy. (74)
L+ R wi<r 1T =yl t 1+ |yl

|z —yl =2z [yl = [z[ -R>0  for [y[ <R, [z[>R

Since we have

and
/3

Zlher "t < C’(?”L)e_(”/Q)Zl/3 for all z > 0,

by (74) we obtain

G1 (l‘, t)

_ 2)(\1'*144)1/3
Cm) . Cm / e~ WA= p
L+ R (|| = R)" Jiy<r 1+ [y’

C (n) C (n) / 1
< + n dy.
1+R" (2| = R)" Jiy<r 1+ |y|°

If 8 = n, we infer

@t < TR Y R

log (1+ R).

If 8 > n, we find that

C (n) C(n,p)
Gy (:E,t) < 1+ Rn + (|x| —R)n
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Choosing R = |z| /2, then for any |z| > 1 and ¢ > 0 we obtain with a suitable
constant C (n, 3)

C(n, .
1+(\ﬁ log(1+z)) ifB=n

Gl ($7t) §

fﬁﬁ if 8> n.

Combining this estimate with (71), (72) and (61), we obtain (73) also for 8 > n. O

The proof of Proposition 6.1 follows combining the estimates of Lemmas 8.1 and
8.2.

9. Proof of Proposition 6.2. With the change of variables y = s'/4z we obtain

t e—Hlz*?
Gy (2,1) = / / dzds. (75)
0 JRr {1+(t—s)’8/4+‘$—51/4z|ﬁr

We start with the following time decay estimate.

Lemma 9.1. Let p > 1+ 4/n. Then, there exists a constant By = By (n,p,5) >0
such that for all x € R™ and t > 0 we have

_Bp .
Byt 1 ifBe [, =)

Go(,1) < Bt/ [1+log(1+18)] if =2 (76)

Byt—"/4 if B> "T‘f‘l.
Moreover, for any € > 0 the constant By may be chosen independently of 3 €
[i "—“—s] U ["—*4 +e +oo)
p—1’ p P ’ ’

Proof. We split the integral in the right hand side of (75) in the following way

t t
Ga(z,1) s/ / +/ / =I5 +DI.
0 |z—s*1/4$|§1/2 0 |z—s*1/4$|>1/2

In the rest of this proof, we denote C = C(n,p,3). If we put w =z — s~ /4% then,
making use of (62), we find for the integral defined by I:

t efﬂ‘zlll/s
5 :/ / 77 dzds
0 J|z—s—1/42|<1/2 [1 + (t— s)ﬁ/4 4+ gB/4 |z _ 8—1/430’ }

t
1
S/ / 5 dwds
0 Jwl<1/2 [1 F(t— s)* 4 5P/ |w|ﬁ}

<C’/t/ dwds —C/ /t dsdw
—Jo |w\s1/2( 3 lwi<1/2 Jo ( E

1+t—s+s|w|4> 1+t—s+s|w\4)

p‘m

8

SC/ 1 T dw.
WIS ) (1 telt) T
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We distinguish the three cases i <pB< "Tf‘l, 8= "*4 , B> "*4

If 40 << "4 then |ul pﬁ“/ (1 - |w|4> e L! (31/2 (0)) so that by (77) we
obtain

—Bp+4
n<-¢ / l dw< . (78)
ta 1 Jwi<1/2 (1 - |w|4> tF-1
If g = "*4 , by (77) we have
1
L < C/ 1w
|w|<1/2 <1+t|w|4)
C 1 Cl1+1log (1+1)] (79)
Ze lwl<1/2 (1 "4 dw = /4 .
s (e
Finally, if g > "T'f‘l by (77) and the change of variables 1 = t*/4w we infer that
C 1 C 1
IISW/ > —/,,,ldnéw/—@ldn- (80)
In|<t /2(1+|‘) <1+‘|)4
Next, we consider the integral I5. By (62) we have
—pulz[*/?
I, < / / 5 dzds
0 |zfs*1/4z|>1/2 |:(t—8)6/44-85/4’2;—8_1/4;[;’6}
t e—nlzl*?
< / / dzds
0 J|ems—1/1a|51/2 (t_5)5/4+ (%)5/4}1’
S c _,“'i i4/3d / ﬂp ds < ﬂ? 17
R™ 54 8 16 ta
Combining this estimate with (78), (79), (80) we obtain (76). O

We now study the decay of Ga (z,t) with respect to .

Lemma 9.2. Letp > 1+4/n and 8 > 4/(p — 1). Then, there exists a constant
By = By (n,p, 3) > 0 such that

B,

Go (‘T’t) S ——%
1+ |27

for all |x| <1, forallt>0.

Moreover, the constant By may be chosen independently of (.

Proof. See the proof of Lemma 9 in [9)]. O

Lemma 9.3. Letp>1+4/n and 8 € [ﬁ, %‘4), Then, there exists a constant
B3 = Bs (n,p,3) > 0 such that
Bs

Gy (x,t _
(1) < 1+|ar|’6p4

for all |x| > 1, forallt>0. (81)
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Moreover, for any 31 € (i "—H) the constant Bs may be chosen independently

p—1’ p
of B € [ 17ﬂ1]

Proof. Define F; (z,t) = (1 + |m|ﬁp—4) Gy (z,t) . We will show that Fy is bounded

in R7"!. We distinguish the cases n > 2 and n = 1.
The case n > 2. The argument is almost the same as in the proof of Lemma 10
n [9]. We obtain for any |z| > 1 and t >0

Tp n—>5 —up4/3 3
(2,1) <C/ / / P e o°do dp dw .
e

2)n/2 [TS(T —U)—I—(O—l)‘”-ﬁ} )

We split the integral in the right hand side of (82) in the following way

oo p3/T ,pTp 0o oo Tp
L bbbk
0 0 0 0 3/T JO

By Lemmas 7.1 and 7.2 we infer that F» (z,t) is bounded for |z| > 1 and ¢ > 0.
This implies (81).

The case n = 1. We argue again as in Lemma 10 in [9] to obtain for any |z| > 1
and t >0

Tz 3
(z,t) < C —dgmnst 7 5y dodz. (83)
/ ‘/0 [Ts(TZ—U)+(U—1)]4

z

As above, we split the integral in the right hand side of (83) into

3/T Tz 0o Tz
TR A
0 0 3/T Jo

Again, by Lemmas 7.1 and 7.2 we infer that F» (z,t) is bounded for |z| > 1 and
t > 0. This implies (81) also for n = 1. O

Lemma 9.4. Letp > 1+4/n and g > "Tfl. Then, there exists a constant By =
By (n,p, 8) > 0 such that for all |x| > 1 and t > 0, we have:

B
7471 if B> ntd
Go (z,t) < L+ 2] '
2(x,t) < B log (1 + |z|) if § = ntt
4 1+|x‘n p

Moreover, for any (1 > ”T'f‘l the constant By may be chosen independently of 5 €

)
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Proof. Define F (z,t) = (1+ |z|") G2 (z,t). We split the corresponding integral
expression as follows:

t 1 n _ 4/3
F2(x,t)=// (L o) exp (=pl=l"?) ~dzds
o Stz (U1 (5978 4 | — 5172]9)

N /’f/ (L + 2l exp (zpl2 )
0 Jjomsirazi<lzl (14 (t — 8)P/4 + |z — s1/42|8)"

::F271 (ZL’, t) + FQ’Q (1’, t) .

In what follows, we repeatedly use (62). As for the the first term, we have

t 14+ n _ 4/3
Fou(z,t) < C// (L+ Jo]") exp ( M;|/4)dzds
0 |w—sl/4z|_‘ (1 +t—s+ |$‘4) p

t
C(L+ Jal") [T+t = 5+ [af )1~ P/4]
C(1+ |z))"HPP <,

where we used the fact that n +4 — gp <0.
As for the second integral, we observe that

IN

0

IN

|z
2g1/4°

|z — s¥%z| < %: |z| >

Taking into account that for any o > 0 there exists C, > 0 such that
n*exp(—n) < C, for all n > 0, we conclude that

LA\ 1/3
qayn ()
C/ () / dwds
0 $ Jw|<|z|/2

Fyp (w,t) <
(141t — s+ [w]t) P/
lz[/2 pt pn—l
< C/ / dsdp
0 0 (14t—s+ ph)/*
|z]/2 _ t
= C/ Pt {(14-15—8-1-[)4)1 BPM]Odp
0
|]/2 L .
< C'/ i (1_|_pn)( —Bp)/n dp
0
x . +4
C llog(1 + p")liy? < Clog(1 + [x]) ifg="
- jol/2 4
C -+ pr)eri=n/in] "< O oo 5> nte
0 p
thereby proving the claim. O

The proof of Proposition 6.2 follows combining the estimates of Lemmas 9.1-9.4.

Appendix A. Appendix: polynomial approximations of the heat kernels.
By Theorem 2.1, we may rewrite the f-function as

o0

fn(n) =cn Z(*l)kaw%,

k=0
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where
(k+m)!T(Zet2m+l . .
W if n=2m+1is odd,
ak = F(k«gm,) . )
PR TR (1) if n = 2m is even;
and

V8r

22 ifn=2m+1is odd,
Cn =
1 if n = 2m is even.
Moreover, for our purposes, the quotient of two consecutive coefficients

Q41
by = —t
ag

will be important. We first prove
Lemma A.1. For any integer n > 1, the sequence (by), oy 45 strictly decreasing.

Proof. Consider first the case where the space dimension is odd, namely n = 2m+1
for some integer m > 0. Then, we have

bk+1 _ Ak42an _ (k’ + 1)(2k +2m + 1)F (2k+24m+5> T (2k+24m+1)
i 011 (k +2)(2k + 2m + 3)T (2h2ms3)?
2
(k + I (2E5mE8) k1

= < <1
2k+2m+3 2k+2m+7
(k+2)T (B2 T (Bt b+ 2
due to the log—convexity of the Gamma—function.
Similarly, when the space dimension is even, namely n = 2m for some integer
m > 1, we have
2
bii1 (k + DT (H522) k1

= 1
be (ke 2)l (SRt (AEmis) S kg S

where we used again the log—convexity of the Gamma—function.

OJ

For K € Ny, we define the following approximations for the f-functions:
K

Fr(n) =cn > (=1 arn™ .
k=0

We do not indicate the dependence of Fx on n by an additional index. We are now
ready to prove polynomial approximations of the f-functions:

Lemma A.2. Let n > 1 and assume that K € N is even. Then, for 0 <n < zl)

3

one has
Fr_1(n) < fu(n) < Fr(n).
Moreover, we have the following error estimates:

max{| fu(n) = Fxx ()], |fa(n) = Fr-1(n)|} < [Fr-1(n) = Fx(n)| = cnaxn®.

1
for all In| < =

Proof. One certainly has f,(n) < Fx(n), if for all even k > K one has that
1

2Uit4 242 2
a2 —ap TP <0 & g ST
k1
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which, thanks to Lemma A.1, is equivalent to

2
< .

= bx 11

Similarly, one has Fi_1(n) < f.(n), provided for all odd k > K — 1

k k
ap 1" — a2t >0 & P < & <.

o>
=

b1
This completes the proof. O

We now show how this polynomial approximation may be used to determine
some quantitative properties of the f-function in space dimension n = 1, where it
takes a particularly simple form:

[

We first refine (7) by estimating its modulus in a quantitative way:

Lemma A.3. For any n > 0, the following holds

|f1 —4‘/ e cos(ns) ds

Proof. We have

1 ) ) )
—filn) = 2/ e cos(ns) ds = / e s ds+/ e e ds = 2/ e s s,
€1 R R R R

where we used the change of variables s — —s. By Cauchy’s Theorem we have for

any real € > 0:
/675461'775 ds = / 67(s+i5)4€i17(s+i5) ds ,
R R

4 4 2_2 4 4 4
/e*S e ds| < e*”s/ e e e ds < e Mel"E /efs /2 ds.
R R R

Choosing ¢ = (1/34)/3 so that 173 = /2 yields

/Re*#e“’s ds| < </R e /2 dS) exp (*nw’/ (2@)) <22exp (—0.15774/3) .

The last inequality follows from the fact that

o0 V2 (1
/6754/2 ds — 2/ s gs = V2p () = 2.1558...
. o 2 \4

which, in turn, follows by arguing as for (10). O

< 4.4exp (—0.15n4/3) .

We prove a crucial positivity property for fi:
Lemma A.4. For any positive nonincreasing function h : (0,00) — [0,00) satisfy-
mng

/h(n)dn < 400

0
we have

/ " h) f1 () d > 0.
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Proof. Note first that by Lemma A.3 and under the assumptions on h, we have
hfi € L*(0,00). Then, we apply Lemma A.2 with K = 6 so that, for |n| < 10:

Fs(n) < fi(n) < Fs(n).

F5 has its first zero beyond 3.43, Fy before 3.46, so that f; has its first zero in the
interval [3.43, 3.46]. We conclude by means of explicit calculations and Lemma A.3

— [ hMmfiln)dy = — h(n) fi(n) dn+ — h(n) f1(n) dn
c1 Jo €1 Jo €1 J3.43
1 3.43 1 %)
> 069 (2 [ Fan- = [ neilan)
€1 Jo €1 J3.43
o0
> h(3.43) (6.93—4.4/ exp (—0.15174/3) dn)
3.43
44 [
> R(3.43) (6.93m 3437]1/Sexp (70.15774/3) dn)
> 1(3.43) (6.93 — 6.72) > 0.

O
For suitable profiles h, the monotonicity assumption in the previous lemma may
be relaxed.
Lemma A.5. There exists By > 0 such that if 0 < 8 < By, then

/R AnDIE—nPdy>0  for all € €R. (84)

Proof. Let v; be the smallest positive zero of f; and take § < 1/2. Let g(n) =
4.4cy - exp (—0.151*/3) so that by Lemma A.3, we have |f1(|n])| < g(n). We choose
&o > 0 large enough so that

& >2y andfor all £ > & 4€g9(£/2) < 0.1¢;.

First, we consider £ > £ and split the integral over R in (84) into

-7 71 £/2 2¢ 0o
Lol e
—0 -n Ré! §/2 2¢
We obtain by making use of the approximations for [ f; and [ g from Lemma A.4:

/ I
R

> |g|* /_ g dn +23/2) e /0 " finyn

13
R / o) dn — 29(£/2) / 08 d

> (2(3/2>ﬁ Y fmydn — (14 2%) / " gy dy 4|§|g<§/2>) &7
0 Y1
>c; (2(3/2)776.93 — (1+27)6.72 — 0.1) |¢] 77 > 0

uniformly in £ > &y for 8 close enough to 0. The same estimate holds for £ < —&.
Finally, for £ € [—&o, &), we have uniform convergence of

/f1<|n|>|§—n|—ﬁdne/f1<|n\>dn:a;1>o as B — 0.
R R
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Therefore, the existence of By > 0 as in the statement follows. O

As an immediate consequence we have even global positivity for a special class
of initial data:

Proposition A.6. We assume thatn = 1 and ug(z) = |x|~?. For 8 > 0 sufficiently
small, the corresponding solution of (1) given by (23) is positive in R3..

Acknowledgements. We are grateful to a referee of [9], who suggested to study
not only the limiting case 8 = 4/(p — 1) but the full range 3 > 4/(p — 1) and the
dependence of the decay properties on .

Note added in proof. After the present paper was accepted for publication,
Paschalis Karageorgis (Trinity College Dublin, Ireland) informed us about a much
simpler proof for Lemma 10 in [9], to which we refer in the proof of Lemma 9.3
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