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Abstract We prove a family of Hardy-Rellich inequalities with optimal constants
and additional boundary terms. These inequalities are used to study the behavior
of extremal solutions to biharmonic Gelfand-type equations under Steklov bound-
ary conditions.

1. Introduction

A well-known generalization of the first order Hardy inequality [35,36] to
the second order is due to Rellich [44] and reads

N2(N — 4)2 2
KJAuFdx>(16)%;;H¢z Vu e HZ(Q) (1)

where Q € RY (N > 5) is a smooth bounded domain and the constant
2 2

% is optimal, in the sense that it is the largest possible. In [29], the

validity of (1) was extended to the space H2 N H}(Q) (see also previous

work in [21] when Q is a ball) and the existence of remainder terms was

established. More precisely, among other results, it is proved there that there

exist constants C; = C;(2) > 0 (i = 1,2) such that

N2 N —4 2 2 2

/mﬁmz—i——l ﬁﬂmﬂl§%m+@/ﬁm (2)
Q 16 a |z a lz| Q

for all u € H2 N HE (). Higher order versions of (1) and (2) were obtained

in [17,29,40]. We also refer to [1,4,5,33,45] for further improvements and
variants of these inequalities.
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The existence of a constant dy = do(2) > 0 such that
/ |Au)? dz > do/ u2dS Yue H?NHE(), (3)
Q a0

where v is the unit outer normal to J€2, is proved in [8]. The number dj is
the first simple boundary eigenvalue of the biharmonic operator A2 under
the so-called Steklov boundary conditions: u = Au — du,, = 0 on 9 for
some d € R. When = B, the unit ball, one has do(B) = N.

The first purpose of the present paper is to consider intermediate sit-
uations between inequalities (2) and (3). We seek two positive constants
h=h(Q) and d = d(2) such that

2

/ |Au|® dz > h/ u—4dx—|—d/ u?dS Yue H*NHLHQ). (4)
Q a |zl o0

Clearly, in (4) one expects a dependence d = d(h) and, of course, one is

interested in finding the optimal (largest) constant d for any h > 0. We

will prove (4) in all the situations between the two extremal cases where

h = 0 (corresponding to (3)) and h = W (corresponding to (2) with

a boundary remainder term). As expected, in the limit situation where h =
W there is a loss of compactness and (4) becomes a strict inequality
for all w # 0. There is no way to further increase h, even at expenses of a
smaller (possibly negative) value of d; to see this, it suffices to consider the
original inequality (1) in the space HZ(Q).

The second purpose of the paper is to apply inequalities (4) to the study
of the regularity of extremal solutions to semilinear biharmonic problems
such as

() A2y = \g(u), u >0 in Q
A u=Au—du, =0 on Of)

where A and d are nonnegative constants, and the nonlinearity g has the
following form:

gluy=e*,  gu)=1+u? (p>1),

1 ()
Q(U)—m 0<u<l1, v>2).

Fourth order problems as (G) were studied under different boundary
conditions, such as Dirichlet conditions u = u,, = 0 on 01, see [3,13,15,18,
19,20,24,25,26,47], or Navier conditions u = Au = 0 on 92, see [7,19,20,
34]. See also [14,38] for related nonlocal problems. We are here interested in
intermediate boundary conditions, the Steklov conditions u = Au—du, =0
on 0f).

Although problem (G}) is the fourth order version of long-standing and
well-studied second order problems [9,11,32,37,39], the proofs of the corre-
sponding results turn out to be much more involved. The first difficulty one
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has to face for biharmonic problems is the lack of a general maximum prin-
ciple. Under Steklov conditions, a maximum principle can be proved only
for restricted values of d (see [8,30]). In particular, the maximum principle
holds for d € [0,dp) (see (3)) in any domain Q and also for some d < 0
depending on the domain. This is one reason why, for general domains €2,
we only have partial results, see Section 3.1. When {2 is a ball, more can
be said. When looking for radial solutions, one may perform a phase space
analysis for the corresponding system of ODEs. For second order problems
the phase space is a plane. For the fourth order counterpart, the phase
space is four-dimensional where the topology is more complicated and the
Poincaré-Bendixson theory is not available, see [2,3,28]. Finally, in prob-
lems (Gy) one usually does not succeed in finding explicit singular solutions
which allow to describe the bifurcation branch (A, u) of nontrivial solutions.
However, in somehow particular situations (suitable choice of d) we can still
prove fairly exhaustive results, see Section 3.2 where we take advantage of
the Hardy-type inequalities (4). This paper should be intended as a further
step towards a complete understanding of the mathematical phenomena
related to (G)).

The interest in studying (G,) is not only mathematical. For instance
when g(u) = ﬁ, it represents a model for MicroElectroMechanicalSys-
tems, see [43] for a systematic development on the subject and also the
introduction in [13,14]. In this context, one of the main points is the study
of the so-called pull-in instability, which corresponds to the situation in
which the deflected profile u reaches the value © = 1 and generates ruptures
phenomena.

This paper is organized as follows. In Section 2 we derive our family
of Hardy-Rellich type inequalities. In Section 3 we state the results about
(G), first for general domains € (Section 3.1) and then for the ball (Section
3.2). The proofs of the results of Section 2 are given in Section 4, the ones
of Section 3 are given in Sections 6 and 7.

2. Hardy—Rellich type inequalities

Let Q C RV, N > 5, be a bounded domain containing the origin and with
smooth boundary and denote by B the unit ball of RY. For h > 0 and
d € R, consider the following boundary eigenvalue problem

Ay = h% in
|| (6)
uw=Au—du, =0 on 0f2.

For fixed h, we are interested in finding the values d for which (6) admits
nontrivial solutions, namely u € H? N Hg () such that

u

AuAvdr — d u, v, dS =h | —

A - A |x‘4vdx Yoe H*NH(Q). (7)
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Since the boundary conditions in (6) satisfy the complementing condition,
by elliptic regularity any solution to (6) belongs to C*°(Q2\ {0}), whereas up
to the boundary the solution is as smooth as the boundary, see [8, Lemma
15]. The first (smallest) eigenvalue of (6) has the following variational char-
acterization

’LL2
dy(h) == inf meuPdwih[ﬂde
H2NHL(Q)\HZ () Joq u2 dS

(®)

and we have

Proposition 1. The infimum in (8) is achieved if and only if 0 < h <
N2?(N—-4)2 T L .

—36— and, up to a multiplicative constant, the minimizer uy, is unique,
positive, superharmonic in ) and it solves (6) when d = dy(h). Moreover,

ay, is the only eigenfunction of (6) having one sign.

The proof of Proposition 1 is somehow standard and we briefly sketch it
in Section 4. By Proposition 1 we deduce the first part of the next statement.

Theorem 1. Let 0 < h < ]\[2(];]76_4)2 and let dy(h) be as in (8). Then
dy(h) >0 and

2
/Q|Au|2 d:rzh/gf;ﬁdxqtdl(h)/m u2dS Yue€ H*NHI(Q). (9)

Furthermore, the map h — dy(h) is strictly decreasing, the constant dy(h) is
2 2
sharp and attained if and only if 0 < h < %. Finally, if Q is strictly

starshaped with respect to the origin, then di(~—74

The last statement of Theorem 1 requires the domain €2 to be strictly
starshaped. We do not know if a similar result holds without this geometric
assumption. Related to this problem, one may wonder if, for a fixed h €

2 2
[0, 1\[(]1\’76_4)], there exists a constant d; > 0 which serves as the best possible
for all domains € having a given measure. The results obtained in [12] in
the case h = 0 suggest a negative answer since one has
inf dy(Q2) =0,
oot do($)
where dg = d1(0) is the optimal constant in (3).

In the case of the unit ball, d; (h) can be explicitly determined. In order
to simplify the computations, we introduce an auxiliary parameter 0 < a <
N — 4 and we set

ala+4)(a+4—2N)(a+8—2N)

h(a) := 15 (10)

and

N —a+ /N2 —a? +2a(N —4)

61(0[) = B)

(11)
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For o € [0, N — 4], the map « > 61 («) is strictly decreasing whereas the
map « — h(a) is strictly increasing, h(0) = 0 and h(N —4) = ]\[2(?]7674)2
so that 0 < h(a) < W for all @ € [0, N — 4] and Theorem 1 applies.
Moreover, (10) is invertible so that a = a(h) is well-defined for any 0 <
h < w and, by making this dependence explicit, (11) can be used to
obtain dy (h) = 1 (a(h)).

Theorem 2. For every u € H> N HE(B) and 0 < a < N — 4, there holds
2
/ |Au|? dz > h(a)/ e +51(a)/ u? dS (12)
B B || oB
where h(a) and 61(«) are defined in (10) and (11). Furthermore, the best

constant §1 () is attained if and only if 0 < a < N — 4, by multiples of the
function

_a 4—N+4+/N2_a242a(N—4)
Uo(z) = |z]72 — |z 2

Notice that also for « > N — 4 the functions %, solve (6) in B\ {0},
however, they fail to have finite energy since they do not belong to H?(B).

h

N2(N-4)2 |
6

d,

Figure 1. The relationship between di(h) = §1(«(h)) and h in (12).

When a = 0, one has h(0) = 0 and 6;(0) = N, thus (12) reduces to (3).
When o = N —4, (12) becomes a Hardy-Rellich inequality with a boundary
remainder term, as established in the following

Corollary 1. For every u € H> N H (B) we have

NYN—4? [ 2 14 VANT BN 11
/|Au|2da:2¥/u—4dx+ + SN+ 6/ W2 dS
B 16 B |zl 2 oB

and the boundary constant is the best possible.
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3. Biharmonic problems under Steklov boundary conditions

In the sequel, when we need to specify the nonlinearity involved in (5), in
place of (G,) we will refer to problems:

A%u=Xe", u>0 in
(Ex) B
u=Au—du, =0 on 012,

A?u=A1+u)P, u>0 in Q
(P/\){ ( ) -

u=Au—du, =0 on 0},

A2u:#,0§u§l in
(1)) (L—u)

u=Au—du, =0 on 0f).

Actually, for A # 0 the solutions are strictly positive.

3.1. Results in general domains

Throughout this section we assume that
QCc RN, (N >2)is a bounded domain with smooth boundary,

0§d<d07

with dp as in (3). When = B, this assumption can be relaxed to d < N.
Let H4(€2) denote the space H2NH () endowed with the scalar product

(u,v) ::/AuAvdx—d/ U, v, dS.
Q o9

By (3) this scalar product induces a norm on H2NH{ (2) which is equivalent
to the norm ||A - ||3. We also introduce the space

Xq:={pe C*(Q); ¢ = Ap —dyp, =0 on o0}
and give some definitions.

Definition 1. The function u € L*(Q) is a solution to (G)) if u > 0 a.e.,
g(u) € LY(Q) and

/UA2<pdx:)\/g(u)<pdx Ve Xq.
Q Q

For problem (I') we also require u < 1. Solutions to (Gx) which belong to

Hq(Q) are called energy solutions. If u, is a solution to (Gy) such that
for any other solution uy to (Gy) one has

uy(x) <ur(z) forae €

then we say that uy is the minimal solution of (G).

Moreover, a solution u to (Ey) or (Py) is said to be regular if u €
L>(Q), singular if u & L>(Q). A solution u to (I'y) is said to be regular
if lu]lo < 1, singular if ||ul|ec = 1.
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By elliptic regularity, it follows that regular solutions are smooth and
solve (G) in the classical sense.

Formally, the first eigenvalue p1; of the linearized operator A% —\ ¢/ (uy),
at a solution uy to (G)) such that ¢’(uy) € L!(2), has the following varia-
tional characterization

p1(A) == inf Jo |A¢l* de = d [oq @7 dS = A Jo ' () ¢ dff'
PEXa\{0} [ o2 dz

Note that it may happen that uq(A) = —oco although this will not occur in
the “interesting cases” where u) is regular or not too singular.
We have the following

Theorem 3. There exists \* = A*(Q) > 0 such that for 0 < A < A*,
problems (Ey) and (I'x) have a minimal regular solution w, which is positive
and stable, namely pq(\) > 0. Moreover, for almost every x € Q) there exists

u*(x) := lim w,(z) (13)

which is an energy solution when A = \*. For A > \*, there are no solutions.

Remark 1. By arguing as in [24, Theorem 1], one can show that the same
statements hold for (Py) provided 2 = B: here a major difficulty is to
establish that \* = sup {\ > 0 : (P)) possesses a classical solution}, which
so far seems to be unknown in general domains.

The condition p1(\) > 0 yields a strong stability of minimal solutions.
In some cases, this can be relaxed. We call a solution uy to (Gy) weakly
stable if ¢’(uy) € LY(Q) and pi(A) > 0, i.e.

/|Ag0\2da:—d/ 2 dS > )\/ g (ur)p*de Yy e X, (14)
) o9 Q

Condition (14) enables us to characterize singular energy solutions. This
will be the key ingredient to study the regularity of the extremal solution
u* for problem (G)) and to determine the critical dimension.

Theorem 4. Let u* be the extremal solution to (Ey) or (I'\), as given by
(13). Then, we have:

(i) u* is weakly stable;
(ii) if u* is reqular, then it is the unique solution for A = \*;
(73) if ux € Hq(2) is a singular weakly stable solution for some A € (0, \*],
then A\ = \* and u* is singular.

These statements hold for (Py) provided Q = B.
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We expect the solution to (Gx+) to be unique (even in weak sense)
although a full proof of this fact in general domains ) seems not trivial.
When Q = B, one can argue as in [18] and obtain uniqueness for (Gx-),
with the restriction 1 < p < 2 or p > 3 for (P)) since the arguments in
[18] use the positivity of ¢g“. However, the same arguments seem not to
extend to general domains since one would need to know the location of the
singularities of the solutions.

If w, is the minimal solution, by Theorem 3, ¢'(u,) € L>(2) and (14)
can be extended to any ¢ € Hg(€2). On the other hand, if uy = «* and it
is singular, Theorem 4-(7) ensures that it is weakly stable, so that the right
hand side in (14) is finite and, by density arguments, one has that (14) holds
for all ¢ in the energy class Hy(£2). This is an evidence that u* cannot be
“too singular” since otherwise g’(uy) p? ¢ L*(Q2) for some ¢ € Hq(Q2). The
results obtained in the ball, see Section 3.2, suggest that ¢'(u*) ~ % as
x — 0, the point where u* becomes singular.

The regularity issue in low dimensions is a consequence of embedding
results and it is summarized in

Theorem 5. The following regularity results hold:

(i) If 2 < N < 4, then any energy solution to (E)) is regular.

(1)) If N =2 and v > 2 or N = 3 and v > 6, then any energy solution to
(I') is regular. Moreover, if 2 < N < 4 and v > 2 then the extremal
solution u* to (I'\+) is regular.

(iti) [f2< N <4 orN>5andp< %, then any energy solution to (Py)
18 reqular.

We conclude this section by observing that under the assumptions of

Theorem 5, besides the minimal solution, for all A € (0, A\*) there exists a

mountain pass solution, which can be obtained by arguing as in [16,22]. The

critical case p = % for (Py) needs a particular attention, see [31].

3.2. Results in the ball

Throughout this section we take 2 = B. It is worth to compare some
features of problem (G)) with the corresponding problem under Dirichlet
boundary conditions which is the limiting case of (G)) as d — —o0, namely

o | A%u = Ag(u) in B
G
u=1u, =0 on 0B
where A > 0 and g is as in (5).
We start by comparing the extremal parameters of problems (G ) and (G$°).

Theorem 6. Let d < N in (Gy) and assume that \*(d) and Xl are the
extremal parameters of problems (Gy) and (GS°) respectively. The map d —
A*(d) is non increasing. In particular,

A (d) <X, for any d € (—oo, N).
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The monotonicity of the map d — A*(d) is reached by means of com-
parison arguments which are strictly connected with the validity of the
positivity preserving property of the operator A? under Steklov boundary
conditions. When Q0 = B the positivity preserving property holds for any
d < N, whereas for general domains 2, it holds only for restricted values of
d, see [30].

Let us now make precise what we mean by critical dimension.

Definition 2. We say that Nj € N is the critical dimension for problem
(Gx) (resp. NZ, for problem (G°)) if, for every N < N (resp. N < NZ ),
the extremal solution u* is regular, whereas for N > N (resp. N > N2 )
the extremal solution is singular.

The critical dimension for (G) depends on d and one would like to have
the exact value of Nj for any d. This seems out of reach at the moment
and, for each nonlinearity in (5), we fix d = d,, where

V(1) + (N = 1)o/(1)
(D)

dy =

and v = v(r) is the unique entire singular (sign-changing) solution of the
corresponding equation in RY which vanishes on dB. This choice allows
explicit computations and simplifies some arguments. Since the asymptotic
behavior of singular solutions is independent of d, we believe that similar
results hold for any d; see Lemmata 7, 10 and 13. In the following we set
N* := N}, and we complement the statements (4), (4¢) and (¢4¢) of Theorem
5 with the regularity results in large dimensions.

Theorem 7. Consider problem (Ey) and let d = d, := N — 2.
(i) If 5 < N <13, then A* > 8(N — 2)(N —4) and the extremal solution is

regular.
(i) If N > 14, then \* = 8(N — 2)(N — 4) and the extremal solution is
singular and given by u*(x) = —4log |x|.

Remark 2. Theorem 7 yields the critical dimension for problem (E)), namely
N* = 14. We recall that from [3,18,42] one has NZ = 13.

To deal with (I')), for all v > 2 we introduce the integer number

v/ 2 4 1+1
N*('y):—min{NEN:Nz B Sy w1t 7’Y+3}.

2(y+1)

Notice that v +— N*(v) is increasing and 10 < N*(vy) < 14, for all v > 2.
Furthermore, we set

8

m(v — D((N =2y + N + 2)(N — 4y + N). (15)

ANy =
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Theorem 8. Consider problem (I'y) and let d = d.(v) := N — 2(71_11).

(i) If5 < N < N*(y) —1 and v > 3, then \* > Ay and the extremal
solution is reqular.
(it) If N > N*(v), then \* = Ay, and the extremal solution is singular and

given by u*(z) =1— |x|$

Remark 3.1t is shown in [15] the critical dimension N (2) = 9 for (I'y°) in
the case v = 2. Theorem 8 allows to conjecture that N*(2) = 10.

We conclude with the positive power case. In [28], for N > 13, a limiting

N+4

value for p is defined, namely p.(N) € (573,

—|—oo) which is the unique

solution of the equation:

20N 1\2
Ape (4 o) (N-2- 2 Nogo A )NV =4
pc_l pc_l pc_l Pc—l 16

If N > 13 and p < p., the extremal solution of (P{°) is regular, see [25,
Theorem 3|. Thus it is natural to conjecture that NZ = 13. This suggests
to take p > p. in what follows. Since 33 > p.(N) for all N > 13, we fix
p = 33. In fact, by numerical evidence we expect that statements (i) and
(73) below hold true for all p > p,.

Theorem 9. Consider problem (Py). Let p = 33 and d = d.(33) :== N — 1.

(i) If 5 < N < 13, then A\* > 1088N2_46089060N+9537 and the extremal solution
1s reqular.

i _ 1088N>—6800N+9537 _
(ii) If N > 14, then \* = 1096 and the extremal solution is

singular and given by u*(z) = |z| =% — 1.

Theorem 9 tells that N*(33) = 14 and numerical computations seem to
show that the same holds whenever p is sufficiently large. Together with
Remarks 2 and 3, this supports the following intriguing

N*=N% +1.

Clearly, this conjecture strongly depends on the nonlinearity involved in
(G»). How general can we take ¢g? If the conjecture were true, it would be
a further reason to consider d, as a special parameter.

Conjecture:

4. Proof of Theorem 1

We first briefly sketch the proof of Proposition 1, referring to the literature

for the details. Recalling (2), we deduce that for 0 < h < 7N2(11VG_4)2 the
functional

2
I(u) ::/ \Au|2dm—h/u—4daj u€ H*N Hy(Q)
Q a |zl
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is coercive. Furthermore, I is bounded from below and weakly lower semi-
continuous. Thus, the existence of a minimizer for I on the manifold

M = {ueHQmHg(Q):/ u3d5=1}
o0

follows by compactness of the map u € H?(Q) — u,|sq € L*(0). The
Euler-Lagrange equation related to I is given by (6) with d = d; (h).

Concerning the positivity of a minimizer, one may argue as in [8, Lemma
16]. Uniqueness of the minimizer up to a multiple, then follows arguing by
contradiction. To show that wy, is the only eigenfunction not changing sign
one may follow [23, Lemma 2.2].

Finally, if the infimum in (8) were achieved in the borderline case h =
N2(N—4)2

16> then there would exists a positive strictly superharmonic function
2 2
u € H? N HY(Q) which solves problem (6) with h = % and d =

dl(Nz(leiﬁfW). Let Br be a ball of radius 0 < R < 1 centered at the origin
and such that Br C Q. For any § > 1 consider the function

ps(@) = [a| =NV (log(1/|2])) /2.

Then @5 € H?(Bg) and, arguing as in [1, Theorem 2.2], by letting § — 17
one finds that

u(z) > mepi(z) ae.in Br,

2
a contradiction since fBR’ @Tﬂ dx = +o0, while [, % dr is finite by (2). O

The first statements of Theorem 1 are straightforward consequences of
Proposition 1. The only part to be proved is the positivity of di(hy) in
N2(N—4)2

6 -

For all h < hy let up be the unique superharmonic minimizer for d; (h)

satisfying

strictly starshaped domains €2, where hy =

|Auh|2 dr = 1.
Q
Then, the sequence {uy, } is bounded in H?NH} () and, up to a subsequence,
Juc H*NHLQ) st. up, —T.

In order to prove that
di(hy) >0, (16)

we argue by contradiction. We prove the following

Lemma 1. If dy(hy) =0, then hlir}rll di(h) = 0 andw=0.
—nN
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Proof. By assumption we know that for all ¢ > 0 there exists u. € H% N
HY(Q)\ HE(Q2) such that

2
Jo lAuc|? dz — hy [, (;ﬁ dx

< €.
faQ (uc)2 dS :
Then, for all h < hy we have
2 u? u?
0 <y < oIl EE I o pidr g Japtdr
N fag (ua)g as faQ (ua)?f ds

< e+ C.(hy —h).
By letting h — hx we obtain that

h—hyn

which proves the first statement by arbitrariness of €.
Let h < hy. By using @ as test function in (7) we obtain

/ AupAudr — d1(h)/ (un)y Uy dS =h % dx .
Q Ele) Q |‘T|

Then, by letting h — hx (and recalling that di(h) = o(1)) we infer that

—2
/\Aﬂ|2da;:hN/u—4dx.
Q a |7l

Since the Hardy inequality (1) is strict for w # 0, this implies w = 0. O

Lemma 1 shows that if (16) is false, then
up, — 0, / (up)2dS — 0, as h — hy,
a0

the latter following from compactness of the map u € H2(2) — u,|oq €

L2(09). Let us set
Eh 2:/ (uh)z dS,
a0

en=o0(1) ash— hy.

so that

Using this notation we have

u? u?
1—hfﬂﬁd$> 1—thQﬁde

o(1) = dy (k) =

Eh €h

so that, by using (2), we infer

uj,
o W dr = O(Eh). (17)
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Therefore, using (7) and integrating twice by parts, we get

oen) = [ b de = [ (affun) U do = L [ (laf2un) A%up d
h_Q|x|2 SL’—quh |:L'|4 x—hﬂxuh Up ax

1 1
= f/ A(|zPup) Auy, do — 7/ |lz|? Ay, (up,), dS
h Ja h Joq
1 2
=— | Auy (2Nuh + 4z - Vup, + || Auh) dx + o(ep)
h Ja
where, in the last step, we used Lemma 1 and the estimate
di(h di(h)ep,
0< % /69 |22 (up)2 dS < %I%%XLI‘Q = o(ep).
A further integration by parts shows that
N -2 1
/ Auy, (x - Vup)de = —— / |Vup|? do + 7/ (z - v)(up)2 dS,
Q 2 Q 2 Joq
see e.g. [40, formula (1.3)]. Therefore, using

/|Vuh|2dw:—/uhAuhdx,
Q Q

we find
o(sh):4/uhAuhdx+/ |x|2\Auh|2dx+2/ (- v)(un)2dS.  (18)
Q Q o0

Note that, since uy, is positive and superharmonic, upAup, < 0 in Q. How-
ever, by Young’s inequality, for any § > 0 we have the following estimate

/ upAuy, dz
Q

By inserting this estimate (with 6 = 1/8) into (18) and recalling (17) yields

:/ M|:E|\Auh|dx§5/ |z?| Aup|? do +
Q

o |zl

1 \uh|2
45 Jo |=f?

o(eh)Z/ |x\2|Auh|2d3:+4/ (2 ) (un)2 dS.
Q [e]9)

Since ) is strictly starshaped, we have mingq(z - ) = v > 0 so that the
latter estimate gives

o(en) = 47/ (up); dS = dyep,
B

a contradiction.O
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5. Proof of Theorem 2 and Corollary 1

From Proposition 1 we know that, up to multiples, the first eigenfunction of
problem (6) is unique. Since 2 = B, we infer that it must be a radial function
(otherwise by exploiting the invariance by rotations, we would contradict
uniqueness). We are so led to seek radial solutions of (6). By setting |z| =
r € [0,1), this conveys in considering the following boundary eigenvalue
problem:

2(N B 1)u///

r r2 r3 r

uZ’U +

u(1) = u"(1) + (N — 1 — d)u/(1) = 0, (20)

with h(a) as in (10). Looking for power type solutions u(r) = r”, we are
led to annihilating the polynomial

B B*+2(N —4)3° + (N? — 10N +20)3* — 2(N? — 6N +8)3 — h(a)
which admits the following real roots:

4= N —yn(a)
2 b

44— N+n()

B :

[0 «
51——57 ﬂ2—4—N+§, B3 =

where yn(a) := /N2 — a2 + 2a(N — 4). Therefore, the solutions of (19)
are given by

_a _ a 4-N—-yn () A-Ntyn(e)
u(r) = cir T 4 egrt NS 4oegr 2 + car 2

for any ¢; € R and o € [0, N — 4]. Since we are interested in solutions
belonging to H2 N H}(B), necessarily c; = c3 = 0, whereas 7~2 € H*N
H}(B) if and only if 0 < o < N — 4. For every 0 < a < N — 4, we have

4- Nty (a

vn () > N, so that the function e belongs to H2N H{ (B) for any
« in this range.

On the other hand, by imposing the first condition in (20), we get ¢; =
—c4 and the candidate eigenfunction is, up to a multiplicative constant,

4-N ()
o () = a5 — o] 7

which satisfies the second boundary condition in (20) provided d = 6; () =
Noodan(ad fgee (11).

We conclude by observing that from Proposition 1, the unique positive
eigenfunction of problem (6) is the one corresponding to the first eigenvalue

d1(h) = d1(a(h)).
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6. Proofs of the results in general domains

Let us first recall from [8] the following positivity preserving property

Lemma 2. Let 0 < d < dy, with do as in (3), and let u € L*(Q) be a
solution of

Ay =f in §

u=0 on 00

Au—du, =0 on 09,
where f € LY(Q) is such that f > 0 a.e. Then u > 0 a.e. in Q. Moreover,

one has either u =0 or u > 0 a.e. in Q and u, <0 on 9.
If Q = B the same results hold for any d < N.

Proof. The statement in Lemma 2 is slightly stronger than [8, Lemma 18]
where it is assumed that u, f € L?(Q). However, the case u € L'(Q) can be
covered by means of an approximation argument, see [3,9]. Note that u, is
well-defined on 99 in view of L!-elliptic regularity, see [6].0

Next we prove a weak version of Lemma 2.

Lemma 3. Let 0 < d < dy and v € Hq(2) be such that (v,¢) > 0 for all
© € Hq(Y), ¢ > 0. Then, v > 0 a.e. in Q.

Proof. Integrating twice by parts the inequality

/ AvApdr —d v, dS >0 Yo e CHQ)NHyN)
Q a0

one obtains

/ vA%pdx +/ v [Ap —dp,]dS >0 Vo€ C*Q)NHa(Q). (21)
Q o9

Let n € C(2), n > 0 and let & be the unique classical solution to
A5 =n in 0
=0 on 0f)
Ap —dp, =0 on 0.

By Lemma 2, one has ¢ > 0 and thus we can take ¢ as a test function in

(21) to get
/ vndx >0
Q

for all n € C°(02), n > 0, which yields the claim. O

In the following we say that uy € L*(f) is a super-solution of (G)) if
g(uy) € LY(Q) and

/ uxA2pdr > )\/ glun)pdr VYo e Xq,0>0. (22)
Q Q

We have
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Lemma 4. Let uy € Hq(Q) be a weakly stable energy solution of (Gy), then

/AuAAgodxfd/ (U)\)VQDVdS:A/ gluy)pdr Vo e Hq(Q).
Q 20 Q

Let vy € Ha(Q) be an energy super-solution of (G), then

/ AvyApdr — d/ (vx)vpy, dS > )\/ glur) pdr Vo e Ha(Q),p>0.
Q o0 Q
Proof. By definition, g(uy) € L*(Q2) and
/ u\A%pdr = )\/ glun)pdr Ve e X4 (23)
Q Q

Furthermore, uy € Hq(f2) is weakly stable so that ¢’(uy) € L'(Q) and, by
Fatou’s Lemma combined with a density argument, we get

/Q|A<p|2dm - d/an 02 dS > )\/Qg'(uA)<p2 dr  VeeHqs(). (24)

On the other hand, for any ¢ € Hy4(Q2), there exist {¢n}n C X4 such
that ¢, — ¢ in Hgq(Q). Then, inequality (24), written with ¢, — ¢ as test
function, yields

/Q §'(us) (pn — )% d — 0. (25)

We claim that there exists Cy > 0 finite, such that

< Ca (/Q 9'(ur) (o — w)de)l/Q-

(26)
We postpone the proof of (26) to the end. Combining (26) with (25), we
deduce that [, g(ux) on dz — [, g(ur) ¢ dz. On the other hand, integrating
by parts the left hand side of (23), written with ¢,, as test function, we get

/QQ(UA)‘Pndx_/Qg(U/\)Qde

/Au,\Agondx—d/ (u,\),,(gan)l,dSzz\/ g(uy) on dz
Q a0 Q

and the statement follows by letting n — +oc.

Proof of (26). We observe that for (Ey) there holds g(s) = ¢'(s), for (Py)
there holds g(s) = (1/p)(14s)g’(s) and for (I'y) there holds g(s) = (1/7)(1—
s)g'(s). By this, for (E)) we get

/Qg(ux)wndfc—/gg(w)wdm

<(/ g'(undm)m ([ o) on- 30)2d96)1/2

=: O (/Q g'(ux) (en — w)2d$>1/2o

/ g () (9n — @) do
Q
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For (P)) we get

/g(ux)%dw—/g(w)wdﬂs ==
Q Q p

= % (/Q(l +ux)2gl(ux)d:v>1/2 </Q J 3 (9n — 0)? dm>1/2

=: O (/Q g'(ux) (on — <P)2d$>1/2o

/Q (14 u2)g (un) (9 — @) da

For (I'y) we get

[ st ende = [ gus)oda
< % </Q(1 - UA)QQI(UA)d$)1/2 </Q g'(un) (o — @)de>
=: Cy (/Q g'(ux) (on — <p)2dx>1/2-

It turnb out that C, is always finite because ¢'(uy) € L'(Q2) and, by (24),
fQ u3 ¢'(uy) dz < oo.

If vy € Hq(Q) is an energy super-solution, again, a density argument
combined with Fatou’s Lemma enables us to use test functions ¢ € H4(2)
n (22) and obtain the statement. O

/ (1 - un)g'(us) (n — ) d
Q

1/2

Now, we prove a comparison principle.

Proposition 2. Let u,U € Hy(2) be such that u is a weakly stable energy
solution of (Gy) and U is an energy super-solution of (Gy). Then, u(x) <
U(z) a.e. in Q.

Proof. Set v := u—U. By means of the Moreau decomposition in dual cones
for the biharmonic operator (see [27]), there exist vy, ve € Hq(2) such that
v =1 +vg with v; > 0 and v1 L vg, (ve,p) <0 for all ¢ € Hgq(2), ¢ > 0.
In particular, from Lemma 3 we get vy < 0 and eventually v; > v. Notice
that, by Lemma 4, for ¢ € H4(£2), ¢ > 0 we have

/QA’UA(,O dx — d/aQ vy, dS < )\/Q [g(u) — g(U)] pdux. (27)

By testing (27) with ¢ = v; and exploiting the stability assumption together
with the orthogonality condition (vy,vs) = 0, we get

)\/ vldx</\Av1\2dx—d/ v1)2

= / AUA’Ul dl‘ — d UV(UI)V dS
Q o0

<A [g(u) = g(U)]v1 dz.
Q
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Since v1 > v, we obtain

0< / lg(w) — 9(U) — (u — U)g'(u)] vr da (25)
Q

Moreover, by convexity of the map s — g(s), the right hand side in (28) is
non positive, thus we conclude v; = 0 and the claim follows. O

Next we show that the set of A’s for which the problem admits a regular
solution is an interval.

Lemma 5. Let uy be a solution of (Ey) (resp. (In)) for A < A*. Then,
for all 0 < e < 1, problem (Eq_z)x) (resp. (I'1—c)x)) possesses a regular
solution. The statement holds for (Py) provided 0 = B.

Proof. Tt can be achieved buying the line of [3,13,24] where the result was es-
tablished respectively for exponential, singular and power types nonlineari-
ties under Dirichlet boundary conditions. Those arguments, though delicate,
are not affected by changing the boundary conditions. The key-ingredient
being the positivity preserving property which is here ensured by Lemma
2.0

Proof of Theorem 3. For any € > 0, consider the problem

Ay=c¢ in Q
u=Au—du,=0 on 09,

which admits a classical solution u € X4(£2) and, provided ¢ is small, we
may assume ||ull < 1. Taking X = £/g(||u]|), one has that u is a super-
solution of problem (Gy) for any A € (0, ). From u one builds up a super-
solution to (G,) for A sufficiently small and since u = 0 is a sub-solution,
the method of sub- super-solutions yields a classical solution to (G) which
can be exploited to start a monotone iteration scheme to obtain the first
claim; see [8, Theorem 6, Lemma 21] for (E)) and [13, Proposition 2.1] for
(I'y). Positivity follows from Lemma 2 whereas the stability is achieved by
means of the comparison principle provided by Proposition 2, see also [3,
Proposition 37] where it is explained why super-solutions are needed in the
statement of Proposition 2. The proof that the extremal function u*, as
defined in (13), solves (Gx~) and lies in H4(€2) can be achieved as in [8,
Lemma 22]. Now let

Avi=sup{A >0 : (E))resp. (I\) possesses a regular solution}
A i=sup{A >0 : (E))resp. (I\) possesses a solution} .
The nonexistence of solutions for A > \* follows by establishing that A\, =

A*. On one hand one has A\, < A\*, on the other hand if A\, < A\* by means
of Lemma 5 we contradict the definition of A,; thus, necessarily A, = A*. O

Proof of Theorem 4. Being u* the pointwise limit of minimal solutions, by
(13) we conclude that u* is weakly stable. To show that (Ej«) and (I'\»)
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admit a unique solution when u* is regular, it suffices to argue as in the
proof of [3, Lemma 2.6]. Hence, statements (¢) and (iz) are verified.
For statement (7i7), assume by contradiction that for A < A* there exists a
singular solution uy € H4(£2) which is weakly stable. In this case, since there
exists a minimal regular solution u,, Proposition 2 would yield u, = uy, a
contradiction as u) is assumed to be singular. Therefore A = \*. In turn,
by statement (i), this also implies that u* is singular.

The restriction 2 = B for problem (P)), is essentially due to the fact
that, in this case, the regularity of the minimal solution is missing for general
Q, see Lemma 5. O

Proof of Theorem 5. For 2 < N < 4, statements (i) and (ii¢) follow by
embedding theorems and elliptic regularity. Also (iii), for N > 5 and p <
%, uses the same arguments but first one has to show that if u is an
energy solution of (Py), then u € LI(Q2) for all 1 < ¢ < co. This can be
achieved by the Moser iteration technique, as in [46, Lemma B2] and [10].

For (I'y) the regularity statement follows if we show that |ulle < 1.
Suppose by contradiction that there exists an energy solution such that
u(x) = 1. Then, by definition of energy solution we have that u € H?(£) —
C%(Q), by Sobolev’s embedding, where « = 1/2 when N = 3 and a € (0,1)

when N = 2. As a consequence we have

oo>/dez/de
o (I—wu)? a |ro — x|*

and the last integral diverges as avy > N. Using also the stability property in
Theorem 4, one can prove in a similar fashion the regularity of the extremal
solution, see [26]. O

7. Proofs of the results in the ball
7.1. Proof of Theorem 6

From Lemma 2 we know that, for d < N, nontrivial solutions of (Gy)
are strictly positive in B with normal derivative strictly negative on the
boundary. Let u, be the minimal (regular) solution corresponding to some
d =d < N. For ¢ > 0, consider the function U.(z) = u, (z) + ¢(|z|> — 1).
We have that U.|gp = 0. Then we consider the ratio

_ AU.(z) dc+2Ne
R(e) = U.(z)),  c+2e ’

€ 0B,

where ¢ := (u,), < 0 on 9B. We have R(0) = d and R'(¢) = Q(ES:\;E_)Z) < 0.

This means that, for every d < d there exists ¢ € (0, —¢/2) such that Us

satisfies the Steklov conditions for d = d := R(é). Since, for every d €
(—00,d) and for every A € (0, A*(d)) we have

A?Us = Ag(uy) > Ag(ug) in B,




20 E. Berchio, D. Cassani, F. Gazzola

Ue is a super-solution for problem (G ). By the sub- super-solutions method,
this implies 3

A (d) = \*(d).
Since Dirichlet boundary conditions are the limit case of Steklov boundary
conditions, the last statement follows by letting d — —oo. O

7.2. Proof of Theorem 7

The iterative method which yields Theorem 3 implies that, when 2 = B,
the minimal solution w, is radially symmetric, as well as u* by (13). Thus
we are reduced to study the radial problem:

2(NT_ 1) ’U,HI(’I‘>+ (N_ 122N_ 3) u”(r)— (N_ 12;_(),N_ 3) ’U/(T)
=Xe™ e (0,1].

u“’(r) +

Performing the change of variable ¢ := logr and setting v(t) = u(e') + 4,
we end up with the autonomous equation

V™ (t) + 2(N — 4) 0" (t) + (N? — 10N + 20) 0" (t) — 2(N — 2)(N — 4) v/ (t)
=xe"® — Ay, te(—00,0], (29)

where
Ay :=8(N —2)(N —4). (30)
We state a result essentially obtained in different steps in [2,3,24,27,28];

however for the sake of completeness we recall the main lines of the proof.

Lemma 6. If us is a radial singular solution of the equation in (E,), then
the corresponding function vs satisfies

lim o (t) =0, fork=1,234 (31)

s
t——o0

and

A
lim v,(t) = log =X

-— 32
oo )\s ? ( )

with Ay as in (30).

Proof. The proof consists of four steps.

Step 1: if v solves (29) and lim;_, _, v(s) :=  exists, then either v = —oo
or v = log ATN

By means of iterated integrations of (29), one gets rid of the case —oco < v #
log ATN Then, to exclude the case v = 400, one may apply the test function
method developed by Mitidieri-Pohozaev [41], see [28] for the details.

Step 2: if v solves (29), then \e” — Ay is bounded.
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We argue by contradiction: assume that the statement of Step 2 does not
hold, then by Step 1 we deduce that

liminfv(t) < limsupv(t) = +oo.

t——o00 t——o00
Hence, there exists a sequence of negative numbers {t;}r>o such that t; —
—o00, v'(tr) = 0 and v(tx) = Yk, where limy_, o 7 = +00. Following an idea
of [24, Lemma 1], let us define the sequence vy (t) := v(t —tx), t € (—o0, tx).
Since the functions vy, satisfy equation (29) for every k > 0, the functions
wi(x) = vi(log |z]) — 41og || — vi(2tx) + 8ty solve the problems

2 _ vk (2t) =8tk jwi  :
A wy = Ae e  in Bp,

w =0 on 0Bp,
(wg), = —4e 2t on 0Bg,,
where Bp, is the ball having radius Ry := e?*'*. The rescaling zj(r) :=

w (R|z|) solve
A2z, = A" Pt in B
Zk = 0 on 0B
(zk)y = —4 on 0B.

We have so determined a super-solution for a Dirichlet boundary value
problem having parameter A, = \e"*(?*) — 400, as k — +0c0. This implies
the existence of a solution for every A > 0, contradicting the results of [3,
Theorem 3].

Step 3: if ug is a radial singular solution of the equation in (E)), then

0 0 0
/ ()P dr < 4o, / /()| dr < +oc, / [0 (1) dr < +o0,
— 0 —o0

— 00

0 0
/ \vi“(r)|2d7' < 400, / |/\Se”S(T) — )\N|2d7- < +o00.
The proof of the finiteness of the above four integrals follows by arguing as
in [2, Lemma 9].

Step 4: conclusion.

From Step 3 we deduce that (31) and (32) hold up to a subsequence. By
repeating, with minor changes, the same argument of [28, Proposition 7]
one may check that the desired limits hold, see also [3, Theorem 6]. O

For the proof of Step 3 above one needs to define the energy function asso-
ciated to (29), namely

B(t) = Lprop - Q210N +20)

2 2
This is also used in the proof of the next statement, which is the key in-

gredient to get Theorem 7. Notice that here we require just one boundary
condition.

W' ()% + Xe’® — Ay o(t).
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Lemma 7. Let Ay be as in (30). If us is a singular radial solution of

A%y = \se* in B
u=20 on 0B,

then

A
|h\m0 (us(x) + 4log|z|) = log )\N.

(33)
Furthermore,

(a) if As < AN, then us(x) + 4log |z| < log /}\71:}.

(b) if As = A, then uy(x) + 4log |z| > log 3.

Proof. Notice that (33) comes from (32). On the other hand, inserting A,
and v, into the function E, by (31) and (32) we get that

A
i B0 = 7 (03 ). (34)
where f(7) := A\se™ — Ay 7. Moreover, we observe that (a) and (b), written
in terms of vy, become

if As < Ay, (B) ws(t) >log AAN

S S

(a) ws(t) <log AAN

if As > An.

We prove (a), the proof of (b) is similar. Let Ay < Ay and assume by
contradiction that (a) does not hold. Then, by (32) and vs(0) = 0 we infer
that there exists tg € (—00,0) such that v}(to) = 0 and v,(ty) > log 3.
Hence, ’

B(to) = 5 [ (t0)? + f(vs(t0)) > f(vs(t0):

Exploiting (34), (29) and integrating by parts one gets

E(to) — f (log AAN) = /; E'(7)dr
— (N -4 /_; W ()2 dr — 2(N — 2)(N — 4) /_; W (F)2dr <0,

E(to) < f <1og §N> < F(v,(t0)).

S

The last inequality comes from the fact that f has a unique minimum point
at 7 = log ”E\—N This gives a contradiction and proves (a). O

We may now characterize explicitly singular solutions.

Lemma 8. Let d = d, := N — 2 and Ay be as in (30). If us is a singular
radial solution to (Ey,) with d = d., then

As =An  and ug(xz) = —4log |x|.
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Proof. Let
Wi(x) := us(x) + 4log ||,

then Wy solves the problem

1
AW, = o (A€ —Ay) inB

T
W, =AW, —d.(W,), =0 ondB.

Suppose first that (a) of Lemma 7 holds, then
Ases — Ay <0.

Therefore, since d. € (0, N), by Lemma 2 we infer that W, < 0 in B, a
contradiction to (33). In a similar fashion we also handle the case (b) and
we conclude that, necessarily, As = Ay and W, = 0. O

Proof of Theorem 7. By Lemma 8, the unique singular radial solution of
problem (E)), when d = d., is us(z) = —4log |z| corresponding to A = Ay.
Therefore, u* is singular if and only if u* = u,. Since e%s = ﬁ, us is weakly
stable if

2
/B|Asa|2dxd*/83w3dsm/3|§j|4dx Vo e Ha(B),  (35)

see (14).

If 5 < N <9, since d, < 0;(N —4) and Ay > %7 we infer
that (35) cannot hold, otherwise we would contradict the optimality of the
Hardy-Rellich constant, see also Figure 1. Hence, us is not weakly stable
and does not coincide with v*, in view of Theorem 4-(7).

If N > 10, then d, € (01(N —4),N) and (12) implies

2
/|A<p|2 dx—d*/ widSZh(Qx/N—Q)/ P dx Ve Ha(B). (36)
B oB B

|z[*
To establish when h(2v/N — 2) > Ay, is equivalent to solving
(VN -2+2)(VN_-2+2-N)(VN —2+4-N)>8/N _2(N —4).

Setting s := /N — 2 and requiring s > v/2, the above inequality holds if
and only if N > 17"‘72‘/@, that is, if N > 14. In this case, (36) implies (35)
so that ug is weakly stable and u* is singular by Theorem 4-(7i7). Then, as
already noticed above, u* = us.

If 10 < N < 13 we have h(2v/ N — 2) < Ay and, since by Theorem 2 the
equality in (36) is achieved, (35) does not hold. Hence, u* # us by Theorem
4-(4) and u* is regular.
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7.8. Proof of Theorem 8

Consider the equation in (Iy) in radial coordinates r = |z| € (0, 1]. Inspired
by [28] we make the change of variable

4t

v(t) =7+ (1 —u(e")), te (—o00,0],
so that the equation in (I'y) becomes the following autonomous equation:
A
vI(t)’

with Ay as in (15). The constants K;, ¢ = 1,2, 3, are explicitly given by

V(1) + K3 0" (t) + Ko v (t) + K1 v/ (t) — An, v(t) = — (37)

128 48(N —4)  4(NZ%— 10N + 20)

Ky =2 _(N=2)(N -4,
I (CE R CES T Ry
(39)

96 UN —4)
Ky = N2 — 10N + 20, 39
2 (7+1)2+ o + + (39)

8

Ks=2|——+N—-4]. 40
’ LH } o)

For N > 5, K5 > 0 and K3 > 0 whereas K; < 0 (independently of N)
as long as 7 > 3. To (37) we associate the energy function

_ As ANy v2(4) — & o 2 1 " (4)]2
Bt = — s + 52020 — EOF + 3 RLOF. ()

By following the line in the proof of Lemma 6 (with the advantage that here
solutions stay a priori bounded), one obtains

Lemma 9. If v > 3 and ug is a singular solution to the equation in (Iy,),
then the corresponding function vs satisfies

Jim v () =0, fork=1,2,34 (42)
. A\
ti}I_noo Us (t) = (AN,7> ’ (43)

with Ay as in (15).
We are now able to state the counterpart of Lemma 7 for (I')):

Lemma 10. Let Ay~ be as in (15). If v > 3 and us is a singular radial
solution to )
A’u=)\s——— in B
(1 —u)
u=0 on 0B,

lim [us(x)l+( As >+|x|+‘| =0 (44)

|z|—0

and the following hold:

then
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(a) if As < ANy, then ug(z) <1 — ( As )”7 || 7T

AN~

(0) if s > An .y, then ug(z) > 1 — (A]AV:) GANE

Proof. Notice that (43) yields (44). In order to prove (a) and (b) we use the
energy function (41) written for v = vs. By (42) and (43) one has

lim E(t) =f< As )

t——o0 ANy
where
_ >\5 1—v >\N»'Y 2
flr)= T _,77' + 5 T

We prove (a) since (b) is similar. Let As < Ay, in terms of vg, (a) reads

()
Vg > - .
p Yo

Then, by (43) an vs(0) = 1 we infer that there exists ty € (—00,0) such that
vi(to) = 0 and v(tg) < (/\S/)\NW)I/WH. In particular, we have both

E(to) > f(vs(to))

and, by integrating by parts and exploiting (37),

A 1/(v+1) to
E(to)—f<()\Ns ) ): " v

to to
:—K3/ \v”(7)|2dT+K1/ (1) 2 dr < 0

— 0o — 00

thanks to the fact that K3 > 0 and K; < 0. We infer that

1/(v+1)
Blto) < f (( A ) ) < F(us(to))

ANy

As
AN~

, &

)1/(v+1)

since the function f possesses a unique minimum at 7 = (

contradiction. O

By Lemma 10 we deduce the following

Lemma 11. Let d.(y) :== N — % and Ay be as in (15). If us is a

singular radial solution to (I'y,) with v > 3 and d = d.(7), then

As =An,y and ug(z)=1-— |x|ﬁ
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Proof. By setting

= - () (),

ANy

the proof may be achieved following the line of that of Lemma 8. O

Proof of Theorem 8. By Lemma 11, the extremal solution u* to (I'y) with
d = d.(7) is singular if and only if u* = us and A = Ax . Since W =

i , us is weakly stable if

2
/|A<p|2dx— «(y )/ wﬁdSZvAN,W/ %dm Vo € Ha(B).
2B B |zl

2(v/37y2 —2v+3 +37—1
F(y) =
v+1
the map v +— F(v) is strictly increasing and F(y) — 2(3 + v/3) ~ 9.4 as
¥y — +00.
2 2

If 5 < N < F(y), since di(y) < 61(N —4) and Ay, > %, we
immediately conclude that us is not weakly stable, see also the proof of
Theorem 7.

If N > F(y), then 6;(N —4) < d.(7y) < N and Theorem 2 implies

2
/ |Ag|? dz — d*(y)/ ©2dS > h(a*)/ L dr V€ Ha(B),
B dB B |zl

where

a, ::% {\/N('yz—l)—2('y—1)2+4—2}

from which we get

h(a) 7+14(\/ny 1) 20y 1)2+4—2)
(\/Ny "1 20y 1)2+4+27)
><<\/N7 —-1)—2(y - )2+4+27—N7—N)

( 2 —1)—2(y 1)2+4+4v+2—N7—N).
Therefore, when N > F(7), us is weakly stable provided
h(a*) Z Fy)\N,’\/a

which holds as long as

\/897 + 54y +1+177+3
> F(v).

2(vy+1)
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v/ 89724+54v+14+17v+3

2(y+1)
above by 14. Setting N*(vy) as in the statement, in view of Theorem 4, the

above computations yield the thesis. See the proof of Theorem 7 for more
details.

The map v — is strictly increasing and bounded from

7.4. Proof of Theorem 9

The first part of the proof is performed for general p > 1. We make the
choice p = 33 just at the end to simplify the computations.
4t
By setting v(t) = ¢~ 71 (u(e!) + 1), the radial version of (Py) reads
V(1) + Kz v (t) + Kav" (1) — K10/ (t) + Anpo(t) = AP, (45)

where t € (—o0, 0] and

ANp = =ANyly=-p, (46)
with Ay 4 as defined in (15). For the definition of the constants K;,7 = 1,2, 3
see (38), (39) and (40) by means of the substitution v = —p. For the sake
of the proof, it is sufficient to know that K; < 0 and K3 > 0. The energy
function associated to (45) is

B(t) =

= A iy AN 2y K2

p+1 2 2
Now we recall [24, Theorem 4] obtained by studying the dynamical system
associated to (45) under Dirichlet boundary conditions. Since the proof
does not directly involve the boundary conditions, the result still holds in
our case.

WOE+ 2R, e (—o0.0]

2

Lemma 12. Ifus is a radial singular solution of the equation in (Py,), then
the corresponding function vs is such that

lim o) =0, fork=1,234

t——o0
and

)\7\]
: p—1 ;P
. lim oP~ (t) = —)\S ,

with Ay ,p as in (46).

The next step are suitable properties of singular solutions vanishing on
0B.

Lemma 13. Let Ay, be as in (46). If us is a singular radial solution of
A?u =\, (1+u)? inB
u=0 on 0B,

then

1

A =1
(- () )

and the following hold
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(@) if As < An.p, then us(z) < (?”) T — 1

(b) if Ay = Anps then ug(x) > (XNP) TN

Furthermore, if us is a singular radial solution of (Py,) with d = d.(p) :=

N—2Lﬂ, then
P

4
As =Anp and ug(z) = |z|” 7T — L

Proof. The proof follows the line of that of Lemmata 7 and 8. With respect
4t

to Lemma 7, the main difference is that here, inserting vs(t) = ¢~ =1 (us(e)+

1) into the energy function E, one has

. AN,p ﬁ
A B0 =1 ((x) ) |

where f(7) := ﬁ 7Pl — A%2 72 Then, Lemma 12 and the fact that the

1
. . .. . A p—1
function f, for 7 > 0, has a unique minimum point at 7 = ( v ,

allow to repeat with minor changes the arguments in the proof of Lemma
7. Lemma 8 can be adapted to this case by setting

W, (2) = uy(z) — <A;S’P)l/(p_l) (W% - 1) .

Proof of Theorem 9. Fix p = 33, by Lemma 13 the extremal solution u* of

(Py) with d = d.(33) = N — 4 is singular if and only if

1088N?2 — 6800N + 9537
4096 '

u(x) = ug(x) = \m|_% —1and A= Ang33 =

ﬁ, us is weakly stable if

Since (1 + u,)3?

2
/|Aap\2dx—d*(33)/ <p12,d5233/\N733/ L dr Vo€ Ha(B).
B OB B |zl

When 5 < N <9, then d,.(33) < §1(N —4) and Ay 33 > W, hence
the same arguments applied in the proof of Theorem 7 show that ug is not
weakly stable.

If N > 10, then d.(33) € (61(N —4),N) and Theorem 2 implies

2
/ Al do — d*(33)/ £ dS > h(agg)/ Ldr Ve Ha(B),
B OB B |7



Hardy—Rellich inequalities with boundary remainder terms 29

where agg 1= === To establish when h(as3) > 33 Ay 33 is equiva-
lent to check the inequality

(V272N — 577 + 1)(V272N — 577 + 33)
x (V272N — 577 + 33 — 16 N)(v/272N — 577 + 65 — 16N)
> 528(1088N2 — 6800N + 9537).

_ 14+/272N-577
8

Putting s := 272N — 577, we come to study the sign of the function
#(s) = s — 3590s* + 150535352 — 1501764, s > /511.

Some computations show that, for s > /511, ¢(s) has a unique zero at

So = \g 3589+ V6873865 V26873865 and it is positive for s > sg. In terms of NV, this means
that the desired inequality is satisfied for N > 14 and, in turn, that ug is
weakly stable if and only if N > 14. Then we conclude by invoking Theorem
4 as explained in the proof of Theorem 7.

Acknowledgement. The Authors are grateful to the referee for her/his careful
proofreading and for several suggestions which lead to significant improve-
ments of a preliminary version of the present paper.
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